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ABSTRACT. This text gives a self-contained introduction to the Lagrange and Markov spectra
through the lens of generalized Markov numbers. Generalized Markov numbers are the integer
quantities obtained from generalized Markov equations arising in a generalized cluster-algebraic
setting. They extend the role of the classical Markov numbers, which appear in the discrete part
of the Lagrange and Markov spectra, and they come equipped with their own combinatorial and
matrix-theoretic structures.

The aim of this text is to explain how this generalized Markov-number viewpoint provides
a new way to organize the tools used in the study of the Lagrange and Markov spectra.
The early chapters develop the classical background in a self-contained manner. We recall
continued fractions, quadratic irrationals, binary quadratic forms, and bi-infinite continued-
fraction sequences, and use them to define and study the Lagrange and Markov constants. This
prepares the language in which the generalized theory can be compared with the classical one.

The later chapters introduce generalized Markov equations and the structures attached to
generalized Markov numbers. These include generalized Markov trees, fraction labels, fence
posets, generalized Markov distances, generalized Cohn matrices, and generalized strongly
admissible sequences. Using these tools, we describe generalized discrete Markov spectra and
explain how their values are realized as Lagrange constants of quadratic irrationals and as
Markov constants of binary quadratic forms with rational coefficients.

In the generalized Markov-number framework developed in this text, the classical role of
Markov numbers is recovered as the classical case of a broader theory. The text revisits the
traditional connection between Markov numbers and the Lagrange and Markov spectra from
this more general viewpoint.
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CHAPTER 1

Background and Organization of the Text

The Lagrange and Markov spectra enter number theory through two elementary-looking
questions. One concerns the approximation of real numbers by rational numbers, and the other
concerns the values of indefinite binary quadratic forms on integral points. The definitions are
simple, but the resulting spectra are far from elementary. Already at the first stage, one is
led to continued fractions, quadratic irrationals, binary quadratic forms, and two-sided infinite
sequences.

This text studies these spectra through the lens of generalized Markov numbers. The role
of this opening chapter is to explain the background needed for that viewpoint and to indicate
how the rest of the text is organized. Rather than assuming that the reader is already familiar
with the classical theory in detail, we use this chapter as a guide to the prerequisite material:
which notions are needed, why they are introduced, and how they later become connected with
generalized Markov numbers.

1. History of the Lagrange and Markov Spectra and Generalized Markov Numbers

We begin with a brief historical overview of the objects studied in this text and of the
surrounding theory.

1.1. Emergence of Continued Fractions and Diophantine Approximation. Before
discussing the Lagrange and Markov spectra, let us review the part of Diophantine approximation
theory that underlies them. Roughly speaking, Diophantine approximation asks how well an
irrational number « can be approximated by rational numbers g. There are many possible
meanings of “how well,” but the most elementary question is the following.

PrROBLEM 1.1.1. Let o be an irrational number. For every € > 0, does there always exist a
rational number % satisfying

’O&—p‘<6?
q

Yes. From the modern construction of the real numbers this is immediate, and in fact
infinitely many such rational numbers exist. It is nevertheless natural to go one step further and
ask the following question.

PROBLEM 1.1.2. How can one construct a sequence of rational numbers with good approxi-
mation properties that converges to an irrational number a?

One answer is provided by the sequence of rational numbers obtained by truncating the
continued-fraction expansion. This point of view goes back to Euler’s 1737 paper [Eul37]. The
relation between irrational numbers and infinite continued fractions discovered by Euler is now
understood as the following correspondence. This does not mean, however, that Euler himself
proved the theorem in this modern form.

THEOREM 1.1.3. Let . be the set of all infinite sequences whose first entry is an integer and
whose subsequent entries are positive integers. Then the map

F: 7 =5 R\Q, (ar)pZo— lagsar,az,...]:=ao+

a1+a2 T

s a bijection.
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Lagrange also used continued fractions in his 1770 paper [Lag70] to characterize quadratic
irrationals, that is, irrational numbers that occur as roots of quadratic equations with rational
coeflicients.

THEOREM 1.1.4 (Lagrange’s Theorem). The continued-fraction expansion of an irrational
number « is eventually periodic if and only if a is a quadratic irrational.

The theory of continued fractions developed during this period later became a central tool in
Diophantine approximation.

In the nineteenth century, the basic question of how well irrational numbers can be approxi-
mated by rational numbers came to be studied in the following quantitative form.

PrROBLEM 1.1.5. For an irrational number a, how large can one take L > 0 and n > 0 so
P

that there exist infinitely many rational numbers q satisfying

1
e

al ~ Lg*
Let us examine this problem through a concrete example. For example, consider the irrational
number m = 3.141592. ... Rational numbers very close to 7 exist no matter how small an error

tolerance we impose. For example, rational numbers satisfying ’7‘(’ — %‘ < Wloo can be produced as

(1.1.1)
p__3141ens3(__3uu5) 314159 $MG%)(_:ﬂ41&H> 15nW9&3(_:ﬂ4um26>

¢ 100072000 \ 10000,/ 100000’ 125000 \ 1000000/’ 5000000 \ 10000000

However, all of these rational numbers have relatively large denominators. In general, the smaller
the required error is, the larger the denominator of a rational number satisfying it must be.
Fractions with small denominator are sparse on the number line, and hence are less likely to lie
close to a specified irrational number.

Thus, in rational approximation, one must control not only the error but also the size of
the denominator. The “smallness of the denominator relative to the approximation error” is

measured by the parameters n and L when the error bound is written in the form L};n' Since the

scale is difficult to interpret if both L and n are allowed to vary simultaneously, one usually fixes
one of them and studies the other.

First fix L = 1 and consider the supremum of the possible values of n for the rational numbers

1 _Pp
appearing in (1.1.1). This value is computed as n = —%, and for the fractions displayed

above it is approximately 1.076,1.222,1.115,1.213,1.085, from left to right. On the other hand,
the same computation for % and % gives approximately 3.429 and 3.201, respectively, which
are much larger. This means that % and % give much better approximations than one would
expect from the size of their denominators.

If an approximation for which L or n can be taken large is called a good approximation,
then Problem 1.1.5 asks the following: for a given irrational number «, how far can we raise the
parameters L and n measuring the quality of approximation before rational approximations of
that quality cease to exist infinitely often?

The meaning of this question is not yet completely clear. What property of an irrational
number is being measured? To clarify this, we first ask what it means for a number to have few

good rational approximations. The following fact is fundamental.

THEOREM 1.1.6. For any rational number a, the supremum of the real numbers n for which
there exist infinitely many reduced fractions % satisfying
1
e
q q
is 1.

Let us compare this with Dirichlet’s theorem [Dir42], one of the starting points of Diophantine
approximation theory.
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THEOREM 1.1.7 (Dirichlet’s Theorem). For any irrational number «, the supremum of the
real numbers n for which there exist infinitely many rational numbers % satisfying
1
e
q q
is at least 2.

These two theorems show that rational numbers themselves are the real numbers with the
fewest good rational approximations. Equivalently, when L =1 is fixed, the supremum of the
possible exponents n can be regarded as a measure of how far a real number is, arithmetically,
from being rational.

This supremum is called the irrationality ezponent and is denoted by p(«). By Theorem 1.1.6,
the irrationality exponent of a rational number is 1, while Dirichlet’s theorem implies that
p(a) > 2 for every irrational number «. The existence of irrational numbers with u(a) = 2
follows from the following theorem of Liouville [Lio44].

THEOREM 1.1.8 (Liouville’s Theorem). Let o be an algebraic irrational number of degree d.
Then there exists a constant L > 0 such that

p 1

’a - q‘ Lg?

for every rational number g.

Combining this theorem with Dirichlet’s theorem, it follows that every quadratic irrational has
irrationality exponent 2. Indeed, suppose that a quadratic irrational « satisfied p(«) > 2. Then,

for some £ > 0, there would be infinitely many reduced fractions % satisfying |a — %‘ < q 22,

On the other hand, Liouville’s theorem gives a constant L > 0 such that ‘a — g’ > L%Q for

—2-¢/2 3 contradiction.

all g. For sufficiently large ¢ we have L%lg > q

In this way, the elementary problem of approximating an irrational number by rational
numbers developed into a theory that measures arithmetic properties of numbers through the
irrationality exponent. Pursuing this topic further would take us away from the main theme of

the present text, so we close this discussion by recalling Roth’s theorem [Rot55].

THEOREM 1.1.9 (Roth’s Theorem). If v is an algebraic irrational number, then its irrationality
exponent is 2.

Roth’s theorem is a decisive strengthening of Liouville’s theorem. Not only quadratic
irrationals but all algebraic irrational numbers have irrationality exponent at most 2. Hence any
irrational number whose irrationality exponent is larger than 2 must be transcendental; Roth’s
theorem therefore also gives a powerful sufficient condition for transcendence.

1.2. Minimum Problems for the Lagrange and Markov Constants. In view of

Dirichlet’s and Liouville’s theorems, for any irrational number « there are infinitely many rational

P
q
uniformly increased beyond this. The next natural problem is therefore to fix the exponent at

n = 2 and ask how large the constant L can be.
For an irrational number «, the supremum of the real numbers L for which there exist
infinitely many rational numbers g satisfying

numbers % satisfying ‘a — ‘ < qin up to the exponent n = 2, while the exponent cannot be

P 1
—_ < PR
‘a q‘ Lq?

is called the Lagrange constant of a and is denoted by L(a)). The problem above asks for the
smallest possible value of the Lagrange constant. Hurwitz gave the answer in 1891 [Hur91].

THEOREM 1.1.10 (Hurwitz’s Theorem). For every irrational number a one has L£(a) > /5,
and for example L(a) = /5 when a = 1+—2‘/5
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Hurwitz also stated that the next smallest Lagrange constant after /5 is 2v/2, and wrote
that this fact follows from Markov’s work. The proof of this point, however, is not given in
[Hur91]. Markov’s work here refers to his study of indefinite binary quadratic forms, beginning
with his 1879 paper [Mar79]. For a binary quadratic form Q(z,y) = az? + bzy + cy?, Markov
put D = b — 4ac and considered the quantity M (Q) defined by

VD

inf r,Y)| = ——.
emetiioo 9@V = TG

This value is called the Markov constant. He reduced the problem of determining the smallest
Markov constants to continued fraction theory. The smallest possible Markov constant is
V5, attained by Q(z,y) = 22 — zy — y?, and the next smallest value is 2v/2, attained by
Q(z,y) = 22 — 2xy — y?. Thus both the problem for Lagrange constants and the problem for
Markov constants are solved by continued fractions, and Hurwitz recognized this analogy. This
is where Diophantine approximation and the theory of binary quadratic forms meet.

Markov refined his work in the subsequent paper [Mar80] and reached the result now called
Markov’s theorem; historically, this was about ten years before Hurwitz noticed the relevance of
Markov’s work to Lagrange constants.

THEOREM 1.1.11 (Markov’s Theorem). Let M be the set of positive integers that occur in
positive integer solutions of
2 + 9% + 2% = 3ayz.
If My denotes the set of Markov constants less than 3, then
{ Vom2 — 4
My=9—

m

mEM}.

The elements of M are called Markov numbers. They should not be confused with Markov
constants. The theorem says that Markov constants less than 3 are completely described by
Markov numbers. For example, the Markov number 1 gives v/5, and the Markov number 2 gives
21/2. These values also occur as Lagrange constants via continued fraction theory, but it took
some time before this relation was organized in a clear form.

1.3. Research on the Lagrange and Markov Spectra. After the minimum problems for
the Lagrange and Markov constants were solved, attention turned to the problem of understanding
the sets formed by all such constants. Let £ be the set of all Lagrange constants and let M be
the set of all Markov constants. They are called the Lagrange spectrum and the Markov spectrum,
respectively. !

The fact that these sets can be described by continued fractions is now formulated as follows.

THEOREM 1.1.12. For a bi-infinite sequence a = (an)nez € Zgl, put
(@) :=[an; antl, nyo, . .| + [0 an—1, an_2,...].

Then
L= {lim sup £, (a)

n—+400

ac Zgl} , M= {supfn(a)

neL

anél}.

This characterization appears without proof in Perron’s paper [Per21]. For the second
equality, it is natural to regard the essential content as already present in Markov’s paper
[Mar79]; nevertheless, Perron’s formulation in the above form has become important. These
equalities are therefore often called Perron’s identity.

Perron’s identity allows both the Lagrange spectrum and the Markov spectrum to be treated
as the limit superior or the supremum of a function on bi-infinite continued fraction sequences.
From this point of view, one also naturally obtains the inclusion £ C M. Moreover, below 3 the

IMarkov’s contribution to the Lagrange spectrum is also substantial, and some authors may prefer the name
Markov-Lagrange spectrum. The author is sympathetic to this view. In this text, however, we use the standard
name in order to avoid a cumbersome terminology and confusion with the Markov spectrum.
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two spectra coincide completely, and the Lagrange constants are described by Markov numbers
just as in Markov’s theorem.

THEOREM 1.1.13. For Lagrange constants below 3,

Eﬁ(_oo’g)_{vf’mg—‘l

m

mEM}.

Since Perron’s formulation, much work has been done on the parts of £ and M above 3.
The following topics are somewhat outside the main line of this text, but they are important for
understanding the global structure of the spectra.

First, as mentioned above, one has £ C M, and Freiman proved that this inclusion is strict
[Fre68].

THEOREM 1.1.14. £ C M. In other words, M\ L # 0.
Another historically important result was proved by Hall in 1947 [Hal47].

THEOREM 1.1.15. The interval [6,00) is contained in L. Consequently, [6,00) is also contained
in M.

This means that every sufficiently large real number belongs to the Lagrange spectrum,
and hence also to the Markov spectrum. Such a half-line is called a Hall ray. Freiman later
determined, in 1975, the smallest possible initial point of such a ray [Fre75].

THEOREM 1.1.16. The largest half-line contained in L is [cp,00), where

2221564096 + 283748462

~ 4.5278295661 - - - .
491993569

cr
In particular, cp € L.

The number cp is called the Freiman constant. It follows that on [cp, 00) both £ and M
contain an entire real half-line, and any set-theoretic difference between £ and M is contained
in the interval [3, cr).

The structure of £ and M in the remaining interval [3,cp) is still an active subject of
research. For example, Moreira proved in 2018 the following result from the viewpoint of
Hausdorff dimension [Mor18|.

THEOREM 1.1.17. For everyt € R,
dimy (£ N (—o0,t)) = dimy (M N (—o0,t)).
If this common value is denoted by d(t), then d(t) is nondecreasing and
max{t € R | d(t) =0} = 3.
Furthermore, in 2024 Erazo-Lima-Matheus-Moreira—Vieira proved the following [ELM*24].
THEOREM 1.1.18. inf(M \ £) = 3.

These results show that £ and M have closely related fractal structures inside [3, cr), while
their set-theoretic difference already appears immediately after 3. In this way, the study of the
Lagrange and Markov spectra, although rooted in classical continued fraction theory, continues
to develop today.

1.4. Markov Numbers and Reduced Fractions. The Markov numbers that describe the
part of the Lagrange and Markov spectra below 3 have been studied in many contexts beyond
their original motivation in Diophantine approximation. A starting point for this development
was Frobenius’s 1913 paper [Frol3]. In that paper, Frobenius related Markov numbers to reduced
fractions. This correspondence shows that Markov numbers are deeply connected with rational
numbers, lattice points, and line segments in the plane, and it still plays a fundamental role in
modern work on Markov numbers.

To explain this relation, take a positive reduced fraction t = % > 1. Frobenius constructed
an integer m; from this fraction as follows.
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(1) For each i =0,1,...,p+ g, let ; be the remainder of ig upon division by p + g. For
each i € {1,2,...,p+ q — 1}, write one letter ¢ if r; < r; 41 and one letter d if 7; > r;y;.
This gives a word s in the letters ¢, d.

(2) Replace each ¢ in s by 1,1 and each d by 2,2, thereby obtaining an integer sequence
S. Consider the continued fraction [2;5,2] and define m; to be the numerator of its
reduced fraction representation.

We have the following theorem.

THEOREM 1.1.19. The integer m; constructed above is a Markov number. Moreover, this
construction defines a map t — my from the set of reduced fractions at least 1 to the set of
Markov numbers other than 1.

There are two main points in this theorem.

The first is that it labels Markov numbers by reduced fractions. A Markov number is
originally defined as a number appearing in a positive integer solution of the Markov equation,
and from that definition alone it is difficult to determine its position in the Markov tree or in the
fraction-label parametrization. Fraction labels supply coordinates on the set of Markov numbers
and make individual Markov numbers much easier to handle. This idea is now standard, and the
same viewpoint will be used in this text under the name “fraction labels.”

The second important point is that the construction admits a natural geometric interpretation
in the plane. Let ¢ be the line segment joining (0,0) and (p + ¢,¢). The y-coordinate of the
intersection of £ with the vertical line x = 7 is %, and its fractional part is precisely p’:q. Thus,
studying the increase or decrease of r; amounts to recording how the line segment ¢ moves inside
each vertical strip i« <z <17+ 1. Since ﬁ < 1, the segment ¢ meets at most one horizontal

lattice line in each vertical strip. Hence, if r; < 7,11, the segment meets no horizontal lattice
line in that strip, while if r; > 7;11, it crosses exactly one horizontal lattice line. In other words,
although the word s appears to be constructed by congruence calculations, it actually records
how a line segment of rational slope crosses the integer lattice.

This viewpoint suggests that the number-theoretic objects arising as positive integer solutions
of the Markov equation are directly connected with lattice segments in the plane and with word
combinatorics. This connection is one of the sources of later developments.

Frobenius also formulated a simple but very important conjecture about Markov numbers.

CONJECTURE 1.1.20 (Frobenius’s Uniqueness Conjecture). For any Markov number ¢, a pos-
itive integer solution of the Markov equation whose largest component is ¢ is uniquely determined
up to permutation of its components.

In terms of fraction labels, this can be understood as the question of whether distinct reduced
fractions give distinct Markov numbers.

CONJECTURE 1.1.21. The fraction-label map t — my is injective.

Although the statement is concise, it is a difficult problem about the internal structure of
Markov numbers, and it remains open in full generality. Frobenius’s work not only gave a way to
describe Markov numbers by reduced fractions, but also introduced a central problem that has
continued to be studied ever since.

1.5. Matrix Realizations of Markov Numbers and Their Hyperbolic-Geometric
Interpretation. Around the 1950s, a point of view developed in which Markov numbers are
realized through elements of the modular group. One turning point was Cohn’s 1955 paper
[Coh55]. Cohn observed that traces of matrices in the commutator subgroup [SL(2,Z), SL(2,Z)]
of the modular group are closely related to the Markov equation. For any generators A, B of
[SL(2,Z),SL(2,Z)] one obtains the relation

(tr(A))? + (tr(B))? + (tr(AB))? = tr(A) tr(B) tr(AB).

This gives the equation 2% + 32 + 22 = 2yz, which contains the same information as the Markov
equation 22 + 32 + 22 = 3zyz up to a scaling. Indeed, from a solution (a,b, c) of the Markov
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equation one obtains a solution (3a, 3b, 3¢) of the former equation, and conversely positive integer
solutions of the former equation give positive integer solutions of the Markov equation after
division by 3. Thus the Markov equation can also be viewed as a problem about traces of
matrices.

The importance of Cohn’s work is not merely that an equation resembling the Markov
equation appears. To a matrix M = [‘Cl g] € SL(2,Z) he associated the binary quadratic form
Q(z,y) = cx® + (d — a)xy — by?, thereby providing a way to reinterpret the minimum problem
for indefinite binary quadratic forms studied by Markov in matrix language. This made clear
that the Markov numbers appearing in continued fractions and binary quadratic forms also arise
naturally in the theory of discrete groups.

This line of thought led to a more hyperbolic-geometric interpretation in Cohn’s 1971 paper
[Coh71]. If the commutator subgroup acts on the upper half-plane H = {z + iy € C | y > 0},
the quotient is a once-punctured torus. Conjugacy classes of group elements correspond to free
homotopy classes of closed curves on the torus; in particular, primitive hyperbolic elements
correspond to simple closed geodesics. If A is the corresponding matrix and ¢(A) is the length

of the geodesic, then |tr(A)| = 2cosh (@). Thus the fact that traces occur as three times

Markov numbers means that Markov numbers are directly connected with lengths of simple
closed geodesics on the once-punctured torus.

This hyperbolic-geometric interpretation is closely related to the fraction labels discussed
above. If one regards the once-punctured torus as an ordinary torus with a marked point and
passes to the universal cover, one obtains the plane with a lattice of marked points. Primitive
closed curves on the torus lift to straight lines of rational slope joining lattice points in this
plane. Hence fraction labels are closely related to the description of closed curves on the torus in
the universal cover. In this sense, the theory of Markov numbers connects objects that at first
appear unrelated: reduced fractions, lattice segments, continued fractions, binary quadratic forms,
matrices, and hyperbolic surfaces. This circle of ideas is closely related to Penner’s decorated
Teichmiiller theory [Pen87] and to later reinterpretations through cluster algebra theory.

1.6. Cluster Algebra Theory and Generalized Markov Numbers. Cluster algebras
were introduced by Fomin—Zelevinsky [FZ02, FZ07], and their connections with higher Teich-
miiller theory and related geometric structures were developed by Fock—Goncharov [FG06, FG09].
This theory has had a major influence on the theory of Markov numbers. A cluster algebra is
generated from collections of elements called clusters, whose entries are called cluster variables,
together with exchange operations called mutations. Cluster algebras are deeply connected with
the combinatorics of surfaces: for cluster algebras associated with surfaces, arcs correspond to
cluster variables, triangulations correspond to clusters, and flips of triangulations correspond
to mutations. Through the metric quantities called A-lengths in decorated Teichmiiller space,
cluster variables are realized as geometric quantities attached to arcs on a surface. Thus changes
of triangulations of a surface can be read as transformations of variables in an algebra.

When the surface is the once-punctured torus, this framework is directly related to the
classical theory of Markov numbers. In the Markov cluster algebra associated with this surface,
suitable specializations of cluster variables give Markov numbers, and the three variables in one
cluster give a solution of the Markov equation. Fraction labels, the combinatorics of lattice
segments, Cohn matrices, and closed curves on the once-punctured torus are all organized under
the common language of cluster algebras. This direction was broadened by the generalized cluster
algebras introduced by Chekhov—Shapiro [CS14]. Generalized cluster algebras form a wider class
of algebras containing ordinary cluster algebras, obtained by generalizing the exchange rules
used in mutation. A natural question is then how much of the symmetry and good combinatorics
of the classical Markov cluster algebra remains in this generalized setting.

The generalized Markov numbers, introduced by Gyoda—Matsushita [GM23a], arose from
this question. Since classical Markov numbers are connected, through the Markov cluster algebra,
with reduced fractions, lattice segments, and curves on the torus, it is natural to ask whether
Chekhov—Shapiro’s generalized cluster algebras contain a well-behaved class with properties
analogous to those of the classical Markov cluster algebra. The resulting equation is the following
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extension of the classical Markov equation:
22+ y? + 22 + kyz + koza + kszy = (3+ k1 + ko + k3)zy=.

Here k1, ko, k3 are nonnegative integers, and the integers appearing in positive integer solutions
of this equation are called (ki, ko, k3)-generalized Markov numbers. This equation is not only a
formal deformation of the classical Markov equation. It appears naturally when one tries, inside
generalized cluster algebras, to preserve the symmetries and mutation-based generation mechanism
familiar from the classical theory. Thus generalized Markov numbers give a way to reinterpret the
structure behind the classical theory in a wider setting. Subsequent work has reconstructed many
aspects of the classical theory for generalized Markov numbers. In Gyoda-Maruyama [GM23b],
generalized Cohn matrices were introduced. In Gyoda—Maruyama—Sato [GMS24]|, Frobenius-
type combinatorics was extended to the theory of generalized Markov numbers. The relations
among reduced fractions, words, continued fractions, Markov numbers, matrices, and curves in
the classical theory thus also appear in the generalized setting. Furthermore, the author’s paper
[Gyo025] connected generalized Markov numbers back to the theory of the Lagrange and Markov
spectra. More precisely, it contains the following result.

THEOREM 1.1.22. Let m be a (k1, k2, k3)-generalized Markov number, and suppose that it
appears as the i-th component of a positive integer solution of the (ki, ka, k3)-generalized Markov
equation. We set

A(ky, ko, k3, m, i) == ((3 + k1 + ko + k3)m — k;)% — 4.
Then

\/A(kla k27 k37 m, Z)
m

eL.

In particular, if

m is a (k1, ke, k3)-generalized Markov number

\/A(kla k?a k37 m, Z)
m

My koo kg i= appearing as the i-th component of a positive integer

9

solution of the (ki, ko, k3)-generalized Markov equation
then My, ko ks C L.

Taking (k1, k2, k3) = (0,0,0) recovers the direction of Markov’s theorem asserting that the
classical discrete Markov values below 3 occur as Lagrange constants. The irrational numbers
realizing these values as Lagrange constants, and the binary quadratic forms realizing them as
Markov constants, can also be given explicitly using simple closed curves on the once-punctured
torus. The proof does not proceed by a direct generalization of the classical proof of Markov’s
theorem; rather, it uses a cluster-algebraic reinterpretation of the combinatorics of Markov
numbers.

These facts indicate that generalized Markov numbers fit naturally into the arithmetic,
geometric, and combinatorial structures already present in the classical theory. In this sense,
they form a natural extension of classical Markov numbers.

2. Organization of the Text

The text is organized as follows. Part I develops the classical theory of the Lagrange
and Markov spectra. Part II introduces generalized Markov numbers, uses them to construct
generalized discrete Markov spectra, and relates the classical Markov theorem to this generalized
framework.

Chapter 2 summarizes the theory of continued fractions needed later. After reviewing reduced
fractions and finite regular continued fractions, it treats infinite regular continued fractions,
convergents, continued-fraction matrices, and the decomposition of irrational numbers into orbits
under the unimodular group. The final section recalls Lagrange’s characterization of quadratic
irrationals by periodic continued fractions. This prepares the connection, used in Chapters 3
and 4, between Lagrange and Markov constants and quadratic irrationals or binary quadratic
forms.
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Chapter 3 deals with the Lagrange spectrum. We first define the Lagrange constant and give
basic examples, and then interpret it as a limit superior of quantities obtained from convergents.
By introducing the representation in terms of bi-infinite sequences, we formulate it in a way that
can be compared with the Markov constant in the next chapter. For quadratic irrationals, we
reduce to reduced quadratic irrationals up to GL(2,Z)-equivalence and show that the Lagrange
constant can be computed explicitly from the periodic part and the associated matrix. This
establishes the method for computing values from periodic sequences used from Chapter 5 onward.

Chapter 4 turns to the Markov spectrum. We define the Markov constant for binary
quadratic forms and organize representatives using canonical reduced binary quadratic forms
and unimodular group orbits. We then express the Markov constant by bi-infinite sequences
in a form parallel to the Lagrange spectrum. Finally, we show that the Markov constant of a
binary quadratic form with rational coefficients coincides with the Lagrange constant of the
corresponding quadratic irrational. This clarifies that quadratic irrationals, rational-coefficient
binary quadratic forms, and periodic bi-infinite sequences give the same values. This will be the
key point when the generalized theory is connected to spectra in the second half of the text.

Chapter 5 begins Part II and introduces generalized Markov equations and generalized
Markov numbers. We first give the definition and basic properties of the (k1, k2, k3)-generalized
Markov equation, and then construct the generalized Markov tree corresponding to the classical
Markov tree. Through the correspondence with the Farey tree, we assign fraction labels to
generalized Markov numbers and thereby organize the numbers appearing at vertices by reduced
fractions. At the end of the chapter we introduce characteristic numbers, which later serve as
auxiliary quantities for describing the components of generalized Cohn matrices. Thus the role
of this chapter is to carry over the classical picture of Markov numbers and fraction labels to the
generalized setting and to prepare the data needed for later computations.

Chapter 6 introduces fence posets and generalized Markov distances in order to describe the
generalized Markov numbers obtained in the previous chapter in combinatorial and geometric
language. We first associate a fence poset with a finite integer sequence and show that the
number of its order ideals is closely related to continued fractions and continued-fraction matrices.
Next, we prove skein relations for pairs of overlapping fence posets, thereby controlling the counts
of order ideals through product identities. Finally, we attach generalized Markov lengths to
plane curves and generalized arcs, and define generalized Markov distance as a minimization of
these lengths. In this way, the theory of generalized Markov numbers is understood not merely
as operations on abstract integer sequences, but as a geometric theory involving intersections
and resolutions of curves.

Chapter 7 introduces generalized Cohn matrices and translates the numerical and curve-
theoretic information from the preceding chapters into the language of 2 x 2 matrices. We first
define the generalized Cohn tree and show that the entries of generalized Cohn matrices can be
described explicitly using generalized Markov numbers and characteristic numbers. We then prove
relations among characteristic numbers. Finally, by introducing generalized strongly admissible
sequences, we show that generalized Cohn matrices can be expressed as products of elementary
matrices. In this chapter, the arithmetic data of Chapter 5 and the combinatorial-geometric data
of Chapter 6 are unified through matrix representations. In particular, it becomes clear that
Cohn matrices, which play a central role in the classical theory, retain an essential role in the
generalized setting.

Chapter 8 defines the generalized discrete Markov spectrum and presents the main spectral
results discussed in this text. We first define a family of discrete values constructed from
generalized Markov numbers, and then show that these values are realized as Lagrange constants of
quadratic irrationals and as Markov constants of binary quadratic forms with rational coefficients.
By specializing the general theory to (k1, k2, k3) = (0,0,0), we explain how the classical Markov
theorem is embedded in the framework developed here. We then consider irrational-slope limits
of the generalized strongly admissible sequences obtained from rational slopes, and show that
a bi-infinite sequence obtained from a line of irrational slope avoiding the points of the lifted
triangulation gives the boundary value 3 + k1 + k2 + k3. We also discuss the correspondence
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between the (0,0,0) type and the (2,2,2) type, and then consider a generalization of Frobenius’s
uniqueness conjecture.

Chapter 9 collects several related directions for further reading and places the constructions
of the text in a broader context.

Readers who are already familiar with continued fractions and the classical Lagrange and
Markov spectra may start with Chapter 5, referring back to Part I as needed.
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Part 1

Lagrange and Markov Spectra



CHAPTER 2

Continued Fractions

The main theme of this text is the approximation of irrational numbers by rational numbers.
Continued fractions that converge to a given irrational number are indispensable for studying
such approximations. This chapter collects the basic facts about continued fractions that will be
used from Chapter 3 onward.

Although we call them facts about continued fractions, a large part of the theory is, in effect,
a theory of products of matrices in GL(2,Z). Continued-fraction calculations can be interpreted
as products of such matrices. For this reason, matrix calculations in GL(2,Z) are an unavoidable
tool in the modern treatment of continued fractions.

We first recall the elementary notions concerning reduced fractions. We then discuss finite
regular continued-fraction expansions of rational numbers and infinite regular continued-fraction
expansions of irrational numbers. In the final section we prove Lagrange’s characterization of
quadratic irrationals by periodic continued fractions.

The exposition and organization of this chapter are based largely on the corresponding
chapters of [Kid22].

1. Reduced Fractions

We begin with the notion of a reduced fraction. Although this is familiar to many readers,
we fix the precise convention used in this text.

DEFINITION 2.1.1. Let a,b € Z and assume that (a,b) # (0,0). If there exists k € Z such
that b = ak, then a is called a divisor of b. We write this as a | b.

This definition of divisibility also applies when a or b is zero or negative. For example, if
a # 0, then a | 0 always holds, and hence every nonzero integer is a divisor of 0. Conversely, if
b # 0, then 0 | b never holds, so 0 is not a divisor of any nonzero integer. Since the pair (0,0) is
excluded from the definition above, we do not consider 0 | 0 here.

DEeFINITION 2.1.2. Let ay,...,a, be integers that are not all zero. The greatest common
divisor ged(ay, . .., ay) is the positive integer d satisfying the following two conditions:
(1) d|]a; forevery i =1,...,n.
(2) If an integer c satisfies ¢ | a; for every i = 1,...,n, then ¢ | d.

The greatest common divisor always exists.

DEFINITION 2.1.3. If
ged(ay, ag, ... an) =1,

then ay,a9,...,a, are said to be relatively prime.

With this definition, it also makes sense to ask whether a pair involving 0, or a pair involving
both positive and negative numbers, is relatively prime.

EXAMPLE 2.1.4. Let us check from the definition whether 0 is relatively prime to some small
integers.

e The divisors of 1 are +1, whereas 0 is divisible by every nonzero integer. Hence the
greatest common divisor of 0 and 1 is 1. Thus 0 and 1 are relatively prime.

e The divisors of 2 are +1, 2. Hence the greatest common divisor of 0 and 2 is 2. Thus
0 and 2 are not relatively prime.

12
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e The divisors of 2 are +1,+2, and the divisors of —3 are +1,+3. Hence the greatest
common divisor of 2 and —3 is 1. Thus 2 and —3 are relatively prime.

We now define fractions and reducedness.

DEFINITION 2.1.5. Let a,b € R and assume that (a,b) # (0,0). The formal symbol ¢ is called
a fraction. If a and b are integers, if they are relatively prime, and if b > 0, then the fraction ¥ is
said to be reduced.

There are several points to note about this definition. First, the symbol ¢ is a formal symbol;
it is not itself a rational number. If b # 0, then we may identify ¢ with the real number ab™ 1,
and hence with a rational number. On the other hand, as formal fractions we may also consider
symbols such as %, which do not correspond to rational numbers.

In this text, when b # 0, we will often identify the fraction § with the corresponding rational
number, and conversely we will also use fractions as symbols representing rational numbers.
Thus, when b # 0, the distinction between fractions and rational numbers will not be important.
Notice also that, under our convention, the reduced fraction representing an integer n is 7, and
a fraction such as }2 is not reduced. Finally, % is not reduced, whereas % and %1 are reduced
fractions.

2. Finite Regular Continued Fractions

In this section and the next one, we review the basic properties of continued fractions. We
first define finite regular continued fractions, which correspond to rational numbers, and study
their elementary properties.

DEFINITION 2.2.1. Let (a;)}, = (ag,a1,...,ay) be a finite sequence of real numbers. Define
1
[ap; a1,a2,...,ay] == ap + .
ai + 1
az + ' 7
—

ap—1+ —

Qn

The numbers a; are called the partial quotients. Suppose that ag € Z, that aj, € Z>1 for every
1 <k <n, and that a, # 1 whenever n # 0. A continued fraction satisfying these conditions is
called a finite regular continued fraction.

The last condition removes the ambiguity [ag;...,an—1,1] = [ag;...,an—1 + 1].
DEFINITION 2.2.2. Given a finite continued fraction [ag; a1, a9, ..., a,] and an index 0 < k < n,
we call [ag; a1, a9, ..., ax] its k-th convergent.

The following proposition computes the convergents.

PROPOSITION 2.2.3. Let (ag,ai,...,a,) be a finite sequence of real numbers. Define two

sequences by
(2.2.1) ppo=ay p1=apa+1  pr=arpr-1+ pr-2,
(2.2.2) g =1 Q@ =a qk = akqr—1 + qk—2-
Then, for every 0 < k <n,

Pk

[ao;al,. . .,ak] = —.
ak

Moreover, for 2 < k < n, the right-hand side may be written as
Pk _ OkPr—1+ Pr—2

qk kQk—1 + Q-2
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Proo¥. The identities [ao] = 22, [ao; a1] = £, and [ao; a1, az] = 2 follow by direct calcula-

tion. Let £ > 3, and assume that the assertion has been proved up to k — 1. Then

(ap—1 + i)?kﬁ + Pr-3

(ap—1+ i)Qka + qr—3

ak(ak—1Pk—2 + Pk-3) + P2 _ GrPr—1+Pr-2 _ Pk

ar(ar—1Gk—2 + qe-3) + Qe—2  OkGr—1 + Q-2 Gk

Thus the assertion also holds for k. [l

[ag; ax, ..., ax] = [ao;ala-.wakq-i-i] =

Notice that this proposition does not assume that [ap;ai,az,...,ay] is a finite regular
continued fraction. Until Lemma 2.2.5, regularity will not be assumed.
The convergents are conveniently computed using matrices.

THEOREM 2.2.4. Let (ag,a1,...,ay,) be a finite sequence and let 0 < k <n. Putp_1 =1 and
qg—1 =0, and define pg,qr by (2.2.1) and (2.2.2). Then
Pk Pk—1| _ (@0 1| a1 1} jap 1
229 i R | R

Proor. For k = 0, the identity

[po 101] _ [ao 1}

9% 9g-1 10

is immediate from the definition. Let & > 1, and assume that the theorem has been proved up to
k — 1. Then

L I P | A I vl R i

Q-1 qe—2] [1 0 akqe—1+ qk—2  Gr—1 Tk qh—1
Thus the formula holds for & as well. g
The matrix [5F 5F~1] is the continued-fraction matriz of [ag; ay, ..., ax).

The next lemma follows immediately from the matrix formula. In what follows, unless
otherwise stated, py and ¢ are used in the sense of Theorem 2.2.4.

LEMMA 2.2.5. For a finite sequence (ag, a1, ...,a,) and every 0 < k < n, one has
(2.2.4) Prr—1 — qkpr—1 = (1)L
PRrROOF. Take determinants on both sides of (2.2.3). O

We now derive several consequences for finite regular continued fractions.

COROLLARY 2.2.6. Let [ag;a1,...,ay,] satisfy the conditions for a finite reqular continued
fraction, except that we also allow a, = 1. Then Z—: is a reduced fraction for every 0 < k < n.

PROOF. The case n = 0 is clear, so assume n # 0. We have ag € Z and ay, € Z>1 for1 <k <n.
It is immediate from the recurrence that g > 0. Let di be the greatest common divisor of py and
qr, and write py = dip), and g, = dyq},. Then prgr—1 — @rPr—1 = di(Pqr—1 — ppr—1) = (—1)F 1.
Since dj, € Z>1 and pj.qr—1 — ¢)Pk—1 € Z, we must have dj, = 1. Hence Z—: is reduced. O

COROLLARY 2.2.7. Let [ag;aq,...,a,]| satisfy the conditions for a finite regular continued
fraction, except that we also allow a, = 1. Then the sequence (qi,...,qn) is strictly increasing,
and qi > k for every 1 < k <n.

PROOF. We prove g > k by induction. For k = 1 this is clear from the definition. Let k > 2
and assume qp_1 > k — 1. Since ap > 1, we obtain g = apqr_1 + qr—2 > qx—1 + 1 > k. The same
inequality also shows that the sequence is strictly increasing. O

Lemma 2.2.5 can be rewritten as follows.
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COROLLARY 2.2.8. Let [ag;aq,...,a,]| satisfy the conditions for a finite regular continued
fraction, except that we also allow a, = 1. Then, for every 1 < k <n,

Pk pe-1 (1R

(2.2.5) — — = .
gk gk—1 qk9k—1
PRrROOF. Divide both sides of (2.2.4) by qxqr—1. O
COROLLARY 2.2.9. Let [ag;aq,...,a,]| satisfy the conditions for a finite regular continued

fraction, except that we also allow a, = 1. Then, for all k € Z>o and { € Z>1 satisfying
1<2k+20+4+1<n, one has

2%k 2k+2¢ 2k+20+1 2k+1
D2k < D2k < D2k420+ < P2kt1
92k q2k-+2¢ q2k+20+1 q2k+1
PRrROOF. We first prove
b2k < D2k+2¢ and P2k+20+1 < p2k+1'
92k q2k+2¢ q2k+-2041 q2k+1
For 2 < m < n, we compute

pﬂ . Pm—2 _ Pmdm—2 — Pm—24m

dm dm—2 gmAdm—2
_ (ampm—1 + Pm—2)qm—2 — Pm—2(@mGm—1 + Gm-2)
B dmqm—2
am(pm—1Qm—2 - Qm—lpm—Q) . (_1)mam
a GmGm—2  mAm—2
where the last equality follows from (2.2.4). Since a,, > 0, taking m = 2k + 2 gives %’z < gj:%j,
and taking m = 2k + 3 gives Iq)i%; < Z;:—ﬁ. These are the desired inequalities for £ = 1. The
inequalities for general ¢ follow by repeated application and transitivity.
It remains to prove
P2k+2¢ < P2k+2£+1_
q2k+2¢ q2k+20+1
Substituting 2k 4+ 2¢ + 1 for k in (2.2.5), we obtain
Pok+2041  P2k+20 (—1)2kt26+2 50
Q2k+20+1  q2k+2¢ B Q2k+204+192k+2¢ '
This proves the assertion. [l

The indexing in Corollary 2.2.9 may obscure the simple meaning of the statement. Applying
it for all possible k gives, for example,

Po P2 _Pa_ D5 _Ps_ DL
go Qg2 qa a5 a3 q1
which may be easier to visualize.
We finish this section by proving the bijective correspondence between rational numbers and
finite regular continued fractions. We first define the set of sequences that represent finite regular
continued fractions. Since finite sequences have varying lengths, we regard them as infinite

sequences that become zero from some point on. Define
Z = {(ar)izy | @0 € Z, a; =0 for every i € Z>1}.

The map z: 2 — 7Z defined by z((ar)72,) = ao is clearly a bijection. Thus z gives a bijective
correspondence between integers and their finite regular continued-fraction expansions.
Next consider rational numbers that are not integers. Define
2= { (a0 ag € Z, In € Z>1 such that a1,...,an—1 € Z>1,
T k=0 | o € Z>3, and a; =0 for all § € Z>p41 )
Define f: 2 — Q\ Z by

f((ak)zo:()) = [CLQ; at, ... 7an}7
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where n is the integer such that a,, € Z>2 and a; = 0 for all # > n + 1. It is not immediate that
this map is bijective, so we construct its inverse. We begin with the following lemma.

LEMMA 2.2.10. Let a« € Q\ Z. Construct ay, and ay, recursively by
1
(226) ap = «, ap = LO[kJ, Ay 1 = m

Then there always exists n € Z~qg such that a, = «a,,. Thus the process stops at that point.

PROOF. Write a = o = Z—g as a reduced fraction. Since o € Q \ Z, we have syg > 2. As long
as ap_1 # ap_1, the number «y is rational; write it as a reduced fraction o = Z—: If sp. =1,

then ay € Z, hence a = oy, and we may take n = k.
Assume s, > 2. Then

Tk Ty — Sk
Qp —ap = — —ap = —————.
Sk Sk
Since ap —ar # 0 and 0 < a — ap < 1, we have 0 < rp — agsg < sg. By definition,
Sk
Qg1 = ————.
Ty — QgSk

If this is written as the reduced fraction ““*1 then s;,1 divides 7, — agsy. Hence
Sk+1

Sk+1 STk — apSk < Sk.

Thus, as long as s > 2, the denominators strictly decrease. Since si > 1, there must be some n
such that s,, = 1. Then o, € Z, so a, = ay,. OJ

REMARK 2.2.11. The procedure in Lemma 2.2.10 is exactly the Euclidean algorithm. In the
next section we will carry out the analogous procedure for infinite continued fractions.

THEOREM 2.2.12. Let o« € Q\ Z. Use (2.2.6) and let n be the smallest index such that
an = ayp. Consider the finite sequence (ay)p_,, and extend it by putting a; =0 for all i >n + 1.
Then the resulting infinite sequence (ar)y, belongs to 2.

PROOF. For every k > 0, the equality ap = |ay | gives ax € Z. Since « ¢ Z, we have n # 0. It
remains to prove that ai,...,a,-1 > 1 and a,, > 2. For every 0 < k < n—1, we have ay —ay, # 0,
hence 0 < oy, — ap < 1. Therefore

1
« =—>1
k+1 o — ay )
and so agy1 > 1. Thus ay,...,a, > 1.
It remains to show a, > 2. Suppose a,, = 1. Since a, = a,,, we would have a,, = 1. Then

(2.2.6) gives
1
Qp—1 =0p—1+ — =ap—1+ 17
n

S0 a,—1 € Z. Hence a,,—1 = ay,_1, contradicting the minimality of n. Therefore a,, > 2. O

Theorem 2.2.12 says that the correspondence g: Q \ Z — 2 defined by g(a) = (ar)3, is
well-defined. We now prove that f and g are inverse maps.

THEOREM 2.2.13. The maps f and g are inverse to each other. In particular, f is a bijection.
Before proving this theorem, we record a lemma.
LEMMA 2.2.14. For a finite reqular continued fraction [ag; a1, ..., ay], one has
ag = |[ag; a1, ..., an]].
ProOOF. If n = 0, then the assertion is clear. Assume n > 1. It suffices to prove
ag < lag;a1,...,an] < ap+1,

or equivalently
0<[0;a,...,a,] < 1.
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If n = 1, then the last partial quotient satisfies a; > 2, and hence

1
[0;a1] = — < 1.
ai
If n > 2, then
1 1
0;a1,...,a4p) = ———— < — < 1.
a1 + [0«27 7an] a1
Positivity is clear, and the claim follows. O

PROOF OF THEOREM 2.2.13. We first show f o g =idg\z. It suffices to prove the following:
for « € Q\ Z, if (a)j_, and (ag)}_, are constructed by (2.2.6), then for every 0 <k <n — 1,

a = [ag;a1,...,ak, agr1] = [ap; a1, ..., ap).

We prove the first equality. For & = 0 it follows by direct computation. Suppose k£ > 1 and
assume

a=lap;ay,...,ax_1, Q.
Then

laog;ai,...,ak—1, K, apt1] = [ao; a1, . .., ak—1, ax + o — ag] = [ag;ai, ..., ap—1, %] = a.

Taking k =n — 1 and using a, = a;, gives the second equality. Hence f o g = idg\z.
Next we show go f =idg. Take (by)32, € 2, and write

f((bk)EZo) = [bos br, - -, bn].
Let (ax)72, be the sequence constructed from this rational number by (2.2.6), with undefined
terms completed by zero after the process stops. We must show that (ax)32, = (bk)72,- By
Lemma 2.2.14, we first obtain ag = by. Hence

1 1

[Bo; b1, bn] —bo (031, .., b

Applying Lemma 2.2.14 again gives a; = bi. Repeating the same argument shows that (ax)}_, =
(bk)}—o- Finally, since

a1 = :[bl;bz,...,bn].

Qp = [bn} = bn = Qn,

the algorithm stops at this point, and hence a; = 0 for all i > n+1. Thus (ax)32, = (br)i2,. O

Since the sequences in 2 U 2 correspond to finite regular continued fractions, and since
z: % — Zand f: 2 — Q\ Z are bijections, we obtain the following theorem.

THEOREM 2.2.15. For every rational number o, there exists a unique finite regular continued
fraction whose value is a. The sequence of partial quotients is obtained by the algorithm (2.2.6).

Although Lemma 2.2.10 was stated for nonintegral rational numbers, the same procedure
includes the integral case as a special case.

DEFINITION 2.2.16. The finite regular continued fraction whose value is a rational number «
is called the finite regular continued-fraction expansion of a.

3. Infinite Continued Fraction Expansions of Irrational Numbers

In the preceding section, we saw that finite regular continued fractions are in bijection with
rational numbers. By extending the integer sequences that define finite regular continued fractions
to infinite sequences with no zero terms after the first entry, and by taking the corresponding limit,
one obtains continued fractions representing irrational numbers. We justify this construction in
this section. The strategy is almost the same as in the rational case, but limits make some parts
slightly more delicate.

Consider the set

S = {(ak)iozo | ag € 7, ap € Z21 (k > 1)}

We define the infinite analogue of finite regular continued fractions as follows.
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DEFINITION 2.3.1. For (ay)32, € -7, consider

lim (ag; a1, a9, ..., ay,l.
n_m[o, 1,02, ..., Gy

This limit, when it exists, is called an infinite reqular continued fraction.

We also write an infinite regular continued fraction as

[a05a17a27---]7 a0+—17
@+ 1
ag + —

in order to display the underlying infinite sequence of partial quotients.
Since the definition involves a limit, it is not a priori clear that an infinite regular continued
fraction has a real value. The next theorem shows that it does, and that the value is irrational.

THEOREM 2.3.2. For every (ay)ie, € -, the limit

lim |ag; a1, a9,...,a
n_m[ 0301,02, ..., 0]
exists and is irrational.
PrOOF. Put
. . Pk
bk = [ao,al, .o .,ak] = —.
gk

Extending Corollary 2.2.9 to the infinite sequence, we see that the sequence {bary1}72 is
decreasing and bounded, and that {bo;}32, is increasing and bounded. Hence the limits

lim bog+1 and  lim bog
k—o0 k—oo
exist as real numbers. Denote them by «; and as, respectively. We prove that a; = az. By
Corollaries 2.2.8 and 2.2.7, for £ > 1 we have
_1\2k+2
(D7 1
Gok+1926 — 2K(2k +1)
Letting k — oo, we obtain limy_, o (bogt1 — bax) = 0. Hence

0 < bogg1 — b =

a1 — Qg = lim b2k+1 — lim bgk = lim (b2k+1 — bgk) = O.
k—o0 k—o00 k—o0
Thus the two limits coincide. Let a := a1 = .
We next prove that « is irrational. For every k > 0 we have
bzk <a< b2k+1.

Therefore 1

0<a—b2k<b2k+1—b2k< _—.
q2k92k+1

Since byy, = %, multiplying by gor gives

0 < agar —pa <

Qort1
Suppose, for a contradiction, that o = § is rational, where { is reduced and b > 0. Then

b
0 < agop, — bpar. < .

2k+1
The middle term is an integer for every k, while q2:+1 < 1 for all sufficiently large k& by
Corollary 2.2.7. This is impossible. Hence « is irrational. O

The theorem implies that the correspondence
F: ¥ —R\Q, F((ak)izo) :nli_{glo[ao;al,...,an],

is well-defined. We now construct its inverse. First we prove the following theorem.
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THEOREM 2.3.3. Let « € R\ Q. Construct ()32, and (ax)7>, by
1
(231) Qg = &, ap = LO[kJ, Apy1 = m

Then (ag)3, € 7.

PRrOOF. For every k > 0, ar, = |ag], so ap € Z. Moreover, every oy, is irrational. Indeed, if
some «y, were rational, then

1
Qp—1 = Q-1+ —
72
would also be rational, and repeating this argument would imply that aq is rational, a contradic-

tion. Hence, for every k > 1, we have
O<ap_1—ap_1 <1,
and therefore oy, > 1. It follows that aj, > 1 for every £ > 1. Thus (ax)32, € 7. O

Let G: R\ Q — .# be the correspondence in this theorem; that is, G(a) = (ay)5%, where
the sequence is constructed by (2.3.1). Theorem 2.3.3 says that G is well-defined. The main
result of this section is the following.

THEOREM 2.3.4. The maps F' and G are inverse to each other. In particular, F' is a bijection.
Before proving this theorem, we record a lemma.

LEMMA 2.3.5. For an infinite reqular continued fraction, one has

ap = Uiﬁ\rgo[ao; ai,. .. ,an]J .
PRroOOF. It suffices to prove
ag < nli_}rrolo[ao;al, coyap] < ag + 1,
or equivalently
0 < lim [0;a1,...,a,) < 1.
n—oo
Apply the ordering of even and odd convergents, proved in Theorem 2.3.2, to the infinite continued
fraction [0;aq, a9, ...]|. Its value lies strictly between its first two convergents. Hence
1
0 < lim [0;a1,...,a,) < — <1,
n—00 a
and the desired inequality follows. O

PROOF OF THEOREM 2.3.4. We first show F'o G = idg\q. It suffices to prove the following:
for « € R\ Q, construct (o), and (ax)32, by (2.3.1). Then, for every k € Z>o,

o = [ao;ah s )akaak-i-l] = nILHOlO[ao;al’. . 'aan]'

We first prove the first equality. For k = 0 it follows by direct computation. Suppose k£ > 1 and
assume

o = [ao;al,...,ak_l,ak].
Then
l[ag; a1, ..., ak—1,ak, ag+1] = [ao; a1, ..., ax—1,ax + o — ag] = [ap; a1, ..., ax—1,01] = a.
We now prove
a:nlLIgo[ao;al,...,an].

By the equality just proved and Proposition 2.2.3, for every n > 1 we have
On41Pn + Pn-1
a=lap;a,...,an, Qpt1] = ——————.
Qnt1qn + qn-1
Therefore
Pn _ Ont1Pn + Pn—1 _Pn

gn Ap+1dn + qn—1 qn
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—1 — nPn— 1)t
(2.3.2) _ PG —GePnr . (=1)

(Ont1Gn + @n—1)qn (Qnt19n + @n-1)qn’

where the last equality follows from (2.2.4). Since a1 > apn41, we have

Qni1qn + qn-1 > Apt1Gn + Gn-1 = qny1 > n+ 1,

where the last inequality follows from Corollary 2.2.7. Hence

1 1 1
(2.3.3) ’a - < < .
qn (an-i-l(.In + Qn—l)Qn dn+149n n(n + 1)
Letting n — oo, we obtain
lim | — P _ 0.
n—oo qn

Since the limit lim,,_ o pp/qn exists by Theorem 2.3.2, this estimate implies

. Pn .
a= lim — = lim [ag;a1,...,a,).
n—oo qu n—oo

This proves F'o G = idg\q-
Next we show G o F =idy. Take (b,)22, € ., and put

a = lim [by; by, ..., by).
n—oo

Let (an)5e be the sequence obtained from « by (2.3.1). We must prove (a,)32, = (by)22,. By
Lemma 2.3.5, we first get ag = by. Hence

1 1
T Tty o0 D03 b1y - ba] — by 720 (D3 b, -« - ba] — bo
. 1 .

Applying Lemma 2.3.5 again gives a; = b;. Repeating the same argument proves (a,)>>, =
(bn)nzo- U

This bijection yields the following statement.

THEOREM 2.3.6. For every irrational number «, there exists a unique infinite reqular continued
fraction whose limit is ae. The sequence of partial quotients is obtained by the algorithm (2.3.1).

DEFINITION 2.3.7. The infinite regular continued fraction whose limit is an irrational number
« is called the infinite reqular continued-fraction expansion of c.

It is natural to expect that truncating the infinite continued-fraction expansion of an irrational
number « gives good rational approximations to . Conversely, it is also known that all sufficiently
good rational approximations arise as such truncations. We now explain this. First we record an
inequality that follows from the preceding discussion.

PROPOSITION 2.3.8. Let « be irrational, and let Z—Z be its n-th convergent. Then

1
dndn+2

1
Gnn+1

_Pn
Gn

<‘OJ <

PRrROOF. The second inequality follows from (2.3.3). For the first one, use (2.3.2). Since
Qpt1 = Gpt1 + 1/apto < aps1 + 1, we estimate the denominator as follows:

(an+IQH + Qn—l)Qn < ((an+1 + 1)% + Qn—l)Qn = (Qn—l—l + Qn)Qn < (an—l-ZQn—i-l + Qn>Qn = gn+29n-
This gives the desired lower bound. O

The next proposition says that convergents are especially good approximations.
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PROPOSITION 2.3.9. Let o be irrational and let n > 1. For the n-th convergent Z—: of a, and
for any rational number g satisfying

Pn 22, 0<q < qn,
dn q
one has
lgae = pl > gn—10 = pp—1] > [gner — pal.

In particular,
_Pn

qn
Proor. If % is not reduced, reducing it preserves the assumptions of the proposition. Thus

we may assume from the beginning that g is reduced. By the lower bound in Proposition 2.3.8,
we have

o2l
q

< "Jn—la - pn—l‘a

gn+1
and by the upper bound we have
1
|gno — pnl| < .
gn+1
Thus
[gnae — pa| < < |gn-100 = pn—1l,

gn+1
which gives the second inequality in the first assertion.
It remains to prove the first inequality. Consider the linear system

230
an Gn-1] |d ql
Pn Pn—1

Since [ 42°1 | € GL(2,Z), the system has an integral solution. Solving it gives

c= (=" pgn-1—pn19),  d=(=1)""(pag — qup).
Here ¢, d € Z, and the assumption g + z—: implies d # 0.
If ¢ = 0, then the system gives dp,_1 = p and dg,—1 = ¢, hence

’qa _p’ = |d‘ ‘Qn—la - pn—l‘ > ‘Qn—la - pn—l‘y
as desired.

Now assume ¢ # 0. Since ¢ < ¢y, if ¢ and d had the same sign, then they would both have to
be positive, since ¢ = cq,, + dgn,—1 > 0. Hence q¢ = cq,, + dg,,—1 would imply ¢ > q,,, with equality
only when ¢ = 1 and d = 0. In that case we would have p = p,, and ¢ = ¢, contradicting the
assumption. Hence ¢ and d have opposite signs.

On the other hand, the proof of Theorem 2.3.2 shows that either

Pnol B Bncg < Pnol

Gn-1 Gn Gn Q-1
Thus ¢,_1a — p,_1 and g,a — p, have opposite signs. It follows that

c(gnor — pn) and  d(gn-100 — pn_1)
have the same sign. Therefore
g — p| = [(cgn + dgn—1)a — (cpn + dpn-1)|
= |e(gna — pn) + d(gn—10¢ — pn—1)|
= le(gna = pn)| + |d(gn-100 — pp—1)]
> |d(gn-100 = pp—1)| = [gn-10¢ — pp—1]-

This proves the first assertion.

The final assertion follows from
P 1 1 1 P
a— ‘ = —|qa = p| > =[gnx — pn| > —[gnx — pn| = ’oe— =|.

q q q qn dn
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O
Using this, we prove that every sufficiently good approximation comes from a convergent.

THEOREM 2.3.10. Let « be irrational. If a reduced fraction g with ¢ > 0 satisfies
<

then g is a convergent of «; equivalently, it is obtained by truncating the continued-fraction
expansion of «.

PROOF. Suppose, for a contradiction, that % #+ 2—: for every convergent p—]’z of a. Since « is
irrational, Corollary 2.2.7 implies that there exists N such that ¢ < gx. Choose the smallest n
such that ¢, > ¢q. Then

Gn—-1 < q < qn.
By Proposition 2.3.9 and the assumption,

1
|gn—10 — pp—1] < g —p| < %0
q

Therefore
1 1 — PGn_ _ _ 1 1
S\qpnl Pgn-1| _ |pn 1_p‘§pn 1—a‘+‘a—p‘< L
qGn-1 qGn-1 -1 ¢ In—1 ql  2qqn-1  2q
This inequality implies ¢ < ¢,—1, contradicting g,—1 < g. Hence % is a convergent of «. O

REMARK 2.3.11. Proposition 2.3.8, Proposition 2.3.9, and Theorem 2.3.10 also have rational
analogues. If « is rational and its finite regular continued-fraction expansion has length NV + 1,
the same arguments work by restricting n to 0 < n < N — 1. In the proof of Theorem 2.3.10,

the step in which one chooses N with ¢ < ¢n should be replaced by the following argument: for
=
1 _ |gpN — pan 1
— < ‘ = |qa _p| <5
qN qN 2q

which implies ¢ < qn.

4. Unimodular Group Orbits of Irrational Numbers

In this section we decompose irrational numbers into orbits under a matrix group. The
reason this decomposition is useful will become clear in the next chapter: irrational numbers
lying in the same orbit have the same Lagrange constant. Hence, when studying possible values
of Lagrange constants, this orbit decomposition removes redundant work. We first introduce the
group that acts on irrational numbers.

DEFINITION 2.4.1. Consider the set
a b
Guzzy_{L A

It is a group under matrix multiplication. We call it the unimodular group.

For A=[%%] € GL(2,Z) and o € R\ Q, define the action of A on « by the fractional linear
transformation

a,b,c,d € Z, |ad — be| :1}.

ac+b

Aa = .
@ ca+d

We have the following.

PROPOSITION 2.4.2. For A € GL(2,Z) and a € R\ Q, one has Ao € R\ Q. Moreover, the
fractional linear transformations of GL(2,7) define a left action

GL(2,Z) ~ R\ Q.
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PROOF. Let A=[%%] and a € R\ Q. Suppose Ac is rational. Then
d(Aa) — b
—c(Aa) +a
would also be rational, a contradiction. Hence A« is irrational.
Let By =[}9]. Then Fha = a. If B=[¢]], then
ea+f a;‘éii +b  (ae+bg)a+ (af +bh)

ga+h ngi{z+d_ (ce +dg)a+ (cf + dh)

a=A"1Aa) =

A(Ba)=A

On the other hand,

AB:{“ b} {e f]_|:a€+bg af + bh

c d||g h ce+dg cf +dh|’
SO
(ae +bg)o + (af + bh)
AB)a = :
(AB)e = e dg)a + (cf + dh)
Therefore A(Ba) = (AB)a, and the assertion follows. O

REMARK 2.4.3. By definition of the action, Aa = (—A)a.
We now introduce unimodular equivalence of irrational numbers.

DEFINITION 2.4.4. Let a, 8 be irrational numbers. If there exists A € GL(2,7Z) such that
B = Aa, then a and § are said to be unimodularly equivalent, or simply equivalent. We write
o ~ (. The equivalence class

O =1{B| B~ a}

is called the unimodular orbit, or simply the orbit, of a.

The relation between the unimodular action on irrational numbers and continued fractions
can be expressed succinctly using continued-fraction matrices.

PROPOSITION 2.4.5. Let ag, a1, -..,ar, o € R. Whenever both sides are defined,

. _lao 1} |a1 1 ok 1
[ag,al,...,ak,a]—[l O}[l O] [1 O}Oé
Proor. By Proposition 2.2.3 and Theorem 2.2.4,

caras b oo = [ ol (3ol

Q05 A1y -y A, O] = = e
lao; az S el PO 1 0/[1 0 1 0

O

The next theorem characterizes equivalence of two irrational numbers in terms of their infinite
continued-fraction expansions.

THEOREM 2.4.6 (Serret’s theorem). Let
a = lag;ai,...], B = [bo; b1, ...]
be irrational numbers. Then o ~ [ if and only if there exist n,m € Z>q such that
[@n; @ity ] = [bm; bmt1,- -]

In particular, by uniqueness of reqular continued-fraction expansions, an,in = bmin for every
h € Z>y.

We first prove a lemma.

LEMMA 2.4.7. Let A= [2Y] € GL(2,Z) and assume ¢ > d > 0. Then there exist { € Zxg
and integers co € Z, c1,...,¢o € Z>1 such that

= 30 8
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Proor. Take the finite continued-fraction expansion
a
— = lap; a1, ..., ax.
c
Let % be its i-th convergent. Then
Pk Pr-1| _ (a0 1| far 1] ~Jap 1
Qe Qr_1 1 0]]1 O 1 0
If necessary, choose the expansion so that ap > 2. Then we may also view
[ag; a1, ...,ar] = lao;a1,...,ax — 1,1].

If % denotes the i-th convergent for this latter expression, then
Phor Pk _fao 17far 1] fax—1 171 1
G @) L1 01 0 1 0||1 o]
Here ap — 1 > 1.
Since A € GL(2,Z) and
det [pk pkl} = (—1)F1, det

gk qk—1

exactly one of the following equalities holds:

/ /
p}““ plg] _ (_1)k+27
Qiv1 4k

det A = det [pk 2%—1} , det A = det
dk k-1

Pl pﬂ '
Ber1
We show that, in the first case,
A [pk pkl} 7
dk  gk-1
and in the second case the analogous primed equality holds. We prove the first case; the second
is identical.

Since A € GL(2,7Z), the integers a and c are relatively prime. Since ¢ > 0, the fraction % is
reduced. By Corollary 2.2.6, g—: is also reduced. Hence a = p; and ¢ = q;. Using the equality of
determinants gives prd — bqr = Prqr—1 — qkPk—1. Equivalently, pi(d — qx—1) = qx(b— pr—1). Since
pr and g are relatively prime, we have qx | d — qx—1. If d — gx—1 > 0, then the assumption d < ¢
gives d — qx—1 < ¢ — Q-1 = qk — qk—1 < qk- 1f d — qx—1 <0, then gx_1 —d < gx—1 < gx. Thus
in either case |d — qx_1| < gx. Since gi divides d — qi_1, we must have d = g;_1. The equality
b = pi_1 then follows from the other three entries and the determinant equality. Hence

A [Pe pra] _fao 1] far 1] fay 1]
T i1 1 0/[1 0 1 0]

In the second determinant case, the same argument gives
Pryr Dy _fao 1]far 1] [ax—1 171 1
Gy @) L1 Of[1 0 1 0] |1 0]

This proves the lemma. O

A:

PROOF OF THEOREM 2.4.6. First assume that there exist m,n € Z>( such that

[@n; @ty -] = [bm; bmt1,-- -]
Put
ap, = an; antt, - -, B = [bm; b1, - -]
Then
a = [ag;al,...,an—1, 0], B = [bo;b1,.. . bm—1,Bml,

where, if n = 0, the first expression simply means « = «g. By Proposition 2.4.5,

__|ao 1 aq 1 Ap—1 1
a‘L 0“1 0]"'[ 1 0}0‘"’
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b0 17[b1 1 b1 1
ﬁ_[1 0] {1 0][ 1 o Pm
Since o, = Bm, we may solve the first equality for a,, and substitute into the second equality.
We obtain
B_ b() 1 b1 1 .”bm—l 1 Ap—1 171“.0,1 171 a 171
“ 11 o0/[1 0 1 01 o0 1 0 [1 0o <

Each factor lies in GL(2,7Z). Hence the product also lies in GL(2,Z), and therefore a and 3 are
equivalent.

Conversely, assume a ~ 3. Then there exists A = [¢%] € GL(2,Z) such that 3 = Aa. Since
Aa = (—A)a, we may replace A by —A if necessary and assume ca +d > 0. For any n > 1,

_ _|a b Pn—1 Pn-2
p=Aa= L d} [in %2} n:

Pn—1 Pn-2| _ a0 1| far 1| —fap—1 1
Gn-1 Gn-2) |1 O][1 O 1 0]

a b - a b Pn—1 Pn—2
d d|’ c d dn—1 4n-2 )

We show that n can be chosen so that ¢ > d > 0. Direct computation gives

and

where

Set

CPr—

(2.4.1) d =cpp_1+dgn—1 = qn_1 ( Pr 11 + d> ,
i
CPp—

(2.4.2) d =cppo+dg,—2 = qn2 < Pn 22 + d> .
—

If ¢ = 0, then after replacing A by —A if necessary, we may assume d > 0. Then ¢ = dg,—1 and
d' = dg,_», so for sufficiently large n we have q,_1 > ¢,_2 > 0, and hence ¢’ > d’' > 0.

Thus assume ¢ # 0. Since
lim (Cp“ +d> — lim (Cp“ n d) —ca+d>0,

n—oo Gn—1 n—oo gn—2

we may take n sufficiently large so that both factors in parentheses in (2.4.1) and (2.4.2) are
positive. Then ¢, d’ > 0. Moreover,

CPnp— CPp— CPnp— CDp—
C/_d/_Qn—1<pn1+d>_Qn—2(pn2+d)>Qn—l<pn1+d>_Qn—1(pn2+d)
dn—1 gn—2 gn—1 dn—2

c —1)"¢
= (pn—IQR—Q - Qn—lpn—Q) = ( ) .
gn—2 qn—2

Since n may still be chosen with either parity, we choose it so that (—1)"¢ > 0. Then ¢ —d’ > 0.
Thus for such an n we have ¢/ > d' > 0.
By Lemma 2.4.7, there exist { € Z>o and ¢y € Z, c1,...,¢ € Z>1 such that

o al =1 o[ o1 o)

co 1l [eg 1 cr 1
/8:[10 O}[ll 0}”[16 0]an2[60§017--.,6g,an].

Since oy, = [ap; an1, - .. ], this is

Hence

/8: [60;017"')Cf7a’n)an+17'"]'

Because n > 1, we have a,, > 1, so this is the infinite regular continued-fraction expansion of 5.
Taking m = ¢ + 1, we obtain

[@n; Qnt1y- -] = [bm; bmt1, -]
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This completes the proof. O

5. Periodic Continued Fractions and Quadratic Irrationals

In this section we study the case where the partial quotients in the regular continued-fraction
expansion of an irrational number eventually become periodic. We characterize this phenomenon
in terms of a property of the irrational number itself. We begin by defining periodic continued
fractions.

DEFINITION 2.5.1. An infinite regular continued fraction whose partial quotients are eventually
periodic, as in
[ao;al,ag,...,ak,bo,bl,...,bg,bo,bl,...,bg,bo,bl,...],
is called a periodic continued fraction. We write it as

[ao;a17a27 cee )akabO)bla ce. 7b€]°

The finite sequence (b, ..., by) is called the period. A periodic continued fraction whose periodic
part starts at the beginning is called a purely periodic continued fraction.

Next we define quadratic irrationals.

DEFINITION 2.5.2. An irrational number « is called a quadratic irrational if it is a root of a
quadratic equation with integer coefficients. Equivalently, there exist a € Z>1 and b, ¢ € Z with
ged(a, b, c) = 1 such that

—b+evD
o0=————
2a
where D = b — 4ac, ¢ € {1,—1}, D > 0, and D is not a square. In this case D is called the
discriminant of o. For such a quadratic irrational o, its quadratic conjugate is denoted by o/,

namely
, —b—evD
o = ——.
2a
If « >1and —1 < o <0, then « is called a reduced quadratic irrational.

If o is reduced, then o > o/, and hence necessarily ¢ = 1. We also impose a > 1 and
ged(a,b,¢) =1 in order to make the discriminant D a well-defined quantity associated with «,
rather than depending on a nonprimitive multiple of a quadratic equation.

Let Is be the set of all quadratic irrationals, and let Ry be the set of all reduced quadratic
irrationals. For a positive nonsquare integer d, let Is(d) be the set of quadratic irrationals with
discriminant d, and let Ra(d) be the set of reduced quadratic irrationals with discriminant d.

The main theorem of this section is the following.

THEOREM 2.5.3 (Lagrange’s theorem). The following statements hold.
(1) The infinite regular continued-fraction expansion of an irrational number « is periodic
if and only if o is a quadratic irrational.
(2) The infinite reqular continued-fraction expansion of an irrational number « is purely
periodic if and only if « is a reduced quadratic irrational.

We prepare for the proof.

THEOREM 2.5.4. The action of the unimodular group on R\ Q restricts to an action on Is,
and for every positive nonsquare integer d € Zsq it restricts to an action on Is(d).

PROOF. It suffices to verify that I5(d) is preserved. Let a € I5(d), and let ax? 4 bz + ¢ be a
quadratic polynomial having a as a root, with gcd(a, b, ¢) = 1. Then the discriminant b — 4ac is
the discriminant of a.. Let M = [$!] € GL(2,Z) and put § = M«. By Proposition 2.4.2, § is
irrational. Solving 8 = M« for a, we obtain

vl —t

— M1l = )
@ P —uf+s
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Substituting
vB —t
r=-0ug0=——-

—uf +s

into ax? + bz 4+ ¢ = 0 and clearing denominators gives
(av? + cu® — buv)B? + (—2atv + bsv + but — 2csu)B + at® 4 cs* — bst = 0.
Thus g is a root of the quadratic polynomial
(av? + cu® — buv)x? + (—2atv + bsv + but — 2csu)x + at® + cs* — bst.
Put
A = av? + cu® — buv, B = —2atv + bsv + but — 2csu, C = at® + cs® — bst.

To see that B? — 4AC is the discriminant of 3, we check that ged(A, B,C) =1 and A # 0. If
A < 0, we multiply the polynomial by —1; this makes the leading coefficient positive and does
not change the root or the discriminant. The condition A # 0 follows because f is irrational.
Now suppose e | A, e | B, and e | C. Then

s*A + suB + u*C = a(sv — tu)? = qa,

25tA + (sv + tu) B + 2uvC = b(sv — tu)? = b,

t* A+ tvB + v?C = c(sv — tu)? = c.
Since ged(a, b, ¢) = 1, any common divisor of A, B,C must divide 1. Thus ged(A4, B,C) = 1.
Finally,

B% — 4AC = (1 — 4ac)(sv — tu)? = b? — dac = d,

because M € GL(2,Z). Hence 8 € Ix(d). O

THEOREM 2.5.5. Fiz a positive nonsquare integer d. For every

a = [ag;as,...] € Ir(d),

one has ay = [an; ant1,...] € Ro(d) for a sufficiently large n. Moreover, once this holds for
some n, it holds for every m > n.

PROOF. Let

a = [ag;aq,...] € I(d), g = [ A1y - - -

For k > 1,

a 1 1 B 1
0‘:[“0;@17---,%—17%]:{10 0} [all 0]"'[%11 o}ak,

where the last equality follows from Proposition 2.4.5. Since each matrix [% §] lies in GL(2,7Z),
the numbers « and «j, are equivalent. By Theorem 2.5.4, we obtain «y, € I5(d) for every k > 0.

Moreover, the construction algorithm (2.3.1) gives
1
ap — [on]”
Since 0 < ay, — |ag| < 1, we have agy1 > 1. Thus o > 1 for all £ > 1. It remains to show that,

for all sufficiently large indices, the conjugate lies in the interval (—1,0).
From

Oyl =

o [pk Pk—1
dk  qk-1

Oék;.i.l,

we solve for ay11 and obtain

—1
Pk Pk—1 qk—1 —Pk-1

(0] = o = Q.

ol [Qk Qk—l] [_ka Dk }
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The inverse matrix may differ from the displayed matrix by an overall sign, but multiplying the
matrix by —1 does not change the fractional linear transformation. Taking quadratic conjugates
of both sides gives

, o — Pr—1
a;ﬁﬂ _ _%—104/ —Pk-1 _ Gk-1 / q;;: ‘
Qe — Pk G o =B
Since limy_ oo z—: = o, we have
! _ Pk—1
lim ol — 1.

k—oo o — Bk
9k

Therefore, there exists N such that, for every k > N,

o -
e 0.
>

9k

Since qx—1/qr > 0, this implies oz;C_H < 0 for every k > N. Now take conjugates in the defining

relation
1

Oy = ————.
Apy1 — k41

We obtain .

/
g = =
k+2 A1 — a;c-i-l
Because o ; < 0 and apy1 > 1, this gives
—1<ajp, <0
for every k > N. Thus agy2 € Ra(d) for every k > N. Moreover, if a, is reduced, then a,,, > 1
and —1 < o/, < 0 imply
L o1 L c(-1,0)
o = — , Q = ——— ¢ (-1,
T e — am T — a, ’

so the reduced condition persists for all later indices. Il
The preceding theorem immediately gives the following corollary.

COROLLARY 2.5.6. For every positive nonsquare integer d and every o € Iy(d), there exists
B € Ra(d) such that oo ~ (. Thus every orbit in Iz(d) has a representative in Ro(d).

LEMMA 2.5.7. Let o € Ro(d). Suppose that « is a root of ax?® + bz + ¢, where a € Z>1 and
ged(a,b,¢) = 1. Then 0 < —b < V/d. In particular, Ry(d) is finite for every positive nonsquare
integer d.

PROOF. Since « is reduced,
/ —b— \/;i

—-b
a:ﬂ>1, —1l<a=—<0.
2a 2a

Multiplying by 2a gives
—~b+Vd>2a>b+Vd>0.
In particular, —b++/d > b++/d gives 0 < —b, and b++/d > 0 gives —b < v/d. Thus 0 < —b < V/d.

For fixed d, there are only finitely many possible values of b. Since d — b*> = —4ac and a,c € Z,
there are also only finitely many possible pairs (a,c). Hence Ra(d) is finite. O

LEMMA 2.5.8. Let a be a reduced quadratic irrational. If the continued fraction algorithm
gives
a = [ag; o],

ol =ao= |- ].

Qg

then
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PrRoOOF. From

1
a = [ag;an] = ap + —,
aq
taking conjugates gives
o =ap+ —-
@y
Rearranging, we obtain
=+ (~a)
—— =a —a').
o) 0
Since —1 < o’ < 0, the integer part of —O%, is ag. O
1

PROOF OF THEOREM 2.5.3. We first prove the implication in (2) that a purely periodic
continued fraction represents an element of Ry. Let

o= [ao;ala s 70%—1]
with n > 1. Then
QPn—1 +pn72
a=lag;ai,...,ap-1,0] = ————=.
adn—1 +qn72

Rearranging gives

In—-10> + (Gn-2 — Pp—1) — pp—2 = 0.
Thus « is a root of a quadratic equation. Since a ¢ Q, we have a € I5. Since the continued
fraction is purely periodic,

a = [ag;a1,...,an_1,0] = [ag;a1,...,an_1,00,a1,...,0p_1,0] =

Thus o = ay,, for every k € Z>¢. By Theorem 2.5.5, this implies « € R».
Next we prove the implication in (1) that a periodic continued fraction represents an element
of Is. Suppose

a = [ag;a1,a2,...,0n—1,0n, Gnil, - Ontk—1)
for somen >1and kK > 1. Put

Qp = [an; An+1s--- ’an—i-k—l]‘
By the previous paragraph, a, € Ry C I5. Since
Pn—1 DPn-2
a=lag;ar,a,...,0n 1,0 = Q
[ 0y 41, A2, n—1 n] [Qn—l Qn—Q] n
and the matrix lies in GL(2,Z), Theorem 2.5.4 shows that a € I>.
We now prove the converse implication in (1): if @ € I, then the continued-fraction expansion
of « is periodic. Let d be the discriminant of a. Then d is a positive nonsquare integer and

a € Is(d). By Theorem 2.5.5, for a sufficiently large n, m > n implies a,, € Ra(d). Since Ra(d)
is finite by Lemma 2.5.7, there exist indices

n<t</t
such that ay = ayp. Then
g = [ag a1, ap 1, p] = [ag apy, - a1, o).
Therefore
o = [@g; ey, -, Go—1),

and the continued-fraction expansion of « is periodic.

Finally, we prove the converse implication in (2): if & € Ry, then the continued-fraction
expansion of « is purely periodic. Let d be the discriminant of a, so a € Ra(d). The Gauss
map sends a reduced quadratic irrational to another reduced quadratic irrational with the same
discriminant. Indeed, if ag = |«], then @ > 1 and —1 < o/ < 0 imply

1 1

>1 o) = € (—1,0
a — ag ’ 1 O/—a() ( ) )7

o] =
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and the discriminant is preserved by the GL(2,Z)-action. Hence a,, € Ra(d) for every n > 0.
Since Ry(d) is finite, there exist 0 < ¢ < ¢’ such that oy = ay. If £ =0, then g = ay/, and the
same argument as above gives pure periodicity.

Assume ¢ > 1. Then

a1 = [ag—1; oy, ap_1 = lap_1; op].

1 1
1= |\——F| = |~ = Qg —1-
OZZ Oég/

Thus ay_1 = ap_1. Repeating this step, we obtain

By Lemma 2.5.8,

oo = Qyr—y.

The same argument as before then gives

o = [CL[); ai, ... 7a€’—€—1]7
so the expansion is purely periodic. [l
REMARK 2.5.9. In the proof that o € Ry implies pure periodicity, one cannot simply assert
at the outset that there exists ¢ with ap = ay. The finiteness of Ry(d) alone does not force g to

repeat. A priori, it could happen that «q is distinct from every later «;, while the later «; take
only finitely many values. Lemma 2.5.8 is used precisely to rule out this possibility.

We end by recording a relation between a reduced quadratic irrational and the quadratic
irrational obtained by reversing the period. This fact will be needed in later chapters.

ProPOSITION 2.5.10. If, for somen > 1,

a = [a@g; a1, .- -, an-1] € Ry,

then
1

_E == [an—l; Ap—2, ... 7a0]7

where o is the quadratic conjugate of a.

PROOF. From a = [a@g;ar, - - -, Gp—1), we have
1 Pn- 10+ P
a:[ao;ah,_.’anha]:{pn o 2}0421%11’712.
In—1 qn-2 An—10 + qn—2

Thus « is a root of

(2.5.1) In-12" + (Gn—2 — Pn—1)® — pn—2 = 0.
On the other hand,
|:pn1 Pnz] _ [ao 1] [al 1} [anl 1}
Gn—1 qn-2 I o1 O I
Taking transposes gives

Pn-1 @n-t1| _ |an-1 1| [an—2 1| ~Jao 1
n—2 qn—2 1 0 1 0 1 0]

ﬁ = [an_l; Ap—2y « -« ,CLQ].

Put

Then

Pn—1 Gn-1 P18+ gn—1
= [an-1;an-2,-..,00, 3] = =—"—.
R A L e
Rearranging, we obtain

Prn—28%+ (qn—2 — Pn-1)B — qn—1 = 0.

—Pn—2 + (gn—2 — Pn-1) (—;) + gn—1 (—;)2 =0.

Dividing by —3? gives
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Thus —% is a root of (2.5.1). Since a,—1 > 1, Lemma 2.3.5 gives
ﬁ > LBJ = Qnp—1 Z 17

and hence ]
-1<—-—=<0.
B
Therefore the conjugate root is o/ = —%. Equivalently,
1
f=——.
e}

This proves the claim.
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CHAPTER 3

Lagrange Spectrum

Since Chapter 2 prepared the basic facts on continued fractions and quadratic irrationals, we
now use them in this chapter to study the fundamental properties of the Lagrange spectrum.
The Lagrange spectrum is the set of all Lagrange constants, which measure how well irrational
numbers can be approximated by rational numbers, and it is one of the most fundamental objects
in Diophantine approximation theory. Looking only at the definition, one might get no more
than the impression that it is a multiplicative analogue of the irrationality exponent, which
measures the quality of approximation in terms of powers of the denominator. However, when
viewed through continued fraction expansions, one sees that its values are deeply connected with
infinite sequences and periodicity.

We first define the Lagrange constant, give a computable expression for it, and compute basic
examples. We then introduce a description in terms of bi-infinite sequences, which makes it easier
to compare the Lagrange spectrum with the Markov spectrum in the next chapter. Finally, for
quadratic irrationals, we show that the action of GL(2,7Z) and the theory of periodic continued
fractions developed in the previous chapter make it possible to compute the Lagrange constant
explicitly.

Standard texts that are written with Markov’s theorem in mind, such as [Aig13, BomO07,
Reul9], often impose the assumption that the Lagrange constant is at most 3 from the beginning.
In this chapter, however, we do not impose such an assumption and work in the general setting.

The discussion in this chapter follows [Aigl3].

1. Definitions and First Examples

In this section we introduce the Lagrange spectrum and check the simplest examples.

DEFINITION 3.1.1. Let o € R\ Q. We define L(«) to be the supremum of all positive real
numbers L satisfying the following condition:

e there exist infinitely many reduced fractions p/q with ¢ > 0 such that
D 1
- < .

“ q‘ Lq¢?
If this set is unbounded above, we set L(«a) = co. We call L(«) the Lagrange constant of a. The
set

£:={£(a) | a €R\Q}
is called the Lagrange spectrum.

Although rational numbers are not included in the definition, it is useful to first see what
would happen if the same condition were applied to a rational number.

PROPOSITION 3.1.2. Let a be a rational number, and let L be any positive real number. Then
there are only finitely many reduced fractions p/q with ¢ > 0 satisfying

P 1

|°“‘q\<Lq2'

PROOF. There is at most one reduced fraction p/q equal to «, so we assume below that
p/q # . Write a = a/b, where a/b is reduced. Then

- 1
‘a_p’ _lag—tpl 1
q bq bq

32
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Thus, if | — p/q| < 1/(Lg?), then 1/(Lg?) > 1/(bg), and hence ¢ < b/L. Since q is a positive
integer, there are only finitely many possible values of q. For each fixed such ¢, solving the same
inequality for p gives

aq 1 aq 1
Since p is an integer, there are only finitely many such p for each fixed ¢q. Hence only finitely
many reduced fractions satisfy the inequality. O

The proposition shows that, for a rational number «, the set of positive real numbers L
satisfying the condition in Definition 3.1.1 is empty. Thus rational numbers do not lead to a
meaningful Lagrange constant in this sense. In the rest of this section we consider irrational
numbers. We first give a characterization of the Lagrange constant in terms of continued fractions.

THEOREM 3.1.3. Let a be an irrational number with infinite continued-fraction expansion
a = |ap;a,...]. Put

Qp 1= [an;an—i-ly-"]a B = [aman—lw”yal]'
Then
1
(3.1.1) L(a)) = limsup (anH + ) .
n—oo IBTZ

In what follows we write

1
An(@) == api1 + —.
n
LEMMA 3.1.4. Let a = [ap; a1, ...]| be the infinite continued-fraction expansion of an irrational
number. Then, for every k > 1,
qk
—— = [ag; ag-1,- -, a1](= Br)-
dk—1

PROOF. We prove this by induction. For k = 1, we have ¢1/qyp = a1. Assume the claim holds

for kK — 1. Then
dk OkqQk—1 + Qk—2
= =ag + [0;ax_1,...,a1] = [ax; ap—1,...,a1].
qk—1 qk—1

This proves the claim for k. 0

PrROOF OF THEOREM 3.1.3. For the convergents of a we have
Pn|  |Qnt1Pn +DPn—1  Dnl| 1 1
Q@O —— =\ — 2 - 2
Gl lont1@n + -1 @l n1Gp + dn1dn An(@)gn
where the last equality uses Lemma 3.1.4.

We first show that L£(«) < limsup,,_,., An(). Let L be a positive real number such that
there exist infinitely many reduced fractions p/q satisfying

a—=| < —.
ql  Lg?

If L > 2, then by Theorem 2.3.10 all these reduced fractions are convergents. Hence for infinitely
many n we have

p‘l

1 < 1
An(@)gi  Lay’
and therefore A, (a) > L for infinitely many n. Thus L < limsup,, ,.o An(@).
If L <2, the same conclusion follows from lim sup,,_,. Ap(a) > 2. Indeed, if partial quotients
a; > 2 occur infinitely often, then A\;_j(a) > 2 occurs infinitely often. Otherwise, for all
sufficiently large j we have a; = 1, and in this case

limsup A\j(a) = lim \j(a) = V5 > 2.
j—o0

j—00
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Thus in every case L < limsup,,_,,, A\n(a). Taking the supremum over all such L gives
L(a) < limsup A\ ().

n—oo
Conversely, for any € > 0, by the definition of the limit superior there exist infinitely many n
such that
An (@) > limsup A\ (o) — €.
m—r0o0

For these n,
1

(im sup,,, o0 Am (@) —€)g2

Hence
limsup A\, (o) — e < L(a).

n—oo
Since € > 0 was arbitrary, we also get

limsup A\, (o) < L(a).

n—0o0

This proves the theorem. U

ExaMPLE 3.1.5. Let us compute some examples using Theorem 3.1.3.
(1) Let a = (1++/5)/2. Since % = [1; 1*—2\/5], we have 1*—2‘/5 = [I]. Therefore

1 5 — _ _
L ( +2\[> = limsup([1] + [0;1,...,1]) =[] + lim [0;1,..., 1] = [1] + [0; 1] = V5.
n—oo n (o)
(2) Let @ = 1+ +/2. Since 1 ++/2 = [2;1 + /2], we have 1 + /2 = [2]. Therefore
L(1+v2) =limsup([2] +[0;2,....2]) = 2] + lim [0;2,...,2] = [2] +[0;2] = 2v2.
n—oo n—oo
We finish this section by observing that the Lagrange spectrum can be described using

bi-infinite sequences and a limit superior. Let a = (..., a—_1,ap,a1,...) be a bi-infinite sequence
with a; € Z>1 for every i € Z. Define

lo(a) == lan;ant1,--- ]+ [05an-1,an-2,...].
Then the following result holds.

COROLLARY 3.1.6 (Perron’s Identity). The Lagrange spectrum is characterized as

L= {limsupﬁn(a) ac Zél} .

n—-4o00

We begin with the following lemma.

LEMMA 3.1.7. Let x and y be real numbers whose continued-fraction expansions have a
common initial block
[ao; A1y ..oy an_l]
of length n > 2. If one of x and y is rational, we use a finite continued-fraction expansion having
this displayed initial block. Then

1
x — < —.
| vl = n(n—1)
PROOF. Let
Pi_ .. 4
= lag; ai, . .., a;]
45
be the convergents of the common initial block. Any real number whose continued-fraction
expansion begins with ag, ..., a,_1 can be written in the form
[ao; ag, ... ,an_l,t]
with 1 < ¢ < oo, where t = oo corresponds to the finite continued fraction [ag;...,an—1]. By
Proposition 2.4.5, this is
tpnfl + Pn—2

thfl + Gn—2 ‘
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As t ranges over [1, 00|, these values lie in an interval whose endpoints are

Pn—1 + Pn—-2 Pn—1
——————~= and .

dn—1 + gn—2 dn—1

The length of this interval is
1

Qn—l(Qn—l + Qn—2) ‘
Since ¢p,—1 > n — 1 and ¢,—1 + ¢n—2 > n, this length is at most 1/(n(n —1)). Hence |z — y| <
1/(n(n —1)). O

PROOF OF COROLLARY 3.1.6. Let the set on the right-hand side be

anél}.

R := {lim sup 4, (a)

n——+oo

We prove R = L.
First we show R C L. Take an arbitrary

a=(...,a_1,a9,a1,...) ezgl

and put
a:=[0;a1,aq,...].
Set
Up = [0;ap_1,an-2,...,a1], Up = [05Ap—1,an-2,...,a01,00,0_1,...].
By Theorem 3.1.3,
L(a) = limsup ([an; ant1, ang2,s -] + up),
n—oo
whereas
ln(a) = [an; Gnt1, Gng2, - -] + Up.
Here u,, and v, have continued-fraction expansions with the same initial block of length n, namely
0,an—1,an—2,...,a1. Applying Lemma 3.1.7, we obtain
[un — vn| < n(nl_l) (n>2).
Therefore 1
[n (@) — ([an; @nt1; angas - -]+ un)| < m—)() (n — ),
and so
limsup /,(a) = L(a) € L.
n—oo
Thus R C L.

Next we show £ C R. Take r € L. Then there is an irrational number
a = [ag; a1, ag, . . .|
such that r = £(«a). Put
a = [0;a1,aq,...].
Since the expression in (3.1.1) does not depend on ag, we have
L(a)=L(a) =T
Define a bi-infinite sequence b = (by,)necz by

Set
Up = [0;Qp_1,ap_2,...,a1], wy, = [0;an—1,an-2,...,a1,1,1,...].
By Theorem 3.1.3,

L(a) = li}ln_}s;p ([an; Gnt1, Gnt2, - -] + un),
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whereas

ln(b) = [apn; ant1, Ang2, - -] + wp.
Again u, and w, have the same initial block 0,a,_1,a,_2,...,a; of length n, so Lemma 3.1.7
gives .

[tn, — W Sm (n>2).
Hence

limsup 4, (b) = L(&) = .
n—oo

Thus r € R, and £ C R. This proves the desired equality. O

Corollary 3.1.6 was presented as Perron’s characterization of £, but for the purposes of this
text it is not the most useful form. In its proof, the left-hand side of the bi-infinite sequence
attached to an irrational number o was filled with 1’s. Nothing essential depends on this choice:
any sequence could have been placed on the left, and the same argument would still work. Thus
Corollary 3.1.6 mainly reformulates Theorem 3.1.3. What will be more useful later is the formula
(3.1.1) itself and the construction, from a Lagrange constant, of a bi-infinite sequence for which
the relevant value is realized as a supremum. This is the subject of the next section.

2. A Supremum Construction from Bi-infinite Sequences

In this section we associate to finite Lagrange constants certain bi-infinite sequences for which
the relevant value is realized as a supremum. Notice that here we use a supremum, not a limit
superior. We begin with the following proposition.

PROPOSITION 3.2.1. Let a be an irrational number with infinite continued-fraction expansion
a = [ag;a,...].
(1) If (an)22y is bounded, then L(a) < oo.
(2) If (an)22y is unbounded, then L(a) = oo.
PRrROOF. For each k£ > 2, Lemmas 2.2.14 and 2.3.5 give
1
Br-1

If the sequence (a)0, is bounded and z is an upper bound for (a,)5%,, then

1 <ap <ap+

< ap—+ 2.

oy + <z4+2

1
/Bn—l
for every n > 2. Hence (A, (a))22, is bounded above, and Theorem 3.1.3 gives L(a) < 0.
Conversely, suppose that (a,)5 is unbounded. Then the subsequence (a, )52 5 is unbounded

after discarding finitely many initial terms. Since

1
An—1(@) = ap + —— > ap,
/Bn—l
the sequence (A, («))S2; is unbounded along arbitrarily large indices. Therefore its limit superior
is infinite, and Theorem 3.1.3 gives L(«) = oc. O

It follows that £(«a) is a meaningful finite number only when the partial quotients of o are
bounded. Thus, when studying finite elements of the Lagrange spectrum, we may assume that
(an)o is bounded.

PROPOSITION 3.2.2. Let « be an irrational number with infinite continued-fraction expansion
a = lag;a1,...], and assume that (a,)52 is bounded. Put

an:[an§an+1a-~]a Bn = [an;anflv---val]a )\n(a):an+1+7'

B
Then the following hold:

(1) (an)py is bounded.
(2) (8n)S2 is bounded.
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(3) (An(a))sey is bounded.

PROOF. Let a be the maximum of (a,)52 . For (1), Lemma 2.3.5 gives a; < ay < ap + 1 for
every k > 1, and hence 1 < o, < a + 1 for every n > 1. Thus (a,)52, is bounded. For (2), the
same argument using Lemma 2.2.14 gives ap < By < ar + 1,0 1 < 5, < a+ 1 for every n > 1.
Thus (5,,)22, is bounded. Finally, (3) follows from (1) and (2), since

1
l<oapy1+——<a+2

n

for every n > 1. O

Since (ap41 + 1/6n)5%; is bounded, the Bolzano-Weierstrass theorem gives a convergent
subsequence (an,+1 + 1/6p,)52,. Let its limit be r. Since (5,,)52; is also bounded, it has a
further convergent subsequence; write its limit as 1. Along the same indices, the corresponding
subsequence of (a,+1)5%; converges to r — 1/n. Put

0:=r— 1

n
The pair (6,7n) obtained in this way from the accumulation point r will be called a pair associated
with the accumulation point r. By the definition of the limit superior, £(«) is the supremum of
the accumulation points r obtained from such subsequences. To avoid excessive subscripts, we

shall henceforth denote the chosen subsequence simply by the indices n;.

PROPOSITION 3.2.3. Let v be an irrational number, and let (a,)52 be the sequence giving its
infinite continued-fraction expansion. Assume that (ay)>2, is bounded, and let a be the mazimum
of this sequence, excluding ag. Let r be an accumulation point of (A, (a))22,, and let (6,7n) be a
pair associated with r. Then 0 and n are irrational numbers. If

Hz[b();bl,...], ?72[17_1;[)_2,...},
then
1 S bi S a
for every i € Z. In particular, 1 < 0,n < a+ 1.

PROOF. Choose indices n; such that

Q1 — 07 an —n.
We first prove that 6 is irrational.
Suppose, to the contrary, that 6 is rational, and write § = p/q in lowest terms with ¢ > 0.
Since oy, 41 — 0, for all sufficiently large ¢ we have

p
Qni+1 — —
q

- 1
2q¢%

By Theorem 2.3.10, the rational number p/q is a convergent of ay,, 41 for all sufficiently large i.
Let

0=lcorcr,... el
be one of the finite regular continued-fraction expansions of §. Since a rational number has only
two finite regular continued-fraction expansions, after passing to a subsequence we may assume
that the same finite expansion occurs as the initial block of the continued-fraction expansion of
oy, +1 for every i. Thus we may write
An;4+1 = [CO; Cly---5Cm, gz]
for some tail &. Here §; is again a complete quotient of «, and hence its first partial quotient is
one of the numbers a,, with n > 1. Therefore
1<é<a+1
for every i.
On the other hand, the function

f’—> [co;cla"wcmvg]
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converges to [co;c1,...,cn] = 0 only when £ — co. Equivalently, this follows from the formula
[00;01, e ,Cm,f] = M,
Edm + qm—1
where p;/q; denotes the j-th convergent of [cp;c1, ..., ¢p). Since the sequence (§;) is bounded
above by a + 1, the values [cp; c1, ..., cm, &;] cannot converge to [co; ¢y, ..., ). This contradicts
oy, +1 — 0. Hence 0 is irrational.
Write
0= [bo;bl,bQ, .. ]
We now show that all partial quotients b; lie in {1,...,a}. Fix k > 0. Since 0 is irrational, the
condition that a real number have initial partial quotients
bo, b1,...,bg

defines an open interval containing 6. Since ay,;+1 — 0, it follows that, for all sufficiently large ¢,
the continued-fraction expansion of a1 has the same initial block:
Ap;4+1 = [bo;bl, .. .,bk, . ]
Therefore
be = an;+e41 (0<L<k)
for all sufficiently large i. Since each a,, with n > 1 belongs to {1,...,a}, we obtain
1<by<a (0<L<EK).
As k was arbitrary, this proves
1<b;j<a ( >0).
The proof for n is analogous. Suppose first that n is rational, and write n = p/q in lowest
terms. Since 3,, — 7, for all sufficiently large i we have
P 1
e < .
b q’ 2¢°
Applying Theorem 2.3.10 to the finite continued fraction f,,, we see that p/q is a convergent of

Br, for all sufficiently large i. After passing to a subsequence, we may again assume that one
fixed finite continued-fraction expansion

n=[do;di,...,dn]

occurs as an initial block of f,,. Since n; — oo, the tail after this block is defined for all
sufficiently large 7, and we can write

/Bni = [d0;d17 e 7dm7<i]'

The first partial quotient of (; is again one of the numbers a, withn >1,s01 < (; <a+ 1. As
above, convergence

[dOa dla o adma Cl] — [d07 d17 R dm]
would force (; — oo, contradicting the boundedness of (¢;). Hence 7 is irrational.
Write

n= [b_l; b_g, b_3, .. ]
Fix k > 1. Since 75 is irrational, the condition that a real number have initial partial quotients
bo1,b—2,...,bk

defines an open interval containing 7. Since 3,, — 7, for all sufficiently large 7 we have

Brn; = [b=13b—2,...,b_k,...].
On the other hand,

Br; = [an;; Gny—1, - - -, a1].

Thus

by =an,_r11 (1<t<k)
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for all sufficiently large . Since all these a-entries belong to {1,...,a}, we obtain
1<by,<a (1<C<E).
As k was arbitrary, this proves
1< bj <a (j < O).
Combining the two parts, we have
1< bl <a (Z S Z).
Finally, since 6 = [bo;b1,...] and n = [b_1;b_9,...] are irrational with first partial quotients
between 1 and a, we have
l<f<a+1, l<n<a+1.
This proves the proposition. O
Let r be an accumulation point of (\,(a))22;, and let (6,7n) be a pair associated with it.
Write
0 = [bo; b1, ...], n=[b_1;b_2,...],
and consider the bi-infinite sequence
b=1(..,b_1,b0,b1,...).
We call this the bi-infinite sequence determined by (6,7n). Then
1
fo(b) = [bo;bl,.. ] + [0;6_1,17_2,...] =0+ E =T.

THEOREM 3.2.4. Let a be an irrational number whose partial quotients are bounded, and
consider the sequence (A (). Let r be any accumulation point of this sequence, and let

n=1-
b=(...,b_2,b_1,bp,b1,...)
be the bi-infinite sequence determined by a pair (0,m) associated with r. For any h € Z, put
0/ = [bh;bh+17'--]7 77, = [bh—l;bh—%---]
and define
1
r = lp(b) =60 + p

Then ' is also an accumulation point of (Ap(c))oe .

PROOF. We prove the case h > 0. Since
0 = [bo; b1,...,bn_1,0],
if pr/qr denotes the convergents of 6, then
0 0'ph—1 +Phz
0'qn—1+ qn—2
Choose indices n; such that ap,4+1 — 6 and §,, — 7. By the argument in the proof of

Proposition 3.2.3, for all sufficiently large ¢ the first h partial quotients of a;,,4+1 agree with those
of 6. Thus

(3.2.1)

an+1 = [bo; b, -+ o br—1, Qi gl
and hence
(3.2.2) i1 = Qni+h+1Ph—1 +ph72'
Qn;+h4+19h—1 + Gh—2

Solving (3.2.1) for ¢’ and (3.2.2) for oy, +n+1, we obtain integers A, B, C, D such that

A+ B on,+1A+ B
= — Q. = 0

6C + D m T e 1 C+ D
Since ay,+1 — 0, it follows that a,,4p+1 — €'

For n we use

9/

n = [bh—1;br—2, ..., bo, 1), Bri+h = [bh—1;bh—2, ..., bo, Bn,]-
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The same argument gives f3,,, y;, — 1’. Therefore

1
)\ni+h(04) — 0/ + W = 7"/.

Thus /' is an accumulation point. The case h < 0 is proved in the same way, with the roles of 0
and 7 interchanged. O

Let 7 be the set of all bi-infinite sequences (a;)°_ . with a; € Z>; for every i € Z. For
a € &, define
S(a) = Sup ‘eh(a)7
h€eZ

and set S(a) = oo when the set is unbounded above. The preceding discussion gives the following
theorem.

THEOREM 3.2.5. Let
S:={S(a)|ac }.
Then L C S.

PROOF. For co € L, take a bi-infinite sequence a whose right-hand partial quotients ay are
unbounded. Since ay, = [ap;apy1, .. .| satisfies ap, > ap,, we have

sup ¢p(a) > sup ay = oo.
her hez

Thus o € S.

Now suppose L(a) = r < oco. By the proposition above, the partial quotients of « are
bounded. The number r can be taken as an accumulation point of (A\,(a))s2;. Let b =
(«oyb_2,b_1,bg,b1,ba,...) be the bi-infinite sequence determined by a pair associated with r.
Then ¢y(b) = r. By Theorem 3.2.4, for every h € Z, the number ¢,(b) is an accumulation point
of (A\p(@))22,. By Theorem 3.1.3, r is the supremum of all accumulation points of this sequence.

n=1-
Hence
r=3S(b)eS.

This proves the assertion. O

We end this section with several cautions. In general, it is difficult to compute an accumulation
point 7 of (A, (@))%, and a pair (6,7) associated with it directly from the infinite continued-
fraction expansion of an irrational number ce. Moreover, the pair (6, 7) associated with r need not
be unique, because there may be choices in taking 1 (or, if the order of the two limits is reversed,
in taking ). Thus a single accumulation point r may give rise to more than one bi-infinite
sequence.

Theorem 3.2.4 says that once one fixes a bi-infinite sequence associated with a single
accumulation point r, one can produce further accumulation points 7’ from it. However, it does
not assert that all accumulation points of (A,(a))?2, are obtained from that one bi-infinite
sequence.

It might seem that Theorem 3.2.5 supplies this missing assertion, but it does not. That
theorem only says that if one takes a bi-infinite sequence associated with the accumulation
point which realizes the Lagrange constant, then the Lagrange constant is the supremum of the
accumulation points obtained from that particular sequence. This is, in a sense, a rather formal
consequence of the construction. Therefore, even if one finds a bi-infinite sequence b arising from
an accumulation point r and an associated pair, it need not be true that S(b) = L(«).

For these reasons, the material in this section alone does not provide a practical method for
computing £(«) for a general irrational number .
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3. Lagrange Constants of Quadratic Irrationals

At the end of the previous section we explained that several difficulties make it hard to
compute the Lagrange constant of a general irrational number by means of bi-infinite sequences.
However, when the infinite continued-fraction expansion of a has a particularly simple form, these
difficulties can be overcome. The simple form in question is pure periodicity, or equivalently, the
case where « is a reduced quadratic irrational. The same computation also gives the Lagrange
constant of a non-reduced quadratic irrational. We explain this in this section.

We first show that the study of quadratic irrationals can be reduced to the study of reduced
quadratic irrationals. The following proposition actually holds for arbitrary irrational numbers.

PROPOSITION 3.3.1. Let a and B be GL(2,7Z)-equivalent irrational numbers. Then
L(ar) = L(B).
PROOF. Write
a = [ag;a,...], B = [bo;b1,...].
By Theorem 2.4.6, there exist n,m € Z>q such that a,p = by, 4 for every h € Z>(. Thus, after

deleting finitely many initial partial quotients, the two continued-fraction expansions have the
same tail. Write this common tail as v = [cp; 1, c2, ... ].

For 5 > 1, put
pi = [cji¢iq1,- .| +1[05¢5-1,. .., ¢c0,An-1,-..,a1],
oj = [¢j;¢it1, ... ]+ [05¢-1, ..., €0, bm—1, ..., b1].
If n =0 or m = 0, the corresponding finite list a,,_1,...,a1 or by,_1,...,b1 is read as empty. Up

to deleting finitely many initial terms, the sequence computing £(c) is (p;);j>1 and the sequence
computing £(3) is (¢;);>1. Hence
L(c) = limsup pj, L(B) = limsup o;.
Jj—o0 Jj—00
The first terms of p; and o; are equal; the difference comes only from the second terms. These
second terms have the common initial block 0,¢;j_1,...,co of length j + 1. Hence Lemma 3.1.7
implies, for j > 2,
1
JG=1)
Thus |p; — 0] — 0. Since two real sequences whose difference tends to zero have the same limit
superior, it follows that £(a) = L(p). O

lpj —oj] <

COROLLARY 3.3.2. Let a be a quadratic irrational with continued-fraction expansion
a=lap;ai,...,a, -, Cnl-

Define reduced quadratic irrationals

m=[en o), =l ol Y = [Cen S Gl
Then
L(a) = L(m) = L(12) =+ = L)
PRrROOF. This follows from Theorem 2.4.6 and Proposition 3.3.1. O

The preceding argument shows that, in order to study the Lagrange constant of a quadratic
irrational, it suffices to study an equivalent reduced quadratic irrational. The main theorem of
this section is the following.

THEOREM 3.3.3. Let k > 1 and let by, ...,by—1 € Z>1. Suppose that a reduced quadratic
irrational o has infinite continued-fraction expansion

o = [bo,bl, .. -abk—l]-

Let b be the bi-infinite sequence obtained by repeating the period by, b, ..., bp_1 indefinitely in
both directions:

b=(...,00,b1,. - bp_1,b0,b1, - bp_1,b0,b1, . b1, ...).
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Then
L(a) = S(b).

PROOF. Write a = [ag; a1, .. .|, with the indices now taken over the natural numbers. Since
(@)% is bounded, we have L(«a) < co. Put

Qi1 = [@ig1;Qiva, -], Bi = [ai; ai—1,...].

To understand the accumulation points of (A, (@))%, first consider the accumulation points of
(an41)52. By pure periodicity, this sequence is periodic when the index is read modulo k. Thus

its accumulation points are precisely the k values
Gi::ai (OSiSk—l).

Henceforth, read all indices modulo k, so that b; := bj whenever 0 < j' <k —1and j=j
(mod k). If a1 = v, then f3, is the finite continued fraction

Bn = [bi—1;bi—2,...,b1,bo,bg—1,...,b1,b0, b—1,...,b1],

where the cyclic block b;_1,b;_2,...,b; appears finitely many times and the last component is
the one corresponding to the actual index 1. This occurs when n+1 = mk + i for some m € Zx,
and then the periodic block occurs m times in the finite continued fraction for 5,. Therefore, if
a subsequence (Oén]-+1)j°°:1 converges to a;, then the corresponding subsequence (3, )‘;‘;1 has only
one possible accumulation point, namely

i = [bi—1,bi—2,...,b1,b0,bp_1,...,bi].
Thus all accumulation points of (A, («))52, are

1
{7“,‘ =0; + —
Ni

For each ¢, we have r; = ¢;(b). Since L(«) is the supremum of these accumulation points, and
the set is finite, it is the maximum of the r;. Hence

L(a) = S(b).

Ogigk—l}.

As a consequence we obtain the following statement.

COROLLARY 3.3.4. Let a be a quadratic irrational with infinite continued-fraction expansion
a = [ag;a1, ..., an,bo,b1,. .., bg_1]

for somen >0 and k > 1. Let b be the bi-infinite sequence obtained by repeating the period
bo, b1, ...,bp_1 indefinitely in both directions:
b=1(..,bo,b1,...,b5—1,b0,b1,...,bk_1,b0,b1,...,bk_1,...).
Then
L(a) = S(b).

In this corollary, the candidates for the supremum value of S(b) are finite in number, so £(«)
can in principle be computed by hand.

We end this chapter by expressing the Lagrange constant of a in terms of continued-fraction

matrices associated with the continued-fraction expansion. This makes the computation of £(«)
still easier. For a finite sequence (aq, ..., ay), define

F _lao 1}]]ar 1 ap 1
(@ar—a) = [1 oll1 ol |1 ol
THEOREM 3.3.5. Let a be a quadratic irrational, and suppose that a nonempty period of its

infinite continued-fraction expansion is (by,...,bx—1), so k > 1. For0<i<k—1, put

S; = (bi, bi-i—l; ey bp_1,bo, ... 7bi—1)-
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Then

- V(r(Fs))2 — (~1)F -4
L(a) = max { Fs o

Here (Fs,)21 denotes the (2,1)-entry of Fs,.

0<i<k—1}.

PRrROOF. Read the indices modulo k. Put
91 = [bl7 b’LJrl’ ceey bk_l, bo, ey bl*l]a

and

ni = [biflv bi727 v 7b0a bk‘—17 R b’L]
By Corollary 3.3.4, it suffices to show
1 (te(Fs))? = (~1)k -4

0; + — =
n; (Fs,)21

Since
0; = [bi;biv1, ..., bi—1,64],
Proposition 2.4.5 gives, where Fg, acts by fractional linear transformations,
0; = Fgs,0;.
Write

Py, — {pkq pk—g} '
k-1 k-2

From the definition of the action,
~ Oipk—1 + pr—2
Y bigr1 + qr—2
Solving this quadratic equation gives

g, — Pro1 = G2t V(Pr-1 — gr—2)* + 4pk—2qk1

7

2qk—1
_ Pr—1 — Gk-2 + V(Pr—1 + @r—2)? — 4(Pk-1Gk—2 — Pr—2a—1)
2qx—1
phet —qea oy (1(Fs))? — (—1) -4
B 2(Fs;)21 ‘

We take the plus sign in front of the square root because 6; is larger than its quadratic conjugate
¢;. On the other hand, by Proposition 2.5.10,

1
ni = —07-
Therefore
1 D1~ k-2~ \/(tl“(Fsi))2 —(=1)F-4
o 2(Fs,)21 '
Adding the two expressions gives the desired formula. O

In the proof of Theorem 3.3.5, the numerator in the expression for 6; 4+ 1/n; depends on the
trace of F,. In fact this trace is independent of 7. Indeed,

b 117 b 1
Fsiﬂz[l o} Fsz[l 0}’

where Sy := Sp. Since tr(AB) = tr(BA), we have

tr(Fs,,,) = tr ({bf é]_lFSi [bf é]) =tr <F5i [bll é} [blz (1)}_1> = tr(Fg,).
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Thus, when computing the candidates for £(«a), the numerator only has to be computed once.
Since this common numerator is positive, the maximum is attained precisely when the denominator
(Fg,)21 is minimal. We record this as a proposition.

PROPOSITION 3.3.6. In the setting of Theorem 3.3.5, let j € {0,...,k — 1} satisfy

in {(Fg)a1} = (Fs,)a1.
oun {(Fs)ar} = (Fs;)zn

Then

V(r(Fs,))? = (—1)F -4
(Fs;)21 '

Let us compute the Lagrange constant for a concrete quadratic irrational.

L(a) =

EXAMPLE 3.3.7. We compute the Lagrange constant of v = 1 4+ /3. First we find its infinite
continued-fraction expansion. Since

a—2=+V3-1=

we have
1 34+1 3—-1 1
_ V34 :1+L=1+—.
oa—2 2 2 o
Therefore )
a=2+ .
1+1

(03
Hence a = [2,1], the period is (2,1), and its length is k = 2. We now compute £(«) using
Theorem 3.3.5.
The rotations of the period are

So = (2,1), S1=(1,2).
The corresponding continued-fraction matrices are
Ran=[t of[i o= 1 Fua=l ol o= 1)
In both cases tr(Fs,) = 4. On the other hand,
(Fonaa =1,  (Fug)a =2
Since k = 2, we have (—1)* = 1. Hence Theorem 3.3.5 gives

Lla) = max{ (tr(Fs,))? _4} _ max{\/ﬁ, m} o

(Fs;)21 2

Thus £(1 4+ v/3) = 2V/3.

The preceding discussion shows that, for the Lagrange spectrum of quadratic irrationals,
once we know which cyclic cut of the period makes (Fj,)21 minimal, the value can be computed.
At present, however, the most direct way to determine this cut is simply to compute all the
candidates and compare them. For certain classes of quadratic irrationals there are methods
that avoid this brute-force comparison, and these classes will be studied more deeply in Part II.



CHAPTER 4

Markov Spectrum

In this chapter we discuss the Markov spectrum. The Markov spectrum arises from a
minimum problem for indefinite binary quadratic forms, and at first sight it may look quite
different from the Lagrange spectrum studied in the preceding chapter. Once both spectra are
rewritten in terms of continued fractions and bi-infinite sequences, however, their structures
become very similar.

We first define the Markov constant attached to a binary quadratic form and examine its
meaning through concrete examples. Next, using canonical reduced binary quadratic forms and
the action of the unimodular group, we choose representatives in each class of quadratic forms for
which the Markov constant is easier to compute. Then, in analogy with the Lagrange constant
from the preceding chapter, we express the Markov constant by means of a bi-infinite sequence,
so that the two spectra can be compared within a common framework. Finally, we show that the
Markov constant of a binary quadratic form with rational coefficients agrees with the Lagrange
constant of the corresponding quadratic irrational. Thus three objects give the same value: the
Lagrange constant of a quadratic irrational, the Markov constant of a rational binary quadratic
form, and the value of S obtained from a periodic bi-infinite sequence.

This chapter follows mainly [Reul9, LMMR20].

1. Definitions and First Examples
We begin by introducing the set called the Markov spectrum.

DEFINITION 4.1.1. Let @ be a real binary quadratic form. We assume that @) is indefinite;
namely, if Q(x,y) = ax?+bxy+cy?, then D(Q) := b>—4ac > 0. We also assume that Q(x,y) # 0
for every lattice point (x,y) € Z%\ {(0,0)}. Then

D(Q)
inf(; y)ez2\{(0,0)} 1Q(,Y)]

M(Q) =
is called the Markov constant attached to Q. If the infimum in the denominator is 0, we put
M(Q) = oo. The set of all Markov constants

Q(z,y) = az? + bry + ¢y, a,b,c € R, D = b — dac > 0,
Q(z,y) # 0 for every (z,y) € Z%\ {(0,0)}

is called the Markov spectrum.

M = {M(Q) ‘

In what follows, all quadratic forms are real binary quadratic forms, so we will simply call
them quadratic forms. Let us examine more carefully the condition under which the Markov
constant of Q(z,y) = ax?® + bry + cy? is defined in the sense used in this text. Here this means
that @ has no nonzero lattice zero; the possibility that the denominator is 0, and hence that
M(Q) = oo, is treated separately.! We first record the following proposition.

PROPOSITION 4.1.2. Let Q(x,y) = ax? + bxy + cy?, where a,b,c € R, D > 0, and a # 0.
Then the following two conditions are equivalent:

(1) there is no lattice point (o, B) € Z2\ {(0,0)} such that Q(a, B) = 0;
(2) the polynomial Q(z,1) has two distinct irrational roots.

'In this text, the assertion that M(Q) = oo is distinguished from the assertion that M(Q) is not well defined.

45
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PROOF. Since D(Q) > 0, the polynomial Q(x,1) has no multiple root. Suppose that a
nonzero lattice point (a, 3) satisfies Q(c, 3) = 0. If B = 0, then aa?® = 0, contradicting a # 0
and a # 0. Hence 8 # 0. Dividing Q(a, 3) = 0 by 32, we obtain

2
a o
al—-] +b (> +c=0.
(ﬁ) B
Thus z = a/8 € Q is a root of Q(z,1) = 0. Therefore at least one root of Q(x, 1) is rational.

Conversely, suppose that one of the two roots of Q(x,1) is rational. Then Q(z,1) = 0 has a
rational solution x = «//3, written in lowest terms. Multiplying by 32, we obtain Q(«a, 8) = 0. O

We will also use the following elementary observation.
PROPOSITION 4.1.3. If M(Q) is well defined, then a # 0 and ¢ # 0.

PROOF. If a = 0, then Q(1,0) = 0, so M(Q) is not defined. If ¢ = 0, then Q(0,1) = 0, and
again M(Q) is not defined. Hence both a and ¢ must be nonzero. O

The preceding two propositions give the following corollary.

COROLLARY 4.1.4. The constant M(Q) is well defined if and only if, for Q(x,y) = azx? +
bry + cy?, the polynomial Q(x,1) has two irrational roots.

PrOOF. If M(Q) is well defined, then a # 0 by Proposition 4.1.3, and @ has no nonzero
lattice zero. Hence Proposition 4.1.2 shows that Q(z,1) has two irrational roots. Conversely, if
Q(z,1) has two irrational roots, then a # 0, and Proposition 4.1.2 shows that @ has no nonzero
lattice zero. Thus M(Q) is well defined. O

EXAMPLE 4.1.5. As in the case of the Lagrange spectrum, let us look at concrete examples.
(1) Let Q(x,y) = 2% — xy — y*. Then D(Q) = 5, and the roots of Q(z,1) are (14 /5)/2.
Hence Q(x,y) # 0 for every nonzero lattice point. Since @ has integer coefficients,
|Q (v, B)| € Z>; for every lattice point («, 8) with Q(«, 8) # 0. Moreover Q(1,0) =1,

SO

Q(x,y)| = 1.

inf
(x,y)€22\{(0,0)}
Therefore

M(Q):\{g:\f&

(2) Let Q(z,y) = 22 — 2xy — y>. Then D(Q) = 8, and the roots of Q(z,1) are 1 + /2.
Hence Q(x,y) # 0 for every nonzero lattice point. Again ) has integer coefficients, so
|Q (e, B)| € Z>1 for every lattice point (o, 5) with Q(a, 8) # 0. Since Q(1,0) = 1, we
have

inf x, =1.
(m,y)EZQ\{(O,O)}@( vl

Thus

2. Unimodular Group Orbits of Binary Quadratic Forms

In this section, as preparation for computing Markov constants, we decompose quadratic
forms into orbits under the unimodular group. We will also see that in each orbit one may choose
a representative with good properties, called a canonical reduced quadratic form. In Chapter 2,
Section 5, we carried out an analogous discussion for quadratic irrationals; the present discussion
can be viewed as the counterpart for quadratic forms.

First we introduce the unimodular group action on the set of quadratic forms for which
M(Q) is well defined. Put

(z,y) = az® + bxy + cy?, a,b,c € R, D(Q) = b* — 4ac > 0,}

Q
= - R? R
< {Q - ‘ Q(z,y) # 0 for every (z,y) € Z2\ {(0,0)}
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By Corollary 4.1.4, Q(z,1) always has two irrational roots for Q € Q. For A =[29] € GL(2,7)
and Q(x,y) = ax? + bry + cy? € Q, define QA by
(4.2.1) QA(z,y) == Qpx + qy, 77 + sy).

We have the following.

THEOREM 4.2.1. For A € GL(2,Z) and Q € Q, one has QA € Q. Moreover, this operation
gives a right action Q@ GL(2,7Z).

PrOOF. We first show that QA € Q for @ € Q. We have
QA(z,y) = Q(pz + qy, 7 + sy)
= (ap® + bpr + cr?)x? + (2apq + b(ps + qr) + 2crs)zy + (ag? + bgs + cs?)y?.
Thus
D(QA) = (2apq + b(ps + qr) +2¢rs)? — 4(ap® + bpr + cr?) (ag® + bgs + cs?) = (b* — dac)(ps — qr)>.

Since ps — qr = £1, we obtain D(QA) = D(Q), and in particular D(QA) > 0. Next regard A as
the linear transformation of R? given by

ale] Z P oa|[¢] _ [prtay
Y r s| |y re 4+ sy’
Since A € GL(2,7Z), this restricts to a bijection
22\ {(0,0)} — Z*\ {(0,0)}.

Hence, because () has no nonzero lattice zero, the same is true of QA. Therefore QA € Q.
Finally, since Eo denotes the 2 x 2 identity matrix, we have QFy = @, and (QB)A = Q(BA)
follows immediately from viewing A and B as linear transformations of R2. O

We now introduce unimodular equivalence on Q.

DEFINITION 4.2.2. Let Q, R € Q. If there exists A € GL(2,7) such that R = QA, then Q
and R are called unimodularly equivalent; in what follows we simply say equivalent. We write
@ ~ R. The equivalence class

Oqg ={R|R~Q}
is called the unimodular orbit of ), or simply the orbit of Q.

Let Q(d) denote the set of all elements of Q with D(Q) = d. In the proof of Theorem 4.2.1,
we saw that the unimodular group action preserves the discriminant. Hence we have the following
corollary.

COROLLARY 4.2.3. The action (4.2.1) of the unimodular group on Q restricts to a right
action on Q(d).

In Corollary 2.5.6 of Chapter 2, Section 5, we saw that a quadratic irrational « is unimodularly
equivalent to a reduced quadratic irrational 5. A similar statement holds for elements of Q. To
state it, we first define reduced quadratic forms.

DEFINITION 4.2.4. Let Q(z,y) = ax® + bry + cy? be an indefinite quadratic form. Suppose
that Q(z,1) has two distinct roots «, § satisfying

la| > 1, 16l < 1, af < 0.

Then @ is called a reduced quadratic form. If, in addition, the root with absolute value greater
than 1 satisfies & > 1, then Q is called a canonical reduced quadratic form.?

2This terminology is not universal; in many texts such a form is simply called a reduced quadratic form.
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It may seem asymmetric to define reducedness by looking at the roots of Q(x, 1), since this
appears to distinguish  and y. In fact no symmetry is lost. The roots of Q(z,1) and those of
Q(1,y) are reciprocal to each other, as long as the roots are nonzero. Therefore one obtains an
equivalent definition by imposing the corresponding condition on the roots of Q(1,y).

When the coefficients a, b, ¢ of Q(x,y) = ax?® + bry + cy? are rational, if one root of Q(z, 1)
is irrational, then the other root is also irrational, and the two roots are quadratic conjugates.
If @ is a canonical reduced quadratic form, then its roots satisfy @ > 1 and —1 < 5 < 0, so «
is a reduced quadratic irrational. Conversely, if « is a reduced quadratic irrational, then any
rational-coefficient quadratic form having « as a root is a canonical reduced quadratic form.
From this viewpoint, canonical reduced quadratic forms may be regarded as a generalization of
reduced quadratic irrationals to the setting of arbitrary irrational roots.

Let R be the set of all canonical reduced quadratic forms in Q, and let R(d) be the subset
consisting of those with discriminant d. We prove the following theorem.

THEOREM 4.2.5. For every Q € Q(d), there exists R € R(d) such that Q ~ R. Hence every
orbit in Q(d) has a representative in R(d). In particular, every orbit in Q has a representative

n R.
We first prove a lemma.

LEMMA 4.2.6. Let A=[21] € GL(2,Z) and let Q € Q. If the roots of Q(z,1) are o and f,
then the roots of QA1 (x,1) are

pa+q pB+yq
ro+s’ rB+s
Similarly, if the roots of Q(1,y) are o and B3, then the roots of QA~(1,y) are
sa+r sB+r
ga+p  gB+p

PrROOF. We prove the first assertion. Since the roots «, 8 are irrational and p,q,r, s are
integers, the denominators ra + s and 3 + s do not vanish. Since det A = +1, the inverse of A
Zrop
overall sign does not affect the value of the form. Hence, for the purpose of finding the roots, we
may compute

is either { y _q} or its negative. Because a quadratic form is homogeneous of degree two, this

QA (z,1) = Q(sz — ¢, —rx +p) = (—rz +p)?Q (m, 1) .

Since Q(a, 1) = 0, the equality

sT —q
o= —"
—rr—+p
implies that QA~!(x,1) = 0. Solving this equality for = gives
pa+q
x = :
ra—+ s

Thus this is a root of QA~!(x,1). The argument for 3 is identical. The second assertion is
proved in the same way, using the roots of Q(1,y) instead of those of Q(x,1). O

PROOF OF THEOREM 4.2.5. Let a, § be the roots of Q(z, 1), ordered so that ao > 5. By
Proposition 4.1.2, both roots are irrational. If the roots already satisfy o > 0 > 3, we do nothing
at this stage. If 0 > o > f3, choose a sufficiently large integer h and replace Q by Q[ ] ~! By
Lemma 4.2.6, the new roots are a + h and (3 + h, so we are reduced to the case where both roots
are positive.

It remains to handle the case @ > 8 > 0. During the process of deleting common initial
partial quotients, the order of the two roots may be reversed. Whenever this happens, we rename
the larger root a and the smaller root 8. Write the infinite regular continued-fraction expansions
as

a:[ag;al,...], ﬁ:[bo;bl,...].
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Let m be the smallest index such that a,, # b,,. We construct a quadratic form @’ equivalent to
Q@ whose roots o, 3’ satisfy o/ > 0 > '. If m = 0, then after interchanging the names of the
roots if necessary, we may assume ag > byg. Then o —ag > 0 >  — ag. By Lemma 4.2.6, a form
whose roots are a — ag and 8 — aq is obtained by taking Q' = Q| 1 —ao ] ~!. This gives the desired

0 1
Q. Ifm#0, put Q1 :=Q[Y ,}10}_1. Then the roots of Q1(z, 1) are
o = lag;ag, ..., B = [b1;ba,...].

Thus replacing ) by the equivalent form )1 decreases the value of m by at least one. Repeating
this operation until m = 0, and then applying the argument above, we obtain a form @’ whose
two roots have opposite signs.

Therefore, after replacing ) by an equivalent form if necessary, we may assume that the
roots of Q(z,1) are a, 8 with &« > 0 > . If |a| > 1 and |B] < 1, then R = @ is already the
desired form. If |o| > 1 and |B| > 1, choose an integer h such that —1 < 4+ h < 0 and take
R=Q[} ff]*l. If |o| <1 and |8| < 1, take Q := Q[[l)(l)]_l. The roots of Q(z,1) are 1/a and
1/, so this case is reduced to one of the preceding cases. Finally, if |o| < 1 and |5]| > 1, then
R = @ is canonical reduced. This proves the theorem. [l

Lemma 4.2.6 says that the unimodular action on quadratic forms induces the usual unimodular
action on their roots. It therefore allows us to reinterpret part of Chapter 2, Section 5. For
example, Corollary 2.5.6 can be proved immediately by applying Theorem 4.2.5 to a form @
such that Q(z,1) has a as a root. We should note, however, that Theorem 2.5.5, which underlies
Corollary 2.5.6 in Chapter 2, Section 5, uses special properties of quadratic irrationals; it cannot
be extended to arbitrary quadratic forms. This perspective nevertheless shows that the theory
of quadratic forms developed here is a natural generalization of the corresponding theory for
quadratic irrationals.

3. A Bi-infinite Sequence Formula for the Markov Constant

We now explain how to compute the Markov constant by means of a bi-infinite sequence, in
parallel with the Lagrange constant. The next corollary is a refinement of Theorem 4.2.1 and
follows directly from it.

COROLLARY 4.3.1. If Q,R € Q and Q ~ R, then M(Q) = M(R).
PROOF. By definition,

D(Q)
inf (5 )ez2\{(0,0)) |Q (%, Y)]
It suffices to show that D(Q) = D(R) and that the two infima in the denominators are equal.
The equality D(Q) = D(R) was proved in the proof of Theorem 4.2.1. Moreover, an element

A € GL(2,Z) acts on R? as a bijection that sends lattice points to lattice points and the origin
to the origin. Hence

M(Q) =

earetigooy TOIN= o0y 1CET T T WN= ) Bl 00y 19
The claim follows. O
COROLLARY 4.3.2. The following equality holds:
M={M(@Q)|QEeR}.
PRrROOF. This follows immediately from Theorem 4.2.5 and Corollary 4.3.1. U

The next theorem is the main result of this section.

THEOREM 4.3.3. Let Q € R, and let the two irrational roots of Q(x,1) be 6 and —%, where
0,n > 1. From the continued-fraction expansions

0=lasar,...], n=latias,...],
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form the bi-infinite sequence

a — ( o, a_92,a-1,00,01,02, ... )
Then
M(Q) = S(a).

Before proving the theorem, let us spell out what it means. For the Lagrange constant, one
could construct a bi-infinite continued fraction from an infinite continued-fraction expansion
only in the quadratic irrational case. For the Markov constant the situation is simpler: as long
as @) € R, the infinite continued-fraction expansions of the irrational roots of Q(x,1) always
produce a bi-infinite sequence. Conversely, by choosing arbitrary irrational numbers 6,7 > 1 and
setting

Q= (e =0 (e+ ).

one obtains an element ) € R corresponding to any given bi-infinite sequence a of positive
integers. We therefore get the following corollary.

COROLLARY 4.3.4. One has M = S§. In particular, Theorem 3.2.5 implies L C M.
We now prepare the proof of Theorem 4.3.3. For § € Z, put Fy:= [$}].

LEMMA 4.3.5. Let Q € R, and suppose that the roots of Q(x,1) are 0 and —1/n, where
0,m>1. Then QF{1 and QF; belong to R if and only if, respectively,

d=20do:=|n], e=¢gq:=|0].
We call QF5_01 and QF;, the left neighbor and the right neighbor of ), respectively.

PROOF. Take Q(z,y) = az® + bzy + cy> € R. Since F, € GL(2,Z), both QF, and QF; !
belong to Q for every v € Z. Thus it remains to determine exactly when these forms are canonical
reduced.

First consider QF; '. By Lemma 4.2.6, the roots of QF; *(z,1) are

0+ %, J—n.
The first number is always greater than 1 if 6 > 1. The condition that the second root lie in
(—1,0) is

—-1<d—n<0,
and this is equivalent to

6= [n].
Thus QF; ' is canonical reduced if and only if § = &g := |n).
Next consider QF.. To apply Lemma 4.2.6, write QF: = Q(F- )™t where F.-1 = [ L ].
The roots of QF.(x,1) are therefore
1 1 1

0 —¢’ 1T e I
g € e—i—n

For QQF. to be canonical reduced, the positive root must be greater than 1. This is equivalent to

0<f—e<1,

and hence to

e=10].
For this value of €, the negative root is

1
—
€+ n

which lies in (—1,0) because ¢ = [#] > 1. Thus QF; is canonical reduced if and only if
e=¢o:=|0]. O
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There is one point about the relation between right and left neighbors that must be checked.
Namely, the right neighbor of the left neighbor of ) should return to ), and conversely. This
sounds obvious, since the matrices used to move to the right and to the left are inverse to
each other. However, the integers § and € defining the left and right neighbors are determined
separately for each quadratic form. Thus we must check that the value of § for Q agrees with
the value of ¢ for the left neighbor of Q.

PROPOSITION 4.3.6. Let Qg € R. If Q1 is the right neighbor of Qq, then the left neighbor of
Q1 is Q. If Q_1 is the left neighbor of Qq, then the right neighbor of Q_1 is Q.

PROOF. Let the two roots of Qo(x,1) be 6y and —1/n9, where 6y, n9 > 1, and write
0o = [ag; a1,...], no = [a—1;a_29,...].
For i = £1, let the two roots of Q;(x,1) be 6; and —1/n;, where 6;,7; > 1. We prove
QO = QOF(%Istp QO = Q0F€0F5_117
where
(51' = U’ZJ s E; = LGZJ .

By definition, dg = a_1 and g9 = ag. If Q_1 = QOF(%I, then Lemma 4.3.5 gives dp = |no], and
hence

1 1
01 = [no] + N = [a_1;a0,...], ———=[mo)] =m0 =—[0;a-2,a_3,...].
0 n
Thus e_1 = a_1 = &y, and therefore
Qo = QoFy,'F-_,.
Next, if Q1 = QoF%,, then Lemma 4.3.5 gives ¢g = [6p], and so

1 1 1 1
01 = = = lay;as,...], —— = = —[0;ap,a_1,...].
SRl  Wranan] el = T = e
Therefore 71 = [ag;a—1,...], and hence d; = ag = g¢. It follows that

QiF; ' = QoF., F;. ' = Qo.

The preceding proposition makes the following definition well defined.

DEFINITION 4.3.7. Let Qo € R. Define a bi-infinite sequence of quadratic forms

(' . '7@727@*17@0’6217@2’ .. )

inductively by requiring that ;11 be the unique right neighbor of @); and that Q;_1 be the
unique left neighbor of ;. We call this sequence the chain of Q.

The next corollary describes the roots of the forms appearing in the chain of Q.

COROLLARY 4.3.8. Let Qg € R, and consider the chain

(s Q-2,Q-1,Q0,Q1,Q2,...)
of Qo. Suppose that the two roots of Qo(xz,1) are 6y and —1/ng, where 6y, n9 > 1, and write
to = [ao; a1, .. .], no = [a—15a-2,...].
For i € Z, let the two roots of Q;(x,1) be 0; and —1/n;, where 0;,m; > 1. Then
0; = [ai; ajtq, ... ], N = lai—1;ai—2,...].

PrROOF. The case ¢ = £1 is contained in the proof of Proposition 4.3.6. The general case
follows by induction using the same argument. ([

In the next proposition, the defining expression of the Markov constant appears naturally
inside continued fraction theory. This makes the connection with continued fractions, and the
strategy of the proof, more transparent.
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PROPOSITION 4.3.9. Let Qg € R, let

(' e 7Q—27Q—1>Q07Q17Q2a .- )
be the chain of Qo, and let 0;,—1/n; be the roots of Q;(x,1), with 6;,m; > 1. If

0o = [ap; a1,...], no = [a—1;a_29,...],

then
1 V/D(Qo)
i} Ait1, .-+ [0;a-1,ai—2,...] =6, + — =
itity [ Gz P20 = o o)

PRrROOF. The first equality follows immediately from Corollary 4.3.8. We prove the second
one. Write

Qi(x,y) = az® + by + cy’.
The numbers 6; and —1/7; are the roots of Q;(x,1) = az? + bx + ¢, and §; > —1/n;. Thus, if

a > 0, then
,_—b+VD@) 1 _—b—D@Q)
T 2@ b - )

i 2a
whereas if a < 0, then

0; = ——

D@Q) 1 _—b+/D@)
2a ’ i 2a '
In the first case,

g+ L VD \/1’7(‘@)
i a

9

and in the second case,

9i+;_= _\/DCSQi) _ \/Da(|(o?z‘)_

Finally, a = Q;(1,0), and Q; is equivalent to Qp, so D(Q;) = D(Qo). The result follows. O

The next proposition is the final preparation for Theorem 4.3.3. Its proof is the most delicate
part of this section.

PROPOSITION 4.3.10. Let Qyp € R, and let

(., Q-2,Q-1,Q0,Q1,Q2,...)
be the chain of Qy. Then

4.3.1 inf 1 f
(4.3.1) inf 1Qu(LO) = inf oy | @08l

PROOF. For every h € Z, the forms @, and Qg are equivalent. Hence

inf zy)= inf z.9)].
(z,y)€Z2\{(0,0)} ‘Qh( y)] (z,y)€Z2\{(0,0)} ’QO( y)\
By the definition of an infimum,
On(1,0)1 2 Qula.y).

(z ,y)GZQ\{(O 0)}

Therefore

inf |Qp,(1,0)] > inf :
inf |Qn(1,0)] 2 (z,y)e%z\{(o,o)}|Q°(x’y)|

It remains to prove

4.3.2 inf |Qn(1,0 f
(4.3.2) f1On(LO) = - IBE 0y | Q0@ 9l

First suppose that the bi-infinite sequence

(...,a-2,a_1,a0,0a1,0az,...)
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determined by the two irrational roots 6y and —1/ng of Qo(x, 1) satisfies a; = 1 for all i € Z.
Then, by Example 3.1.5 (1), we have 6y = 19 = (1 +v/5)/2. Every quadratic form having 6y and
—1/no as roots is of the form

Q(z,y) = Mz — boy) (w + 7710y>

for some nonzero real number A. Replacing @ by A~'Q multiplies both sides of the desired
equality of infima by |A|~!, and hence does not affect whether the equality holds. Thus we may
assume A = 1 and Qo(z,y) = 22 — zy — y*>. By Example 4.1.5 (1),

inf |Qn(1,0)] = |Qo(1,0)| =1 = inf :
inf |Qn(1,0)] = |Qo(1,0)] (W)E%gl\{(oyo)}IQo(%y)l

In particular, (4.3.2) holds in this case.

Now suppose that a; > 2 for some ¢ € Z. By moving from (g to a suitable left or right
neighbor and then renaming it ()9, we may assume that ag > 2. Then 6y > 2. It suffices to show
that for every (x,y) € Z?\ {(0,0)} there exists an index i such that

|Qo(, y)| = 1Qi(1,0)].
If |Qo(x,y)| > |Qo(1,0)[, then we take ¢ = 0. Hence assume |Qo(x,y)| < |Qo(1,0)|. Under this
assumption, y = 0 is impossible, since
|Qo(z,0)| = 2|Qo(1,0)| = [Qo(1, 0)].
If x = 0, then, because Qg is the right neighbor of ()_1,

|Q0(Oa y)| = |Q*1F€_1(Oa y)|
. a_1 1
= ‘Q—l(y70)‘ = y2 ’Q—l(LO)‘ > ’Q—l(LO)‘ .
Thus the case x = 0 is settled. Henceforth assume z #£ 0 and y # 0. Write

(4.3.3) Qolz,y) = ay? (; - 90) (i: + 7710> .

First consider the case z/y > 0. Since Q(z,y) = Q(—x, —y), we may assume z,y > 0. We claim
that in fact x/y > 2. Suppose, to the contrary, that z/y < 2. Since 6y > 2, we have z/y < 6y.
Hence

X

X
1Qo(z, )| = laly? \y 6

1
— _I_ _
Yy No
This contradicts |Qo(x,y)| < |Qo(1,0)] = |a|. Thus z/y > 2. Comparing the assumption
|Qo(x,y)| <|Qo(1,0)| = |a| with (4.3.3), we obtain

X

> |aly? (2 - x)
ys7 1y

= lal(2y — 2)z = |al.

T T T 1
2y2*—90 <y2——90 (+><1.
Y Y y o
Therefore
oo — 2| < =
Oyl Ty
Write z/y = p/q in lowest terms. Then ¢ < y, and the above inequality gives
P 1 1
Op—=| < — < —.
’ q' 2y* T 2¢°
By Theorem 2.3.10, p/q is a convergent of 6y. Thus there exists n > 0 such that
g = [ao;al,...,an] =: &
q qn
Then
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Applying Qg to both sides gives
Qo(Pn; @) = Qn+1(1,0).
Since pp /¢y is in lowest terms, there exists d € Z>; such that (x,y) = (dpn,dq,). Therefore

|Qo(z,y)| = d*|Qo(Pn: 4n)| = |Qo(Pn, ¢n)| = |Qu41(1,0)].

This proves the case x/y > 0.
Now assume z/y < 0. Replacing (z,y) by (—x, —y) if necessary, we may assume y > 0. Since

z — 0| > 2,
Y
the assumption |Qo(x,y)| < |Qo(1,0)| = |a| and (4.3.3) imply
1 1
22| % + = <2 |~ ]|+ —| < 1.
Yy Mo Y Yy 1o
Hence
T n 1 < 1
y o omol o 2y*

As in the argument for 6y, write the reduced form of —z/y as p’/q’. Then ¢’ <y, and p’/q is a
convergent of 1/n9. Since p’/q’ > 0, there exists m > 1 such that
p

7 0;a_1,a-9,...,a ]

/

Writing the right-hand side as p!,/q,,, we have

A
|:pm *:| — FOFaleafz B

/ G-
Am

Using the first column, then taking the transpose and the inverse of this matrix, we obtain

(_1)m+1

/
Im *} _ Fo_lFfl -l "Fcf_lm~

- a_1ta—z’
m

Moving F; ! to the other side and applying both sides to (3] gives

41 [0 1 -1 -1 |1
(71)m |: /m] — Falea,g .. 'Fa,m |:0:| .
m
Applying Qg to both sides yields
Qo((=1)" P, (1) qp,) = Q- (1,0).
Since every quadratic form satisfies Q(u, —v) = Q(—u,v), for every m € Z>; we have
Q0P —dm) = Qs d) = Qol((=1)" P (=1)"qp,) = Q- (1,0).
Now z/y = —pl,/d0,, and pl,/q., is in lowest terms. Hence there exists d € Z>1 such that either
(2,y) = (=dpp,. dqy,) or (z,y) = (dp},, —dgy,). In either case,

|Qo(, )| = d?|Qo(—P, am)| = |Qo(—l, gi)| = |Q—m (1, 0)].
The proof is complete. O

We are now ready to prove Theorem 4.3.3. With the preparations in place, the proof is short.

PrROOF OF THEOREM 4.3.3. For () = Qg, we must show

D(Q)
sup([an; aptt,--- |+ [0;ap—1,ap—2,...]) = - )
her ' inf(, ) ez2\({(0,0)} Rz, Y)]
By Proposition 4.3.9, it suffices to prove the equality of extended real numbers
D(Qo) D(Qo)

infrez |Qn(1,0)] — inf, ez (0,0 Qo y)|

If both denominators are 0, both sides are read as co. In all cases, the equality follows from
Proposition 4.3.10. O
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We close this section by commenting on the inclusion relation between £ and M. Corol-
lary 4.3.4 shows that £ C M. This inclusion is known to be proper, as was proved in various
works including [Fre68]. Concrete values that belong to M but not to £ are still actively studied;
see, for example, [LMMR20] for a detailed account of known constructions in M \ L.

4. Markov Constants of Quadratic Forms with Rational Coefficients

We finish this chapter by considering M(Q) in the case where the coefficients a,b, ¢ of
Q(z,y) = ax? + bry + cy? are rational. From the previous section, we know how to compute the
Markov constant when @ is canonical reduced. Thus we would like to replace ) by a canonical
reduced form @' satisfying M(Q) = M(Q'). The existence of such a form is guaranteed by
Theorem 4.2.5, and the proof also gives an algorithm to find it. When a, b, ¢ are rational, however,
the theory of quadratic irrationals tells us more directly which form @’ should be used.

Let

Qo = {Q(z,y) = azx® + bay + cy* € Q| a,b,c € Q}

be the set of quadratic forms in @ with rational coefficients.

PROPOSITION 4.4.1. Let Q(x,y) = az? + bry + cy* € Qu. Then Q(x,1) has two quadratic
irrational roots, which are conjugate to each other. Choose one of them and call it a. Suppose
that the infinite continued-fraction expansion of « is

a=lap;a1,...,an,bo,...,0p_1]
for somen >0 and k > 1. Put
B :=[bo,b1,...,bk_1],
and let 3" be the quadratic conjugate of 3. Define

Q'(z,y) = (z — By)(z — B'y).
Then

and Q' is canonical reduced.

PrOOF. By Theorem 2.5.5, the numbers a and 3 are equivalent. Thus there exists A €
GL(2,7) such that 3 = Aca. Consider the quadratic form QA~!. By Lemma 4.2.6, the polynomial
QA~Y(x,1) has 3 as a root. Since QA~!(z,y) has rational coefficients, the roots of QA~!(z, 1)
are § and f’. Therefore there exists ' € Q \ {0} such that

QA N(z,y) = d'(x — By)(z — B'y).

Since 3 is reduced, we have 3 > 1 and —1 < 3’ < 0. Hence QA~"! is canonical reduced. By
Corollary 4.3.1,

M(Q) = M(QAT).

Moreover Q' = (1/a’)QA~!. Canonical reducedness is preserved under multiplication by a
nonzero scalar, and the Markov constant is unchanged by such a scalar multiple. Hence Q' is

canonical reduced and M(Q") = M(Q). O

Proposition 4.4.1 determines M(Q) from one of the two roots of Q(z,1) or Q(1,y). One
might therefore wonder whether the Markov constant should depend on the information of both
irrational roots. In the present case, however, the form has rational coefficients: if « is an
irrational root of Q(z, 1), then its quadratic conjugate o/ is the other root. Thus, in this setting,
the Markov constant is essentially determined by a single irrational number. In this case there is
a clean correspondence between the Lagrange constant and the Markov constant.

THEOREM 4.4.2. Let Q € Qq, and let a be one of the quadratic irrational roots of Q(z,1) = 0.
Then



4. MARKOV CONSTANTS OF QUADRATIC FORMS WITH RATIONAL COEFFICIENTS 56

PROOF. Suppose that the infinite continued-fraction expansion of « is
o = [ao;a17"')anab07' ")bk—l]
for some n > 0 and k > 1. Put § = [bo,b1,...,bk—1] and Q'(z,y) = (x — By)(x — f'y). By
Proposition 4.4.1 and Theorem 4.3.3, if
b = ('"ab07b17"'7bk—17b0)b17"‘7bk—17b05b17"-)bk—17"-)
is the bi-infinite sequence obtained by repeating the period in both directions, then
M(Q) = M(Q') = S(b).
On the other hand, Proposition 3.3.1 and Theorem 3.3.3 give
L(a) = L(B) = S(b).
Therefore M(Q) = L(«). O

Let us compute the Markov constant of a quadratic form analogous to Example 3.3.7.

EXAMPLE 4.4.3. We compute the Markov constant M(Q) of the rational-coefficient quadratic
form Q(z,y) = 22 — 2zy — 2y>. The roots of Q(x,1) = 22 — 2z — 2 are = 14 +/3. Thus we may
take o = 14 /3 as one quadratic irrational root of Q(x,1). Example 3.3.7 gives a = [2, 1]; hence
the period is (2,1) and its length is k = 2. The purely periodic continued fraction determined
by this period is 8 = [2,1]. In this case § = «a, and its quadratic conjugate is 3/ = 1 — /3.
Since f > 1 and —1 < ' < 0, the form @ is canonical reduced. By Proposition 4.4.1 and
Theorem 4.3.3, for the bi-infinite sequence b = (...,2,1,2,1,2,1,2,1,...) obtained by repeating
the period (2, 1) in both directions, we have M(Q) = S(b). On the other hand, the previous
example showed that £(1 4 v/3) = 21/3. Therefore Theorem 4.4.2 gives M(Q) = L(a) = 2V/3.

In fact, Example 3.1.5 and Example 4.1.5 also correspond to each other through Theorem 4.4.2.
The reader may check this directly.

We conclude the chapter by summarizing the relation between the Markov spectrum and
the Lagrange spectrum obtained so far. Corollary 4.3.4 shows that in general £ C M, and it is
known that the reverse inclusion does not hold. However, appropriate restrictions of the two sets
are exactly the same.

COROLLARY 4.4.4. Let
Lo:={L(a)|a €},  Mg:={M(@Q)]|Q € Q},

and
Speriod 1= {S(b) | b is a periodic bi-infinite sequence}.
Then
»C2 = MQ = Speriod-
ProOOF. This follows from Corollary 3.3.4 and Theorem 4.4.2. O

From the next chapter onward, we study values in £o and Mg that admit special descriptions
in terms of generalized Markov numbers.
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Generalized Markov Numbers



CHAPTER 5

Generalized Markov Equations and Generalized Markov
Numbers

In this chapter we introduce generalized Markov equations and generalized Markov numbers,
which form the starting point of the second part of the text. Up to Chapter 4, we studied
the Lagrange spectrum and the Markov spectrum. The purpose of the present chapter is to
prepare the arithmetic objects that will later be used to describe a discrete family of values in
that theory. We first define the generalized Markov equation and record its basic properties.
We then construct generalized Markov trees and organize all positive integer solutions. After
that, we introduce fraction labels through the correspondence with the Farey tree. Finally, we
define characteristic numbers, which will later be used to describe generalized Cohn matrices
and generalized discrete Markov spectra.

The material in this chapter is based on papers by the author and collaborators [GM23a,
GM23b, GMS24, BG25|. The papers [GM23b, GMS24] give proofs only in the symmetric
case k1 = ko = ks; here we rewrite the arguments in full generality. The paper [BG25] treats a
more general framework coming from cluster algebra theory; here we specialize those arguments
so that the discussion remains within elementary number theory.

1. Definitions and Basic Properties

DEFINITION 5.1.1. For ki, ko, k3 € Z>o, the (ki, k2, k3)-generalized Markov equation is
(5.1.1) 22 4+ % + 22 + kiyz + koza + kszy = (3+ k1 + ko + k3)zy=.

A permutation of a positive integer solution (z,y,z) of this equation is called a (ki, k2, k3)-
generalized Markov triple. A positive integer that occurs in a (kq, ko, k3)-generalized Markov
triple is called a (k1, ko, k3)-generalized Markov number. When ki = ko = k3 = 0, we simply call
them Markov triples and Markov numbers.

Since these names are long, we henceforth abbreviate “generalized Markov” to “GM”. One
point should be kept in mind. A (ky, k2, k3)-GM triple includes not only a positive integer
solution of the (ki, k2, k3)-GM equation, but also its permutations. If k; = ko = ks, then the
equation is symmetric in the three variables x,y, z, and hence every permutation of a positive
integer solution is again a positive integer solution. In that case there is no difference between
the two notions. If the parameters are not all equal, however, a permutation of a positive integer
solution need not be a positive integer solution.

Let us first discuss basic properties of the positive integer solutions of the GM equation. At
this stage the order of the three components is taken into account, so we are not yet speaking
about GM triples. We begin with an algorithm that enumerates all positive integer solutions.
Define a tree T(kq, ko, k3) whose vertices are triples of positive integers as follows.

(1) The initial vertex is (1,1, 1).
(2) The triple (1,1,1) has the following three children: (k1 + 2,1,1), (1,k2 + 2,1), and
(1,1, k3 + 2).
(3) At every vertex other than the initial vertex, the generation rule is as follows.
(i) If a is the largest component of (a, b, ¢), then (a, b, ¢) has the following two children:

( a? + koac + 2 ) < a2+k3ab+b2>
a, b yC s aabv c .

58



1. DEFINITIONS AND BASIC PROPERTIES 59

(ii) If b is the largest component of (a, b, ¢), then (a, b, ¢) has the following two children:

<b2+k‘1bc+02 ) C) (a ; a2+k‘3ab—|—bz>
a b ) b ) ) C .

(iii) If ¢ is the largest component of (a, b, ¢), then (a, b, ¢) has the following two children:

<b2+k51bc+02 ) < a® + koac + 2 )
f’b7c ) a7T7C .

EXAMPLE 5.1.2. For k1 = 1,ke = 2, k3 = 0, the first few vertices of T(1,2,0) are as follows:

(91,16,1) - -
(3,16,1)
(3,16,265) - - -
(37,1,10) - - -
(31,100
_— (3,169,10) - - -
(3,1,1)
(21,121,1) - - -
(La1) =
_— (21,4,457) - - -
(17 17 1) 7 (L 4a 1)
~__ (373,4,17) - --
1,4,17) —
(1,81,17) - -
(1,1,2)
T~ (7,81,2) -
12—
(7,1,25) -
(103,9,2) - --
(1,9,2)
T (1,0,41) -

We have the following theorem.

THEOREM 5.1.3. Every positive integer solution of the (ki,ka, ks3)-GM equation appears
exactly once in T(ky, ka, k3).

We prepare the proof with the following proposition.

PROPOSITION 5.1.4. Suppose that (x,y, z) = (a, b, c) is a positive integer solution of (5.1.1).

Then
b2 + kybe + 2 a? + ksac + 2 a? + ksab + b2
7b7c M a7 7C ) a? b7

a b c

are also positive integer solutions of (5.1.1).

b2 + kybe + 2
PRrooF. It suffices to prove the assertion for i, b,c|. Positivity is clear, so it
a
remains to prove that this is a triple of integers and satisfies (5.1.1). Since (a, b, ¢) is a solution

of (5.1.1), we have

b2 + k1be + 2
a

:(3—|—k‘1+k2—|—k‘3)bc—a—k‘3b—k‘26.
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b% + kibe + c2
Thus g, b,c | is a triple of integers. To make the following computation easier to
a

read, put A := (3+ k1 + ko + k3)bc — a — k3b — kac. We show that (A, b, ¢) is a solution of (5.1.1).
The sum and product of a and A are

a+ A= (3+ki+ka+ ks)bc — ksb — kac,
a-A=0b+kibc+ .
By the relation between roots and coefficients, a and A are the two roots of
X2 {(3+ ki + ko + k3)be — ksb — koc} X + b% 4 kibe + ¢ = 0.

Substituting X = A into this quadratic equation and rearranging, we obtain

A? £ 0% + % 4 k3 Ab 4 kibe + kacA = (34 k1 + ko + k3) Abe.
This is exactly (5.1.1) with (x,y, 2) = (4,b,¢). O

We call the three operations

2 2
(a.h.c) s <b+kb+b ) ,

a

2 2
a.b.c) s a,mﬂ ,
( b

2 4 kaab + b2
(abc) s (a, b a+3a+>

c

the first, second, and third Vieta jumps, respectively. Each Vieta jump is an involution, namely
applying the same operation again returns the original triple. We next determine the solutions
that contain two equal components.

LEMMA 5.1.5. The positive integer solutions of (5.1.1) that contain equal components are
only

(1,1,1), (k1 +2,1,1), (1kz+2,1), (1,1, ks +2).

PROOF. Let (a,b,c) be a positive integer solution of (5.1.1) that contains equal components.
We prove only the case a = b. Substituting (z,y, 2) = (a,a,c) into (5.1.1), we obtain

(24 k3)a® + ¢ + (k1 + ka)ac = (3 + k1 + ko + k3)a’c.
Therefore

1
c= 5(0,2]@3—1—@2]{1 +a2k2+3a2—ak1—ak2:ta\/(ak3 + (a— Dk + (a — 1)kg + 3a)? — 4(ks + 2))

Put k := aks + (a — 1)k1 + (a — 1)ka + 3a > 0. Since c is an integer, the expression under the
square root must be a square. Hence there exists a positive integer [ such that 12 = k? — 4(k3 +2).
Because a > 1, we have k > k3 + 3, and hence k 41 > k3 + 2. From (k+1)(k — 1) = 4(k3 + 2), it
follows that 1 < k —1 < 3, and so

(k= Lk +1) = (1,4(ks +2)), (2,2(ks +2)), (37 4(k3+2>> _

3

Since k = ((k 4+ 1) + (k —1))/2 must be an integer, the first and the third possibilities are
impossible. In the case (k — 1,k +1) = (2,2(k3 + 2)), we obtain k = k3 + 3 and | = k3 + 1, and
hence obtain (a,a,c) = (1,1,1) or (1,1, ks + 2). The cases a = ¢ and b = ¢ are proved in the
same way, with the corresponding parameter ko or ki in place of k3. [l

We call the four triples below
(1,1,1), (k1 +2,1,1), (1,ka+2,1), (1,1,k3+2)

singular. We call every other positive integer solution of (5.1.1) nonsingular.
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PROPOSITION 5.1.6. Let (z,y,2) = (a,b,c) be a nonsingular positive integer solution of
(5.1.1), and assume that a > b > c. Then the following hold:

24k 2 2 4 ksab + b? b2 + kib 2
(1)%>a(> o), (2)%>a(> b), (3)b>w.
PRrOOF. We prove (1). Since
a® + keac + 2 a?+koac+c —ab  a®+keac+c? —a® A+ kac
b 4= b ~ b = 0

the claim follows. The proof of (2) is the same. We now prove (3). Put
b2 + kibe + c2>

a

f(@) = (x —a) (3?
=2 — ((3+ ky + ka + k3)bc — kzb — kac)z + (b2 + ¢ + kibe)
It suffices to prove f(b) < 0, that is, f(b) = (2+ k3)b? — (3 + k1 + ko + k3)b%c+ (k1 + k2)bc+ 2 < 0.

Consider the function on R?
(5.1.2) 9(y,2) = (2 + k3)y? — (3 + k1 + ko + k3)y?2 + (k1 + ka)yz + 2°.
Then g(b,c) = f(b). Its partial derivative in the y-direction is
99 _
dy
Under the condition y > z > 1, we have

0
87i(y, 2) < 22+ k3)y — 203 + ky + ko + ks)yz + (k1 + ka)y

2(2 + k3)y — 2(3 + k1 + ko + k:g)yz + (/Cl + kz)z.

= —y((62 —4) + k3(22 — 2) + k1(22 = 1) + k2(22 — 1))
< —((6z —4) + k3(22 — 2) + k1(22 — 1) + k2(22 — 1)) < 0.

Similarly, the partial derivative in the z-direction is

0
2= =B+ k1 + ke + ka)y? + (b + ka)y + 22,
and under y > z > 1 we have
0
S (y2) < ~(3 4kt ko + ke)y® o+ (K1 + ka)y + 2y

< =B+ k1 + ko + k3)y” + (k1 + k2)y® + 297
= —y*(1+k3) < 0.

Thus, on the region y > z > 1, the function ¢(y, z) is strictly decreasing in both the y- and
z-directions. Now move from (1,1) to (b, c) along the path that first increases y from 1 to b
while keeping z = 1, and then increases z from 1 to ¢ while keeping y = b. Applying the above
monotonicity along this path and using g(1,1) = 0, we obtain g(b,c) = f(b) < 0. O

In Proposition 5.1.6 we assumed a > b > ¢, but this assumption is not essential.

COROLLARY 5.1.7. Let (x,y, z) = (a,b,c) be a nonsingular positive integer solution of (5.1.1).
Let (d,b,¢), respectively (a,b',c) and (a,b,c), be the first, respectively second and third, Vieta
jump of (a,b,c).

(1) If a is the largest component of (a,b,c), then a’ is not the largest component of (', b, ),
while b is the largest component of (a,b',¢) and ¢ is the largest component of (a,b, ).

(2) Ifb is the largest component of (a, b, c), then a’ is the largest component of (a’, b, ¢), while
b’ is not the largest component of (a,V',c) and ¢ is the largest component of (a,b, ).

(3) If c is the largest component of (a,b,c), then a’ is the largest component of (a’,b,¢) and
b is the largest component of (a,V',c), while ¢ is not the largest component of (a,b,c).
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PROOF. The case a > b > ¢ is Proposition 5.1.6. The other possible orders are proved by the
same Vieta-jump comparison, keeping the coefficients k1, ko, k3 in their original positions. Since
the generalized equation is not symmetric under arbitrary permutations of the variables when
(K1, k2, k3) is not constant, one cannot simply permute the proof of Proposition 5.1.6. Instead,
for each order one rewrites the equation as a quadratic equation in the component being changed
and repeats the same monotonicity argument for the corresponding two remaining variables.
This shows that the jump at the largest component is the only jump that does not produce a
new largest component, whereas a jump at either of the other two components does produce a
new largest component. The three assertions follow. ]

REMARK 5.1.8. From Corollary 5.1.7 and the generation rule for T(k1, k2, k3), we obtain the
following facts for a nonsingular triple (a, b, ¢) in T(kq, ko, k3).

(i) If @ is the largest component of (a, b, ¢), then the parent of (a, b, c) is

<b2+klbc+02 )
f,b’c .

(ii) If b is the largest component of (a,b,c), then the parent of (a,b,c) is

< a® + koac + ¢ >
Q,T,C .

(iii) If ¢ is the largest component of (a, b, c), then the parent of (a,b,c) is

( a2+k3ab+62>
a, b, —m——— | .

C

Moreover, every nonsingular triple in T(kq, ko, k3) has a largest component that is smaller than
the largest components of its children. Hence a singular triple cannot be a child of a nonsingular
triple. It follows that each singular triple appears exactly once in T(kq, k2, k3). The statements
(1), (ii), and (iii) also hold for the singular triples other than (1,1, 1).

Consequently, for every vertex (a, b, c) of T(kq, ke, k3), the three vertices adjacent to it are
obtained by replacing exactly one of the components a, b, ¢ by another number.

We now prove Theorem 5.1.3.

PROOF OF THEOREM 5.1.3. By Proposition 5.1.4 and the fact that (1,1,1) is a positive
integer solution of (5.1.1), every vertex of T(k, ko, k3) is a positive integer solution of (5.1.1). We
prove that there are no positive integer solutions other than these vertices. Let (z,y, z) = (a, b, ¢)
be a nonsingular positive integer solution of (5.1.1). By Corollary 5.1.7, among the Vieta jumps
of (a,b,c) there is a unique one that decreases the largest component. This operation can be
repeated as long as the solution remains nonsingular. All solutions that occur during this process
are positive integer solutions, so after finitely many steps we reach a singular solution. By
Lemma 5.1.5, when a nonsingular solution moves to a singular one, that singular solution is one
of (k1 +2,1,1), (1,ke +2,1), and (1,1, k3 + 2). By Remark 5.1.8, every Vieta jump of a triple
in T(k1, ko, k3) again belongs to T(k1, ko, k3). Therefore, by reversing the above process, (a,b, c)
appears as a vertex of T(ky, ko, k3).

It remains to prove uniqueness. Which of the first, second, and third Vieta jumps moves a
triple toward the initial vertex is determined solely by the order of the components of (a, b, ¢).
Thus the path from (a, b, ¢) back to (1,1,1) is independent of the position at which (a, b, ¢) might
appear in the tree. If (a,b,c) appeared in two different positions, then these two occurrences
would give two distinct paths to the root, contradicting the fact that the parent at each non-root
vertex is uniquely determined by Remark 5.1.8. O

We record an important corollary of Theorem 5.1.3.

COROLLARY 5.1.9. For every positive integer solution (a,b,c) of (5.1.1), any two of a,b,c
are relatively prime.
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PROOF. The assertion is clear for (a,b,c) = (1,1,1). We prove only that a and b are relatively
prime. Rewrite (5.1.1) as

22 = (34 ky + ko + k3)zyz — 22 — y? — kyyz — koza — kaxy,

and substitute (z,y,z) = (a,b,c). Suppose that a and b have a common divisor d # 1, and let
d’' be a prime divisor of d. Reducing the displayed equation modulo d’ gives ¢> = 0 (mod d'),
because d’ divides both a and b. Hence d’ divides ¢, and so d’ is a common divisor of a, b, c.

By Proposition 5.1.4, the adjacent triple (a’,¥’,¢’) in T(kq, ko, k3) whose largest component
is smaller than max{a,b, c} is obtained by replacing the largest component by the other root
of the corresponding quadratic equation. If the first component is replaced, then the two roots
have sum (3 + k1 + k2 + k3)bc — kac — ksb, which is divisible by d’; since the old first component
is also divisible by d’, the new one is divisible by d’ as well. The arguments for the second and
third components are identical. Hence common divisibility by d’ is preserved along the descent.
Repeating the operation, we conclude that d’ is eventually a common divisor of (1, 1,1), which is
impossible. Therefore d = 1, and a and b are relatively prime. O

2. Generalized Markov Trees

The tree T(ky, k2, k3) is economical from the point of view of enumerating all positive integer
solutions of the (ki1, k2, k3)-GM equation. However, when we later compare it with the matrix
theory, it will often be more convenient to decompose this tree into several binary trees. We
therefore introduce new binary trees.

DEFINITION 5.2.1. The full subtrees of T(k1, k2, k3) whose initial vertices are respectively
(k14+2,1,1), (1,ke +2,1), and (1,1, k3 + 2) are called the first, second, and third branches of
T(k1, k2, k3) and are denoted by Ty (k1, ko, k3), Ta(k1, ko, k3), and T3(k1, ko, k3).

EXAMPLE 5.2.2. The first few vertices of T2(1,2,0) are as follows:

(703,121,1) - - -
(21,121,1)
(21,121, 15082) - - -

P
T (21,57121,457) - --

/ (21,4,457) —
(10033,4,457) - - -

(373,4,8185) - - -
(373,4,17)
- T (373,38025,17) - -

(8227,81,17) - - -
(1,81,17)
(1,81,386) - --

By definition, each T;(k1, k2, k3) is a complete binary tree. In the theory below, however, we
will actually use the following complete binary trees, obtained by rotating the components at
each vertex so that the newly produced component is written in the middle. The branches above
will be used to prove that the vertices of the binary trees defined below enumerate all positive
integer solutions.

DEFINITION 5.2.3. Let &3 be the symmetric group of degree 3, acting on the left on
{1,2,3}. For o € &3, define the (k1, k2, k3, 0)-generalized Markov tree (or simply the GM tree)
MT(k1, ka2, ks, o) as follows.

(1) The initial vertex is

((17 0(1))7 (kU(Q) + 2, 0(2))7 (17 0(3)))
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(2) For every vertex ((a, ), (b, 3), (¢,7)), define the following two children, distinguishing
the left child from the right child:

((a, ), (b, 8), (¢, 7))

T

a?+k~ab+b? 2 c-c
((a’? a)a (%—"_77) 7(b75)) ((b 6) (%70‘) 7(077))
EXAMPLE 5.2.4. The first few vertices of MT(1,2,0,id) are as follows:

<<21, 1),(121,2),(1,3)) —_
((21,1), (15082,3), (121,2)) - -
((4,2),(21,1), (1, ))
ya ((1,2),(457,3), (21,1)) =
((1,1),(4,2),(1,3))

((17,3),(373,1),(4,2)) —_

((373,1),(8185,3), (4,2)) - -
T ((17,3), (38025,2), (373,1)
(

(81,2), (8227,1), (17,3)) - - -

((1,1),(17,3), (4, ))
(( 1),(81,2),(17,3))

T ((1,1),(386,3), (81,2)) - - -

Each vertex of this tree consists of three pairs, hence of six entries in total. The first entry
of each pair is a GM number, while the second entry records the position in which that GM
number occurs in the original positive integer solution. Since the (k1, k2, k3)-GM equation is
not symmetric in x,y, z, it is important to remember which integer corresponds to which of
x,y, 2. In this tree, the components rotate at each generation. Therefore this positional data
must be stored separately from the GM number itself. We henceforth call a pair consisting of a
(k1, k2, k3)-GM number and its positional data a (k1, ke, k3)-GM pair.

For ((a,h),(b,1),(c,j)) € MT(k1, ks, ks,o), we call the m-th entry of the n-th pair the
(n, m)-entry.

We now show that MT(kq, ko, k3, o) is the same tree as a branch of T(kq, ko, k3), up to the
difference caused by rotations. To do this, we first introduce isomorphisms of complete binary
trees.

DEFINITION 5.2.5. Let A and B be regarded as complete binary trees, that is, assume that
their elements correspond to the vertices of complete binary trees. A bijection f: A — B is
called a complete binary tree isomorphism if, for vertices u and v of A, the vertex v is a child of u
if and only if f(v) is a child of f(w). If, in addition, A and B are ordered complete binary trees,
meaning that the two children of each vertex are distinguished as the left and right children, and
if f also preserves the distinction between left and right children, then f is called an ordered
complete binary tree isomorphism.

Note that T;(k1, ke, k3) is an unordered complete binary tree, whereas MT(k1, ko, k3, o) is an
ordered complete binary tree. We next construct a bijection that gives an unordered complete
binary tree isomorphism between T;(k1, k2, k3) and MT(ky, ko, k3, o).

For 7 € &3, let "(a, b, ¢) denote the triple obtained by permuting (a, b, ¢) so that a, b, and ¢
become the 7(1)-st, 7(2)-nd, and 7(3)-rd components, respectively. For a tree T, let V(T) denote
its vertex set. Define a map

T : V(MT(ky1, ko, k3, 0)) — Z3,
as follows.
e For the initial vertex, set

7o ((1,0(1)); (ko2 +2,0(2)), (1,6(3))) = (1, kipe) +2,1).



2. GENERALIZED MARKOV TREES 65

o If 7,((a, ), (b, B),(c,v)) = "(a,b,c), then define
2 4 koab + b2 @3 2 4 kab + b2
. (mm, <a+wa+7> ,M)) _ o CHRab N

C C
B2 + kobe + 2 0D 2 Lk pe 42
To (buﬁ)v 7,0& 7(67’}/) - b7776 .

PROPOSITION 5.2.6. The map 7, induces the following complete binary tree isomorphisms:
w1 2y MT (K1, ka2, ks, (1 2)) =~ Ty (k1, k2, ks3),
71 3 2): MT(k1, k2, k3, (1 3 2)) =~ T1(k1, ko, k3),
mia: MT(k1, ko, ks, id) ~ Ta(k1, ko, k3),
71 3y MT (K1, k2, ks, (1 3)) =~ Ta(k1, k2, k3),
m(2 3): MT (K1, k2, k3, (2 3)) =~ T3(k1, k2, ks3),
w1 2 3): MT(k1, k2, k3, (1 2 3)) =~ T3(k1, ko, k3).
PROOF. We prove the assertion for o = (1 2); the other cases are identical. We use the
following six states. A vertex ((a, ), (b, 3), (¢,)) is said to be in the state indexed by 7 € &3 if

(1 2)(((1, a)v(ba B)a (677)) = T(a’ b, C) and (O[,ﬂ,’)/) = (7(1)57(2)77—(3))
For the six possible values of 7, the corresponding index triple and the largest component of
"(a, b, c) are as follows:

State T (a, B,7) | Largest component of "(a,b,c)

(1) id (1,2,3) second component
(2) (23) |(1,3,2) third component
(3) (12) |(2,1,3) first component

(4) (13) |(3,2,1) second component
(5) [ (123)] (2,3,1) third component
6) [(132) (3,1,2) first component

In each row this means precisely that the middle entry b of the displayed vertex is the largest of

a,b,c.

Suppose that a vertex is in the state indexed by 7. By the definition of m(; 9y, its left child is
in the state indexed by 7 o (2 3), and its right child is in the state indexed by 7o (1 2). Thus the
transitions are

State | left child | right child
ORENE) )
@ | O (6)
(3) (5) (1)
(4) (6) (5)
(5) (3) (4)
6) | (@ 2)

The initial vertex of MT(ky, k2, k3, (1 2)) is ((1,2), (k1 + 2,1), (1, 3)), which is in state (3) and is
mapped by 7(; 9y to (k1 +2,1,1), the initial vertex of Ty (k1, k2, k3).

Now assume that a noninitial vertex is in one of the six states. Since its middle entry is the
largest of a, b, ¢, Corollary 5.1.7 and Remark 5.1.8 show that replacing either the first or the
third entry produces the two children in the corresponding branch of T(kq, ko, k3). The same
conclusion for the initial vertex is checked directly. The formulas defining the two children of
MT(k1, ko, ks, (1 2)) are exactly these two Vieta jumps, written after the rotation that places
the newly produced entry in the middle. Hence 7(; 9 sends the two children of each vertex of
MT(k1, k2, k3, (1 2)) to the two children of its image in Ty (k1, ko, k3).

It follows by induction on the distance from the initial vertex that m(; 9) gives a complete
binary tree isomorphism from MT(ky, ko, k3, (1 2)) onto Ty (k1, k2, k3). The proof for the other
five values of o is the same. ]
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REMARK 5.2.7. The isomorphism 7 does not distinguish left and right children. Hence, if
o* := 0o (1 3), then for every o the two trees MT(ky, ko, k3, o) and MT(ky, ko, k3, 0™) are sent
by 7 to the same T;(k1, ko, k3).

COROLLARY 5.2.8. Let
v = ((a,a),(b,B),(c,7)) € MT(k1, k2, k3, 0),
and suppose that 7,(v) = "(a,b,c). Then
b > max{a, c}, a=71(1), B=7(2), ~v=7103).

PROOF. Let v = ((a,«), (b, B), (¢,7)) € MT(k1, ko, k3, o) and suppose that 7, (v) = "(a, b, ¢).
Then one of the six states (1)—(6) appearing in the proof of Proposition 5.2.6 occurs. Checking
these six cases gives the assertion. (I

COROLLARY 5.2.9. Let V{y, k, ks) be the set of all vertices of the siz GM trees MT (k1 k2, k3, o)
with o € &3. For every v € V(i r, k), the position at which v appears is unique in the union of
these six trees.

PROOF. First, if v = ((a, ), (b, B), (¢,7)) € V(k; ka,ks), then the same displayed vertex cannot
appear more than once in the tree MT(ky, ko, k3, 0) to which v belongs; otherwise the bijectivity
of Proposition 5.2.6 would be contradicted. We prove that v cannot appear in two different trees
MT(kq, k2, k3, 0) and MT(ky, ko, k3, o’). Whether v is the initial vertex, and if it is not the initial
vertex whether it is the left or right child of its parent, can be determined from the data of v
itself. Indeed, if a = ¢, then the image of v under the corresponding map 7, is a singular solution.
Since singular solutions occur only at the initial vertices of the branches by Remark 5.1.8, the
vertex v itself is the initial vertex. Here Corollary 5.2.8 shows that neither ¢ = b nor b = ¢ can
occur. If a # ¢, then v is not the initial vertex and has a parent. In this case, according as v is
the left child or the right child of its parent, the parent is one of

a2 ac 02 a2 ac 02
((aaa)v(077)7 <+kﬁb+75>> ) <<+kﬁb+u8> 7(%05)7(0’7)) .

By Corollary 5.2.8, the (2, 1)-entry is strictly larger than the (1,1)- and (3, 1)-entries. Therefore,
if a < ¢ then the parent is the former, and if a > ¢ then the parent is the latter. Thus the
parent is uniquely determined. It follows that the path from v to the initial vertex is uniquely
determined by v, and the displayed form of the initial vertex is also uniquely determined. Hence
v cannot belong to two different trees MT(ky, ko, k3, o) and MT(ky, ks, k3, 0"). O

The next theorem says that MT(ky, ko, k3, o) enumerates GM triples whose second component
is the largest one.

THEOREM 5.2.10. Let (a,b,c) be a (k1, ko, k3)-GM triple satisfying b > max{a, c}, and suppose
that for 7 € &3 the triple " (a, b, ) is a solution of the (ki1, ko, k3)-GM equation. Then there exists a
unique o € S3 and unique vertices v and v*, where o* := oo (1 3), such that v € MT(k1, ks, k3, 0),
vt € MT(kla k27 k?n U*); v = ((av T(l)>a (b7 T(2>)7 (Ca 7-(3)))7 and v* = ((Cv 7_(3))a (b7 7(2))7 (CL, T(l)))
Moreover, the position of v* in MT(ky, ks, ks, 0™) is the mirror image of the position of v in
MT(k1, ko, ks, 0), obtained by interchanging left and right at every level.

PRrROOF. Since "(a,b,c) # (1,1,1), Theorem 5.1.3 implies that " (a, b, c) belongs to one of
Ty (k1, ka2, k3), To(kq, k2, k3), and T3(k1, ko, k3). Suppose that " (a, b, c) belongs to Ty (k1, ko, k3);
the other cases are handled in the same way. By Proposition 5.2.6, there exist unique vertices
v1 of MT(kl, ko, k3, (1 2)) and vy of MT(kl,kg, ks, (1 3 2)) such that (1 2)(1)1) = T(a,b, C) and
T 3 2)(v2) = "(a,b,¢). The triple "(a,b,c) can be displayed in the following six ways:

"(a,b,¢), ro(1 3)(67 ba), ro(l 2)(b, a,¢), T0(2 3)(a,c, b), To(1 2 3)(6, ¢,a), ro(1 3 2)(0, a,b).
Since b > max{a, c} by assumption, Corollary 5.2.8 leaves the following two cases:
(1) vi = ((a,7(1)), (b,7(2)), (¢, 7(3))), 71 2)(v1) = "(a, b, ¢), and
vy = ((e, 70 (13)(1)), (0,70 (1 3)(2)), (4,70 (1 3)(3))), 71 3 2(v2) = ™" V(e,b,0).
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(2) v = ((e,; 70 (13)(1)), (b, 70 (1 3)(2))s (a,7 0 (1 3)(3))), 71 9y(v1) = 7" V(e b, ), and
V2 = ((CL, T(l))7 (b7 7_(2))7 (Ca 7—(3)))7 T(1 3 2) (v2) = T(a7 ba C)'

By Corollary 5.2.9, the same displayed vertex cannot occur in two different GM trees. Hence
v1 and vy cannot have the same displayed form, and exactly one of (1) and (2) occurs. In case
(1), take 0 = (1 2), 0" = (1 3 2), v = vy, and v* = vy. In case (2), take 0 = (1 3 2), o* = (1 2),
v = vg, and v* = vy. Corollary 5.2.9 also shows that no vertex with the same displayed form as v
or v* appears in any other tree. It remains to show that the position of v* in MT(ky, ko, k3, 0™*) is
obtained from the position of v in MT(ky, k2, k3, o) by interchanging left and right at every level.
This follows by induction on the distance from the initial vertex. Indeed, the initial vertices of
the two trees are obtained from one another by interchanging the first and third pairs. If two
vertices are related in this way, then the left child of one is related to the right child of the other,
and the right child of one is related to the left child of the other, by the defining formulas for the
two children. O

3. Farey Trees and Fraction Labels

We next introduce labels of Markov numbers by fractions. For this purpose, we first define
Farey triples and the Farey tree.

DEFINITION 5.3.1. For two fractions ¢ and §, write det($, $) for ad — be. A triple (%, <, %)
is called a Farey triple if it satisfies the following conditions:
(1) Each of ¢, g, % is a reduced fraction.
(2)

a ¢ c e e a
det{ —, = )| = |det| =, = )| = |det| =, - )| = 1.
‘ (b’d) ‘ ‘ (d’f)‘ ) (f’b>’
Define the Farey tree FT as follows.
(1) The root vertex is (%,%,%).
(2) Each vertex (%, g, %) has the following two children:
<a ¢ e)
b'd f
(42652 (5505%.5)
b'b “dd a'd = ff

where 7 © ¢ = %. Here % is treated as the endpoint oo, and it is regarded as larger

than every finite nonnegative fraction.

The first few vertices of FT are as follows:

3.4 1Y, ..
23 1\ — 12120
(T’T’ﬁ)\ 25 3)...
_— 10201
1 21
(ppﬁ) 35 2), ..
bR )
\<132>/ 27371
/ 2l (1 4 3Y ...
(01 1) 12372
1120 2 3 1Y)...
\ (1 2 1)/ 37401
20507
011y — \(lﬁz)...
(Tvi’I) 27573
~— 12 1Y),
(0 1 1)/ 37572
1372) =———— (01 1)...
12473

We first prove the basic properties of the Farey tree that will be used later.
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PROPOSITION 5.3.2. The following hold.
(1) If (r,t,s) is a Farey triple, then (r,r ® t,t) and (t,t @ s,s) are also Farey triples. In
particular, every vertex of FT is a Farey triple.
(2) For every reduced fraction t € (0,00), there exists a unique Farey triple F' in FT whose
second component is t.
(3) For every (r,t,s) in FT, the inequalities r < t < s hold.
We first record several lemmas.
LEMMA 5.3.3. Let x = § and y = 35 be reduced fractions, and put x ®y = ZTJFE' Then
det(z,x & y) = det(z,y), det(z @ y,y) = det(z,y).
In particular, if |det(xz,y)| = 1, then © @y is a reduced fraction.

PRrROOF. A direct computation gives

det(a a—i—c) :a(b+d)—b(a—i—c):ad—bc:det(a C),

b’ b+d b’ d
and
at+c c a c
det(b—|—d’d> = ((I+C)d— (b+d)c- ad—bc- det(b’d) .
If g =ged(a+ ¢, b+d), then g | ((a + ¢)d — (b+ d)c) = ad — be. Thus, if | det(x,y)| = 1, then
g|1,s0g=1. Hence z @ y is reduced. O

LEMMA 5.3.4. Consider the extended nonnegative rationals, consisting of nonnegative reduced
fractions together with %. Suppose that ¢ < 5 and ad — bc = —1. Then the mediant ZTJrg satisfies
7 < ZT*g < 3. Here % is understood to be larger than every nonnegative rational number.

ProoF. If b,d > 0, then

a+c_g_bc—ad_ 1 50
b+d b bb+d) bb+d) "
and
c a+c be — ad 1
= > 0.

d b+d db+d db+d)
If b=0 or d =0, then one endpoint is % = 00, and the remaining inequality follows immediately
from the definition. O

LEMMA 5.3.5. Let (r,t,s) = (%, 2 ?) be a Farey triple satisfyingr <t < s. Thent=r®s =

ate
b+f-

PROOF. Since r < t < s and |det(r, s)| = 1, we have det(r,s) = af —be = —1. Put u = (a,b)
and w = (e, f). Then det(u?,w’) = —1, where det is used in the ordinary matrix sense. Hence
u and w form a basis of Z?. Therefore v := (¢, d) can be written uniquely as v = au + fw. On
the other hand, r < ¢t and | det(r,¢)| = 1 imply det(r,t) = ad — bc = —1, and therefore

—1 =det(u”,v!) = det(u’, au” + gw’) = g det(u’, w’) = B(-1).
Thus = 1. Similarly, t < s and |det(¢,s)| = 1 imply det(t,s) = ¢f —de = —1, and hence
—1 =det(v?,w’) = det(cu” + w!, w?) = a det(u”, w’) = a(-1).

Thus o = 1. Hence v = u+w, that is, (¢,d) = (a+e,b+ f). Therefore t = § = gi; =r®s. O

PROOF. We prove (1). Let (r,t,s) be a Farey triple. By Lemma 5.3.3,
|det(r,r @ t)| = |det(r,t)| =1,
|det(r @ t,t)| = |det(r,t)| =1,

and r @t is reduced. Since |det(t,r)| = | det(r,t)| = 1, it follows that (r,r @ ¢,t) is a Farey triple.
The same argument shows that (¢,t @ s, s) is a Farey triple. Thus the property of being a Farey
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triple is preserved when we take children. The initial vertex (0/1,1/1,1/0) is a Farey triple, and
therefore every vertex of FT is a Farey triple.

We next prove (3). At the initial vertex, we have ¥ < 1 < (= 00). Suppose that r <t < s
holds at a vertex (r,t,s). By Lemma 5.3.4, we have r <r @t <tand t <t®s < s. Thus the
same inequalities hold for the left child (r,r @ ¢,t) and the right child (¢,t @ s,s). Hence (3)
follows by induction on the depth.

We prove (2). Take a reduced fraction ¢ € (0,00). Put Lo = % and Ry = §. For i € Zx,
compute inductively M; := L; ® R;. If t < M;, put Ly := L; and R;1 := M;; if t > M;, put
Liy1 := M; and R;+1 := R;. These two cases correspond to taking the left child and the right
child, respectively. If t = M;, stop the procedure. Writing L; = Z—Z and R; = 2—2 at each step, we
have

o a + ¢

e b; + d; ’
and Lemma 5.3.3 shows that |det(L;, R;)| = 1 is always preserved. In particular, L; and R; are
always reduced. Lemma 5.3.4 also gives L; < t < R; for all .. We first show that the procedure
always stops after finitely many steps. Once both endpoints have positive denominators, the
denominator b; + d; of M; is strictly larger than each of the two endpoint denominators b; and
d;. The only time denominators may fail to increase monotonically is while one endpoint is %. In
that case the procedure simply moves through the integer part: if ¢ is an integer, it stops there,
and otherwise after finitely many steps it enters an interval between two consecutive integers

containing ¢. From then on, both endpoint denominators are positive. Now write ¢ = g in lowest

terms. If both endpoints have positive denominators and L; = Z—: < g < R; = C%, then
bip — aiqg > 1, ciq —pd; > 1,
and from b;c; — a;d; = 1 we obtain
q = di(bip — aiq) + bi(ciqg — pd;) > b; + d;.

Therefore, after both endpoint denominators become positive, the desired mediant must be
reached before a mediant denominator larger than ¢ would be required. Hence the procedure
cannot continue indefinitely. Thus ¢t = M, for some finite n. The vertex (Ly,t, Ry) is obtained
by repeatedly taking children, so it is a vertex of FT. This proves existence of a vertex whose
second component is ¢. Finally, we prove uniqueness. If a vertex (r, ¢, s) with second component
t is given, Lemma 5.3.5 implies that ¢t = r @ s, and (3) gives r < t < s. Thus the sequence of
left and right choices from the initial vertex to this vertex is determined uniquely by ¢. If two
distinct vertices had the same second component ¢, then there would be two different paths from
the initial vertex, a contradiction. Hence such a vertex is unique. O

The Farey tree enumerates reduced fractions and is closely related to Farey sequences and the
Stern—Brocot tree. It has many interesting properties beyond its connection with GM numbers,
but we do not discuss them here.

Comparing the generation rules of the Farey tree and the GM tree, one sees that the rotations
of components are the same. This suggests a correspondence from positive reduced fractions to
GM numbers.

DEFINITION 5.3.6. Let f: FT — MT(k, k2, ks,0) be an ordered complete binary tree
isomorphism. Then the generation rules of the two trees induce a bijection from nonnegative
reduced fractions, including the endpoints 0/1 and 1/0, to GM pairs. We write this correspondence
as t — (my, 1) and call (my, ;) the fraction label of the GM pair. Here 0/1 and 1/0 are treated

as the left and right endpoints of the root (%, %, %) of the Farey tree.

Strictly speaking, m; and i; also depend on ki, ko, ks and o. Since a single GM tree will
always be fixed when we use fraction labels, we suppress these parameters. This correspondence
does more than merely name GM pairs; its importance will become clear when generalized
strongly admissible sequences are defined later.

We close this section with a simple but important corollary.
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COROLLARY 5.3.7. Here we agree that 1/0 = 0o and 1/oo = 0. Let t € [0,00]. Let (my,it)
be the (ki,ka, ks)-GM pair with fraction label t in MT(ki, ka, ks, o), and let (m?,i%) be the
t t

(K1, k2, k3)-GM pair with fraction label % in MT(ky, ko, ks, 0*), where o* is the one appearing in
Theorem 5.2.10. Then (my, i) = (m?,d%).
t t

PrOOF. By Theorem 5.2.10, it suffices to show that the fraction located at the mirror-
symmetric position to ¢ in the Farey tree is 1/t. The endpoint cases t = 0 and t = oo are
immediate from the root. For positive finite ¢, this follows by induction on the distance from the
root to the unique Farey triple whose middle component is t. The root case is t = 1. Suppose
that a vertex (r,t,s) has mirror-symmetric vertex (s~1,¢71,7~!), with the convention 0~! = oo
and co~! = 0. The left child of (r,t,s) has middle label r @ ¢, while the right child of the
mirror-symmetric vertex has middle label t=! @ =1 = (r @ ¢)~!. The right-child case is the
same. O

4. Characteristic Numbers

We finish this chapter by defining numbers called characteristic numbers. We first prove the
following theorem.

THEOREM 5.4.1. Fix one tree MT(ky, ka, k3, 0), and let (m,,my, ms) be the GM triple cor-
responding, via fraction labels, to a Farey triple (r,t,s). Then there exists a unique integer u
satisfying

(5.4.1) { myu =ms (mod my),

0<u<mt.

To prove this theorem, we use the following consequence of the Euclidean algorithm. The
proof here uses facts about finite regular continued fractions.

LEMMA 5.4.2. Let z,y € Z, and suppose that at least one of them is nonzero. Then there
exist a,b € Z such that ax + by = ged(z,y).

PRrOOF. First assume that z,y > 0. If y = 0, then x > 0 by assumption, and we may
take a = 1,b = 0. If z = 0, then y > 0, and we may take a = 0,b = 1. We therefore assume
z,y > 0. Put d = ged(z,y) and write x = dz/, y = dy’. Let ”y”—; = [ap; a1, ...,a,] be the finite
regular continued-fraction expansion. With the convention p_1 = 1,¢g_1 = 0 when n = 0, put
% = [ag;a1,...,a;). By Lemma 2.2.5, /g, 1 — ¢/pn_1 = (—1)"TL If (=1)"*! =1, take a = ¢,_1
and b= —p,_1; if (=1)""! = —1, take @ = —¢,_1 and b = p,_1. Then ax’ + by’ = 1. Multiplying
both sides by d gives ax + by = d, proving the assertion in this case. If z < 0 or y < 0, first
apply the preceding argument to |z| and |y|, and then replace a by —a if |x| = —z, and replace b

by —b if |y| = —y. The same conclusion follows. O

PrROOF. We first prove existence. By Corollary 5.1.9, we have ged(m,,m;) = 1. Hence
Lemma 5.4.2 gives integers a, b such that m,a + mb = 1.
Thus a is an inverse of m, modulo m;. Put ug := ams. Then

MpUy = MypaMmsg
=1-mgs=ms (mod my),
so ug is a solution of the congruence m,x = ms (mod m;). Choose the integer u satisfying
0<wu<m;and
u=ug (mod my).
This wu also solves the same congruence. If uw = 0, then ms =0 (mod my), that is, m; | ms. Since
ged(my, ms) = 1, this implies my; = 1. However, for a label ¢ € (0, 00), the corresponding entry is
a middle entry of a GM-tree vertex; at the initial vertex it is k,(2) +2 > 2, and the same lower

bound is preserved along the tree. Hence m; > 2, a contradiction. Therefore u # 0, and we
obtain a solution satisfying 0 < u < my.
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We next prove uniqueness. Suppose that u and u’ both satisfy
myu =mg  (mod my), 0<u < my,

and
myu' =ms  (mod my), 0<u < my.
Subtracting the two congruences gives
my(u—u')=0 (mod my),
that is, my | my(u—u'). Since ged(m,, m;) = 1, we obtain my | (u—u'). Moreover, 0 < u,u’ < my
implies
—(my—1) <u—u <my— 1.
The only multiple of m; in this interval is 0, so u — v/ = 0. Hence v = u/. Therefore the required
integer u; exists and is unique. O

DEFINITION 5.4.3. For any (ki, ke, k3)-GM triple (m,, my, ms) in MT(ky, ko, k3, 0), let uy
denote the unique integer u satisfying (5.4.1). We call u; the characteristic number. Although
this definition gives u; for t € Q N (0, 00), we extend it to t € Q N [0, oo] by setting uo = —ko(1)
and uL = 1.

It may seem strange to use notation depending only on ¢ for a characteristic number defined
from a GM triple. However, by Proposition 5.3.2 (2), the Farey triple (r,t,s) is uniquely
determined by t. Thus u; depends only on ¢, and the notation is justified. We call this the
fraction labeling of characteristic numbers. We finish the section by recording an important
property of characteristic numbers.

PROPOSITION 5.4.4. For any reduced fraction t € [0,1]NQ, let uy be the characteristic number
with fraction label t in MT (ky, ko, k3, o), and put ky := k;,. Let u’ be the characteristic number
t

with fraction label % in MT(ky, ko, ks, 0"), where o* is the one appearing in Theorem 5.2.10.
Then

u :mt—ut—kt.

¥

The proof of this proposition requires additional tools and will be given later.



CHAPTER 6

Fence Posets and Generalized Markov Distance

In the preceding chapter we introduced generalized Markov equations, generalized Markov
trees, fraction labels, and characteristic numbers. These provide the arithmetic data needed to
treat generalized Markov numbers systematically. In this chapter we translate this arithmetic
picture into combinatorial and geometric language by introducing fence posets and the generalized
Markov distance. The main point is that generalized Markov numbers can be understood through
order ideals of posets and through intersections of curves.

We first associate a fence poset with a finite sequence of positive integers and show that the
number of its order ideals is encoded by continued fractions and continued-fraction matrices.
Thus the continued-fraction computations of Chapter 2 can be read as elementary combinatorics
of posets. We then prove skein relations for pairs of fence posets whose overlaps cross. Finally,
we assign a generalized Markov length to certain curves in the plane and define the generalized
Markov distance as the minimum of this length. This gives a geometric interpretation of the
generalized Markov numbers introduced in the preceding chapter.

The background of this chapter lies in cluster algebra theory. Snake graphs, introduced in
the surface model of cluster algebras, provide a combinatorial model for cluster variables and
are closely related to Markov-type phenomena; see [MSW11, MSW13]. The fence posets used
here are a simpler equivalent way to record the same combinatorial information in the situations
needed in this text.

The presentation is based on [BKK24, LLRS23, Ban25]. We specialize the cluster-
algebraic construction of [BKK24] to the present setting and present corresponding arguments
for general triples (ki, k2, k3), in parallel with [LLRS23| and [Ban25], which treat, respectively,
the classical case k1 = ky = k3 = 0 and the symmetric case k1 = ko = k3. The proof of the
results on generalized Markov distance follows the same basic ideas as [Ban25], but is arranged
in a form adapted to the present text.

1. Order Ideals of Fence Posets and Continued Fractions
DEFINITION 6.1.1. Let (P, <) be a poset. For z,y € P, we write x < y if
x <y and thereisno z € P such that z < z < y.
The relation < is called the cover relation of (P, <). The Hasse diagram of (P, =) is the graph

satisfying the following conditions.

e Its vertex set is P.
e For distinct vertices z,y € P, there is an edge between = and y if and only if either
r<yory<zwz.

The diagram is drawn so that, for every cover relation, the larger element is placed above the
smaller one. We do not draw orientations on the edges.

We will use posets whose Hasse diagrams are as simple as possible in the following sense.

DEFINITION 6.1.2. A finite poset (P, <) is called a fence poset if its Hasse diagram is a graph
with no branching.

In this text the vertices of the Hasse diagram of a fence poset P are labeled from left to right
by 1,2,3,...,m. Equivalently, one may identify the underlying set of P with {1,...,m} and
impose a partial order on this set. Let S = (ao,...,a,) be a finite sequence of positive integers,

72
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and put

We define a poset
Ps=({1,2,...,8, — 1},=)
as follows. For x € Pg, if s,_1 < x < s with s_1 := 0, set
e(z) = (-Dk.
For adjacent labels ,x + 1 with 1 <z < s, — 1, define the order by the cover relations
r<x+1 ife(x)=1,
r+l<zx ife(x)=-1.

Notice that the last label is s,, — 1, not s,. This convention makes the numbers of edges in the
successive blocks equal to

ap—1, a1, az, ..., an—1, an — 1
only the first and last blocks have one fewer edge than the corresponding entry of the sequence.
ExXAMPLE 6.1.3. For S = (3,2,1,2), the Hasse diagram of Ps is
3
VRN
/ 2 1 \ / 0 \
1 5 7

DEFINITION 6.1.4. Let (P, <) be a poset. A subset I C P is called an order ideal of (P, <) if,
whenever x € I, y € P, and y < z, one has y € I. In other words, I is downward closed. We
denote by J(P) the set of all order ideals of P.

Unlike ideals in a ring, the empty set is also regarded as an order ideal.

EXAMPLE 6.1.5. The order ideals of P33 1 9) are the following 27 subsets:
®7 {1}7 {5}7 {7}7 {17 2}’ {17 5}7 {17 7}7 {47 5}7 {57 7}7 {17 27 5}? {]" 2’ 7}? {17 47 5}7 {47 57 7}7 {57 6? 7}?
{17 27 4’ 5}? {17 27 57 7}7 {17 47 57 7}’ {]‘? 57 67 7}7 {47 57 6? 7}7 {1’ 2’ 37 47 5}7 {17 2’ 4’ 5’ 7}7 {17 27 57 6’ 7}7
{17 47 5’ 6’ 7}? {17 27 47 5’ 6’ 7}? {17 27 37 4’ 5’ 7}’ {17 57 7}’ {17 27 3? 4? 57 67 7}'

The key invariant of a fence poset in this chapter is the number of its order ideals. We write
N(P) :=#J(P).

Although listing all order ideals by hand is usually cumbersome, in the case of fence posets this
number is computed directly by continued fractions.

THEOREM 6.1.6. For a finite sequence of positive integers (ag,ay,...,a,), write
N(ao, Ceey an) = N<P(a0,...,an))'
If
Pn
— = [ao;ala v ,an]
dn
is written in lowest terms, then
N(ag, ..., an) = pn, N(ai,...,an) = qn.
Here we set N() = 1.
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PRrROOF. It suffices to prove that the numerator of [ag;ay,...,a,] is N(ag,...,a,) and that
the denominator is N(aq,...,ay,).
For n =0, we have py = ap and qo = 1. The poset P4 is the chain

1<2<-<ap—1,

so its order ideals are
0, {1}, {1,2}, ..., {1,2,...,a0 — 1}.

There are ag of them. Hence N(ag) = ag, and the convention N() = 1 gives the denominator.

For n = 1, the continued fraction has numerator aga; + 1 and denominator a;. The poset
Plag,a;) has a unique peak at the vertex labeled ag. Every order ideal other than the whole poset
is a disjoint union of an order ideal in the left chain {1,...,a9 — 1} and an order ideal in the
right chain {ag + 1,...,a0 + a1 — 1}. These choices give aga; ideals, and the remaining ideal is
the whole poset. Thus N(ag,a1) = apa; + 1 and N(a1) = a;.

Assume now n > 1 and use induction on n. The standard recurrences for continued fractions
show that it suffices to prove

(6.1.1) N(ag,a1,...,an) = apN(ag,...,an—1)+ N(ag,...,an—2),
N(ai,...,an) = apN(ay,...,an-1)+ N(ai,...,an—2).

The second identity is proved in the same way as the first, so we prove only the first.
Suppose first that n is odd. Then s, — 1 is a minimal element and s,_1 is a maximal element.
Divide the order ideals according to whether or not they contain s,_1. If an ideal contains s,_1,

then downward closedness forces it to contain the whole interval {s,_2,s,—2 4+ 1,...,s, — 1}.
The remaining part is an arbitrary order ideal of the induced poset on {1,...,s,_2 — 1}, and
hence gives N (ag, ..., a,—2) possibilities. If an ideal does not contain s,_1, then deleting the

vertex s,_1 identifies the remaining choices with order ideals of

P(aova’lv"'van—l) I—I P(tbn)7
where P* denotes the dual poset. This gives
N(ag,...,an—1)N(ay) = apN(ag,...,an—1)

possibilities. This proves (6.1.1) when n is odd. The even case is the same after interchanging
the two cases; the term a,N(ag, ..., a,—1) comes from the ideals containing s,_1, and the term
N(ag, . ..,an—2) from the ideals not containing it. O

Thus the number of order ideals of P, . 4,) is the numerator of the reduced fraction
[ap; a1, ..., ay,]. Dually, the following also holds.

THEOREM 6.1.7. The statement of Theorem 6.1.6 remains true if P, . q,) i replaced by its
dual poset P(*a0 .

)’

PROOF. The same recurrence as in the proof of Theorem 6.1.6 is obtained for the dual posets.

This proves the claim. O
COROLLARY 6.1.8. Let n > 1, and let (ag,...,a,) be a finite sequence of positive integers.
Then

_fao 1] [ar 1] [an 1] _ N(ag,...,an) N(ag,...,an—1)
o)~ |1 0|1 0 1 0] |[N(ai,...,an) N(ai,...,an1)]"

PRrROOF. This follows from Theorem 6.1.6 and the continued-fraction matrix formula, Theo-
rem 2.2.4. [l

This correspondence is the bridge between the combinatorics of fence posets and the theory
of continued fractions. We will also use the following elementary consequences.

PROPOSITION 6.1.9. Let (ag,ax,-..,ay) be a finite sequence of positive integers. Then:

(1)

N(ag,a1,...,ap-1,a,) = N(an,an_1,...,a1,ap).
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(2) If ay, > 2, then

N(ag,a1,...,an—-1,an) = N(ag,a1,...,an—1,an, —1,1).
If ag > 2, then
N(ap,a1,...,an—1,an) = N(1,a0 — L,a1,...,an_1,an).
ProOF. For (1), put F, = [¢{]. Since each F, is symmetric, we have

FanFanq"'Fao = (FaoFaf"Fan)T‘

Comparing the (1,1) entries and using Corollary 6.1.8 gives (1).
For (2), the continued-fraction identity

[ap; a1, ...,an] = [ag; a1, ..., an—1,an, — 1,1]

for a, > 2 gives the first equality by Theorem 6.1.6. Applying this equality to the reversed
sequence and then using (1) gives the second equality. Il

2. Skein Relations for Fence Posets

We next discuss relations among several fence posets. If P is a fence poset, we denote by
P(i) the vertex with label i. For i < j, let P[i,j] be the induced subposet on the vertices with
labels 4,4+ 1,...,7. If i > j, we set P[i,j] = 0.

DEFINITION 6.2.1. Two fence posets P; and P, are said to have an overlap if they contain
isomorphic subposets of the form

Rlzpl[cﬂd]v RZZPQ[Clvd,}'

The cases ¢ = d and ¢ = d’ are allowed. The isomorphism is required to respect the left-to-right
order of the labels; in other words, the corresponding pieces must have the same shape, rather
than mirror-image shapes.

An overlap is called a crossing overlap if the following three conditions hold:

e R; is upward closed in P;, and Ry is downward closed in Ps.
e It is not the case that ¢ =1 and ¢ = 1 simultaneously.
e It is not the case that d = hy and d’ = hy simultaneously, where h; = |P;|.

DEFINITION 6.2.2. Let P; and P» be fence posets with a crossing overlap
R1 = P1 [C, d] = PQ[C/, dl] = RQ.
The type 0 resolution of P; and P, is the four-tuple {Ps, Py, P5, Ps} defined as follows.

e P is obtained from P;[1,d] U Po[d’ + 1, ho] by keeping the induced order relations and
imposing P;(d) < Py(d' + 1).

e P, is obtained from P»[1,d'| U Pi[d + 1, h;] by keeping the induced order relations and
imposing Py(d’) > Pi(d + 1).

e The poset Pj is defined near the left endpoint. If ¢ > 1 and ¢ > 1, then P is obtained
from Pi[1,¢ — 1] U Py[1,¢ — 1] by imposing Pi(c — 1) > Py(¢/ — 1). If ¢ = 1, take the
largest v < ¢’ — 1 satisfying Pa(v) A Py(d — 1), or put v = 0 if no such v exists, and set
Ps = Py[1,v]. If ¢ = 1, take the largest u < ¢ — 1 satisfying P;(u) % Pi(c — 1), or put
uw = 0 if no such u exists, and set P5 = P;[1,u].

e The poset Py is defined near the right endpoint. If d < hy and d’ < hs, then Py is
obtained from Pj[d+ 1, hi|U Py[d’ + 1, ho] by imposing P (d+1) > Py(d' +1). If d = hq,
take the smallest v > d’ + 1 satisfying Py(v) A Po(d' 4+ 1), or put v = he + 1 if no
such v exists, and set Ps = Pa[v, ha|. If d’ = hg, take the smallest u > d + 1 satisfying
Py(u) # Pi(d+ 1), or put uw = hy + 1 if no such u exists, and set Ps = Pj[u, hy].

THEOREM 6.2.3. Let P1 and Py be fence posets with a crossing overlap. Let {Ps, Py, Ps, Ps}
be their type 0 resolution. Then

(6.2.1) N(P1)N(Pz) = N(P3)N(Py) + N(P5)N(Fs).

To prove the theorem, we introduce switching points.
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DEFINITION 6.2.4. Suppose that P; and P, have an overlap Pi[c,d] = P»[¢/,d'], and put
d — ¢ = m. For a pair of order ideals (I1,12) € J(P1) x J(P,), define the switching point by

k(I 1) i=min{i € {0,...,m} | Pi(c+i) €  «= Py(c +1i) € b }.
If no such ¢ exists, we say that the switching point does not exist.

LEMMA 6.2.5. Let Py and Py be isomorphic fence posets. For Iy € J(Py) and Iy € J(Ps),
the switching point of I1 and Iy does not exist if and only if

(11, 12) = (P1,0) or (I1,12) = (0, P»).

PROOF. Assume first that the switching point does not exist and that P;(1) € I; while
Py(1) ¢ I. The ideal condition and the fact that the two posets have the same local cover
relations force

P1(2) eI, P2(2) ¢12
Repeating the same argument along the fence gives Pj(i) € I} and P»(i) ¢ I for all i. Hence
I = Py and I, = (). The case P1(1) ¢ I; and P»(1) € I, is identical after interchanging the roles
of the two posets. The converse is immediate. O

PROOF OF THEOREM 6.2.3. It suffices to construct a bijection
T(P1) x J(Py) — (T (P3) x T (P1)) U (T (Ps5) x T (Fs)),

because the desired identity follows by comparing the cardinalities of the two sides. We divide
the proof into two cases.
Case 1: ¢>1,c >1,d < hy, and d’ < hy. We decompose

j(Pl)Xj(Pz):ALlB

and construct bijections from A to J(Ps) x J(Py) and from B to J(P5) x J(Ps), respectively.
We put A = A1 U Ay LI A3 U Ay, where

Ay ={(I1,L) e J(P) x J(P)|a switching point exists for Iy N R; and I3 N Ro },
Ay ={(I1,L) e T(P)x J(P) | LNk =0, LNRy=Ry },

LNR =Ry, LNRy=0,
P(d+1) e, P(d+1)¢ 12} ’
LNRi =Ry, LNRy=0,
Ay=S (I, L) e J(P) x J(P) | Pi(c=1) € [, P =1) ¢ In, p,
Pi(d+1)el, = Py(d +1) eI,
ILNRi =Ry, LNRy=0,
B:={(I;,I)) € J(P) x J(Py) | Pi(c=1) € I = Po(c — 1) € L,
Pd+1) el = Pd+1)el,

These subsets exhaust all of J(P1) x J(P). Indeed, by Lemma 6.2.5, if no switching point

exists, then the restrictions to the overlap are necessarily either I; N Ry = Ry, b, N Ry = 0, or

IRy =0, I N Ry = Ry; the four subsets Ay LI A3 L1 A4 LI B cover all non-switching cases.
We first define

Az = {(11,12) S j(Pl) X j(PQ)

(I)lt A— j(Pg) X j(P4)

The posets P3 and P, are obtained by gluing subposets of P; and P». Hence every element of Ps
or Py is naturally identified with an element of P; or P». We denote by Ps(7, j) and Py(i, ) the
elements of P3 and Py corresponding to the element with label j in P;. On the crossing overlap,
the same vertex may have both descriptions, one with ¢ = 1 and one with ¢ = 2.

Using this correspondence, for a pair (I1,I3) € A we define a pair (I3,14) € J(P3) x J(P4)
as follows. Let Ry C P; and Ry C P, be the crossing overlap in P; and P,, and write R3 C P
and R4 C Py for the corresponding parts in P3 and P,. First define the outside parts

Igm C P3\R3, L(fut C Py \ Ry
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by
P3(i,j) € I™ <= P3(i,j) € P3\ R3 and, if i = 1, P1(j) € Iy, while if i = 2, P(j) € Iy,
Py(i,j) € I <= Py(i,j) € Py \ Ry and, if i = 1, P1(j) € I1, while if i = 2, Py(j) € I5.
It remains to specify only the memberships on the overlap, Is N R3 and 14 N R4, and then we set
I3 := I" U (I3 N R3), Iy = I U (I4 N Ry).

Suppose first that (I1,12) € Aj, and let k be the label of the switching point on the P;
side and k' the corresponding label on the P, side. On R3 and R4, membership is defined by
exchanging the Pj-part and the Py-part at the switching point. More precisely,

Ps(1,j) e 3 <= Pi(j) € 1<j<k-1),

P3(2,5) € Is <= Py(j) € I» (K <j < hg),
and

Py(2,j) € Iy <= Py(j) € I» 1<j<k -1,

Py(1,§) € I < Pi(j) € I (k< j<hy).

This definition preserves downward closedness near the switching point. Away from the overlap
the ideals inherit downward closedness from I; and I5. Thus I3 and Iy are order ideals.
For Ay, Az, and Ay, the outside parts are again I$"" and I9"*, and only the memberships on
the overlap are prescribed as follows:
o If (11,12) € Ay, set sNR3 = Rz and Iy, N Ry = 0.
o If (I1,12) € A3, set I3sN R3 = 0 and I, N Ry = Ry.
o If (Il,fg) € Ay, set sNR3 = Rz and Iy, N Ry = 0.
This constructs ®1 (1, I2) = (I3, I4) for every (I1,I5) € A= A; U A Ll Ag L) Ay.
Next we define
dy: B— j(P5) X j(P@)
Since Ps; U Py corresponds to the vertices obtained from P; U P, by deleting Ry and Rs, for
(I1,I2) € B we define I5 to be the set of elements of P corresponding to

(L \ (1N R1)) U (I2\ (12N Rp)),

and define Ig similarly for the elements lying in Ps. By the definition of P; and Pz and by the
conditions defining B, the subsets I5 and Ig are order ideals. We set ®o(I1, I2) = (I5, Ig). Thus
we have defined a map

D =P LDy

from AU B to (J(Ps) x J(Pa)) U (T (Ps) x J(Ps)). We prove that ® is bijective by constructing
its inverse.
Let (x) denote the order ideal generated by x. We first define

\Ifli j(Pg) X j(P4) — j(Pl) X j(PQ)
We decompose J(P3) x J(Ps) into the following subsets A}, A5, A5, and Aj:
A’l ={(I3,1;) € T(P3) x T (Py) | & switching point exists between I3 N R3 and Iy N Ry },
IsNR3=R3, I,NRy=0,
P4(1,d+1)€[4, P3(27d/+1)¢13 ’
Ag = {(13,14) S j(Pg) X j(P4) | IsNR3 = @, IsN Ry = Ry }7
I3N Ry = Rs, R4ﬂf4=@,
Py(l,d+1) ey = P35(2,d +1) e I3]

The posets Ps3 and Py are obtained by gluing subposets of P; and Ps, so every element of P; \ R;
and P, \ Ry naturally corresponds to an element of either P3 \ R3 or Py \ R4. For any pair
(I3,14) € J(P3) x J(Py), define the outside parts

IfUt CP1\R1, Ié)ut CPQ\RQ

Ay = {(13714) € J(P3) x J(P4)

AQL = {(13,14) € j(Pg) X j(P4)
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as follows. An element z € P; \ Ry belongs to I precisely when the corresponding element
of P; or Py belongs to I3 or Iy, respectively. Similarly, an element y € P, \ Ry belongs to 19"
precisely when the corresponding element of P3 or P4 belongs to I3 or I, respectively. It remains
to prescribe the memberships on R; and Ry, and then we set

I := I U (I N Ry), I :=I$"U (I, N Ry).
We prescribe the overlap according to the subset A} containing (I3, Iy).

o If (I3,14) € Al, let k be the label of the first switching point on the Pj side and &’ the
corresponding label on the P, side. Define membership on R; and Ry by

Pi(j)e ) < P5(1,j) € I3 (1<j<k-1),
Pi(j)e L < Py(1,j) € I4 (k< j<h),
Py(j) € I <= Py(2,5) € Iy (1<j<Kk-1),
Py(j) € Iy <= P3(2,7) € I3 (k' < j < hy).

o If (13,14) S AIQ, set 1 "Ry =0 and I N Ry = Ro.
o If (13,14) S Aé, set 1 "Ry = Ry and Is, N Ry = 0.
o If (13,14) € Aﬁl, set 1 "Ry = Ry and Is N Ry = 0.
With these definitions, Uy (I3, I4) = (11, [2) satisfies ¥ (A)) C A; for every 4; this is checked

directly from the definitions. Hence ¥, is a well-defined map from J(P3) x J(Py) to A.
We next define

Uo: J(P5) x J(Ps) — B.

The union Ps; U Pg naturally corresponds to the set obtained from P; U P, by deleting the
vertices of Ry and Ro. Thus every element of P; U Ps naturally corresponds to an element of
(PL\ R1)U (P \ Ry). For (I5,Is) € T(Ps) x J(Fs), put

S:=I;Ulg C P5sUP;.

Using the natural correspondence above, we regard S as a subset of (P \ R1) U (P2 \ R2) and
define

I = (Sﬂ(Pl\Rl))URl, I ::SQ(PQ\RQ).

Here we add R; because the definition of B requires Ry C I1. Then (I1,1) € J(P1) x J(P2),
and we obtain a map

\1122 j(P{,) X j(Pﬁ) — B.
Therefore

U.=U; 4Ty (j(Pg) X j(P4)) (] (j(P5) X j(PG)) — j(Pl) X j(Pg)

is defined. Tracing the correspondences shows that ¥ is the inverse of ®. Thus & is bijective,
and the theorem follows.

Case 2: the remaining endpoint cases. The proof is the same as in Case 1, except that the
definitions of Ay, Ag, As, As, B, A}, A5, A%, Al are modified at the endpoints in the natural way:

e If ¢ = 1, then the condition “P;(c — 1) € I;” is omitted from the definition of A4, and
the condition “Pj(c — 1) € I} = P5(d — 1) € Iy” in the definition of B is replaced by
“PQ(C/ — 1) el

e If ¢ =1, then the condition “Py(¢’ — 1) ¢ I” is omitted from the definition of A4, and
the condition “Pi(c — 1) € I} = P5(d — 1) € Iy” in the definition of B is replaced by
“Pi(c—1) ¢ I

e If d = hy, then the condition “Py(d + 1) € I;” is omitted from the definition of Ag,
and the condition “Pj(d+ 1) € Iy = P»(d' + 1) € I” in the definitions of A4 and B
is replaced by “Pa(d' + 1) € Iy”. The condition “Py(1,d + 1) € I,” is omitted from
the definition of A), and the condition “Py(1,d + 1) € Iy = P3(2,d' + 1) € I3” in the
definition of A} is replaced by “P3(2,d + 1) € I3”.



2. SKEIN RELATIONS FOR FENCE POSETS 79

e If d’ = hy, then the condition “Ps(d' + 1) ¢ I5” is omitted from the definition of As,

and the condition “Pj(d+ 1) € I1 = P»(d' + 1) € I” in the definitions of A4 and B

is replaced by “Py(d + 1) ¢ I,”. The condition “P5(2,d’ + 1) ¢ I3” is omitted from

the definition of A, and the condition “Py(1,d + 1) € Iy = P3(2,d' + 1) € I3” in the
definition of A} is replaced by “Py(1,d+ 1) ¢ 1"

If an empty interval appears at an endpoint, it is interpreted according to the convention

PJi, j] = (0. Under this convention the maps and inverse maps constructed above still preserve

the order-ideal condition in the boundary cases, and the same verification as in Case 1 shows

that they are mutually inverse. This completes the proof. O

EXAMPLE 6.2.6. Let Py := P(391) and P, := P 29y, and consider
Ry := P1[2,3], Ry := Py[2,3].

The Hasse diagrams of P; and P, are as follows; the overlap is shown in red.
21 19

Py :11/ \ Py \22 49
N N,

Both R; and R are two-element chains. Moreover, R; is upward closed in P; and Ry is downward
closed in Ps, so this is a crossing overlap. Hence the type 0 resolution {Ps, Py, P5, Ps} is

P5 : the poset on Pi[1,3] U P[4,4] with the additional relation P;(3) < P(4),

Py : the poset on P»[1,3] U P;[4,4] with the additional relation P»(3) > P;(4),

Ps : the poset on Pi[1,1] U P[1,1] with the additional relation P;(1) > Pa(1),

Ps : the poset on P;[4,4] U Py[4,4] with the additional relation P;(4) > P(4).
Therefore the Hasse diagrams are as follows.

1o

AN

_ 21 49 ' 29 _ 1 ' 44
Ps: / \ / Py \ Ps: | Fs - |
1; 31 32 12 42

AN

41
The corresponding numbers of order ideals are

N(P))=N(2,2,1)=7,N(P2) = N(1,2,2) =7,N(P3) = N(2,1,2) = 8,
N(Py) =5,N(P5) = N(F) = 3.
Thus
N(P)N(Py)=7-7T=49=8-5+4+3-3= N(P3)N(Py) + N(P5)N(FPs),
which verifies Theorem 6.2.3 in this example.

There are two endpoint variants of the same relation. We record them because they will be
used for curves.

DEFINITION 6.2.7. Let two fence posets P, P> be given, and choose an integer 1 < i < ho :=
| P»| satisfying P5(i) > Po(i + 1). The type 1 resolution of P; and P, with respect to i is defined
as the quadruple of fence posets {Ps, Py, Ps, Ps}, where Ps, Py, Ps, Ps are as follows.

e P3 is the poset on P} U P[1,7] with all induced order relations, together with the
additional relation P5(i) < Py(1).

e Let v > i be the smallest integer satisfying Pa(7) % P»(v), if such an integer exists, and
put v = hg + 1 otherwise. Let Py be the subposet Py[v, hg| of Ps.

e P; is the poset on P} U Pyfi + 1, ho] with all induced order relations, together with the
additional relation P(i 4+ 1) > P;(1).

e Let u < i be the largest integer satisfying Pa(i) A P(u), if such an integer exists, and
put u = 0 otherwise. Let Ps be the subposet P3[1,u] of Ps.
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THEOREM 6.2.8. For a type 1 resolution of fence posets,
(6.2.2) N(P1)N(Pp) = N(P3)N(Py) + N(P5)N(Fs).
Proor. It suffices to construct a bijection
T (Pr) x T(Py) — (T (P3) x T (Pa)) U (T (P5) x T (Fs)),
because the desired identity follows by comparing cardinalities. We first decompose
J(P) x J(P)=AUB,
where
A={1,1) e J(P) x T (P) | P,(i+1) € Iy and (Pi(1) € Iy = P(i) € 1)},
B={(11,15) e J(P) x J(P) | P2(i+1) ¢ Iy or (P;(1) € I) and P5(i) ¢ I5)}.
We define
D1 A— J(Ps) x J(Py).
For (I, I2) € A, define (I3, 14) by
x € I3 <= the element of P; or P» corresponding to x belongs to I; or Iy, respectively,
y € Iy <= the element of P, corresponding to y belongs to I5.

By the defining condition of A, the subsets I3 and Iy are order ideals of P3 and Py, respectively.
We set @1([1,]2) e (13,14).
Similarly, define
q)g B — j(Pg)) X j(Pﬁ)
For ([1,]2) € B, define (15716) by
x € I5 <= the element of P; or P» corresponding to z belongs to I; or Iy, respectively,
y € Ig <= the element of P, corresponding to y belongs to Is.

By the defining condition of B, the subsets I5 and Ig are order ideals of P5 and Pg, respectively.
We set @2([1,[2) = (15716)- Thus

D =P LDy
is a map from AU B to (J(P3) x J(Py)) U (T (Ps) x J(Fs)). We prove that it is bijective by
constructing an inverse.

For (I3,14) € J(P3) x J(Py), define (I, 1) € J(Py) x J(P,) by
Pi(j) € I <= P3(1,)) € I3,
Py(j) € Iy <= P5(j) € (P2(i + 1)) or P3(2,7) € I3 or Py(2,5) € I4.
Then I; and I are order ideals of P; and P». This defines a map
Uy J(P3) x T(Py) — J(P1) x J(P).
From the definition, one checks that ¥y (J(P3) x J(Py)) C A.
Likewise, define
Uy: J(P5) x J(Ps) — B.
For (I5,1s) € J(P5) x J(Ps), define (11, 1) € J(Py) x J(P,) by
Pi(j) € I <= P5(1,j) € Is,
Py(j)ely <= (j>i+1and P5(2,5) € I5) or (j <iand Ps(j) € Is).
Then I; and I are order ideals of P; and P». This defines a map
Uy: J(Ps) x J(Ps) — J(P1) x J(Pa),
and from the definition one checks that Wy (J(P5) x J(Ps)) C B. Thus
U= UWUy: (J(P3) x J(Py))U(T(Ps) x T (Fs)) — AU B

is defined. Tracing the correspondences shows that ® and ¥ are mutually inverse. Hence & is
bijective, and the theorem follows. (Il
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EXAMPLE 6.2.9. Let Py := Py and P, := P399, and take ¢ = 2. In P» we have
P»(2) > P5(3). The diagrams are as follows; the local part used in the resolution is shown in red.

29
2
P / Py :12/ \32 59
L N S

49
Thus we can take the type 1 resolution of P, and P, with respect to ¢ = 2. In this case the
smallest v > 2 satisfying P»(2) # P>(v) is v = 5, and the largest u < 2 satisfying P»(2) £ Pa(u)
is u = 1. Hence the type 1 resolution {Ps, Py, P5, Ps} is

P5 : the poset on P U Py[1,2] with the additional relation P»(2) < Py(1),

Py := P[5, 5],
Ps : the poset on Py U P,[3,5] with the additional relation P»(3) > P(1),
Ps := Py[1,1].

Therefore the Hasse diagrams are as follows.

21

11/ 52 32 2
Ps: / Py:5 P \ / \ / Ps: 1o
49 1

1o
Hence
N(P,)=N(2,1) =3,N(P,) =N(2,2,2) =12, N(P;) = N(5) = 5,
N(Py) =N(1,1)=2,N(P;) = N(2,1,1,2) = 13, N(Fs) = N(1,1) = 2.
Therefore

N(P)N(Py) =3-12=36=5-2+4+13-2= N(P3)N(Py) + N(P5)N(Fs),
so the identity (6.2.2) holds in this example.
DEFINITION 6.2.10. Let two fence posets Py, P> be given. The type 2 resolution of P, and P
is defined as the quadruple of fence posets {Ps, Py, P5, Ps}, where Ps, Py, P5, Ps are as follows.

e Ps is the poset on P; U P, with all induced order relations, together with the additional
relation Py (1) > Py(1).

e P, is the empty poset.

e Put hy :=|P1|. Let v be the smallest integer satisfying v > 1 and Py(1) % Pi(v), if such
an integer exists, and put v = hy; + 1 otherwise. Let Ps be the subposet Pj[v, h;] if
v < hq, and the empty poset if v = hq + 1.

e Put hy := |P,|. Let u be the smallest integer satisfying u > 1 and Py(1) A Pa(u), if
such an integer exists, and put u = hy + 1 otherwise. Let Ps be the subposet Pslu, ho]
if u < hg, and the empty poset if u = hg + 1.

THEOREM 6.2.11. For a type 2 resolution of fence posets,
(6.2.3) N(PL)N(P,) = N(P5)N(Py) + N(P5)N(Fs).
Proor. It suffices to construct a bijection
T(P1) x T (Py) — (T(Ps) x T (Py)) U (T (P5) x T (Fs)),
because the desired identity follows by comparing cardinalities. We first decompose
J(P1) x J(P)=AUB,
where
A={(1,L) e J(P) x J(P) | (1) e [, = P,(1) € Ix},
B={(I1,I5) e J(P) x J(P,) | Pi(1) € I and P5(1) ¢ I>}.
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We define
(I)lt A— j(P3) X j(P4)
For (I, I2) € A, define (I3, I4) as follows: set I, = (), and put

x € I3 <= the element of P; or P, corresponding to x belongs to Iy or I, respectively.

By the defining condition of A, the subsets I3 and Iy are order ideals of P3 and Py, respectively.
We set @1([1,]2) = (13,14).
Similarly, define
®y: B— J(P5) x J(PBs).
For (I, I2) € B, define (I5, I) by
x € I5 <= the element of P; corresponding to x belongs to Iy,
y € Ig < the element of P, corresponding to y belongs to Is.

By the defining condition of B, the subsets I5 and Ig are order ideals of P5 and Pg, respectively.
We set @2([1,[2) == (15716)- Thus
D= Py LDy

is a map from AU B to (J(Ps) x J(Py)) U (J(P5) x J(Ps)). We prove that it is bijective by
constructing an inverse.

For (I3,14) € J(P3) x J(Py), define (I, 1) € J(Py) x J(P2) by
Pi(j) € I, < P3(1,j) € Is,
Py(j) € Iz <= P3(2,j) € Is.
Then I; and I are order ideals of P; and P». This defines a map
Uy J(Ps) x J(Py) — J(P1) x T(Pa).

From the definition, one checks that Wy (J(P3) x J(Ps)) C A.
Likewise, define

Uo: J(P5) x J(Ps) — B.
Here (P;(1)) denotes the principal order ideal generated by P;(1), namely
{reP|z=<P(1)}

For (I5,1s) € J(P5) x J(Ps), define (11, I) € J(Py) x J(P,) by

Pi(j) € I <= P1(j) € (P1(1)) or P5(1,j) € I,

Py(j) € Iz <= Ps(j) € Is.
Then I; and I are order ideals of P; and P». This defines a map

Uo: J(P5) x J(Ps) — J(P1) x J(Pa),
and from the definition one checks that Wy (J(P5) x J(Ps)) C B. Thus
U= Uy (J(Ps) x J(Pa)) U(T(Ps) x J(Ps)) — AUB

is defined. Tracing the correspondences shows that ® and ¥ are mutually inverse. Hence ® is
bijective, and the theorem follows. O

EXAMPLE 6.2.12. Let Py := P31y and P, := P32 9), and consider
Ry := Py[2,2], Ry := P[1,1].

The Hasse diagrams are as follows.
29
21 / \
P1 : / PQ 112 32 52

L N S

4y
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Here the smallest v > 1 satisfying P;(1) # Pi(v) is v = 2, and the smallest u > 1 satisfying
Py(1) #£ Po(u) is u = 3. Hence the type 2 resolution {Ps, P4, Ps, Ps} is

P5 : the poset on P; U P, with the additional relation P;(1) > P5(1),

P4 = @,
P5 = P1[2,2],
P@ = PQ[?), 5]

Therefore the Hasse diagrams are as follows.

11 22 32 52

Ps: \ / \ Pi:0) Ps:2, Ps: \ /
1o 32 59 49
N,

Consequently,
N(P) = N(2,1) = 3,N(P,) = N(2,2,2) = 12, N(P;) = N(3,1,2,2) = 26,
N(Py) =1,N(Ps) = N(1,1) =2,N(Fs) = N(2,2) = 5.
Thus
N(P)N(P,)=3-12=36=26-1+4+2-5= N(P3)N(Py) + N(P5)N(Fs),
which verifies (6.2.3).

The identities in Theorems 6.2.3, 6.2.8, and 6.2.11 are called skein relations. The name comes
from the geometric picture: two crossing curves are resolved in two possible ways, and the two
products of order-ideal numbers satisfy the above exchange relation.

3. Generalized Markov Length and Generalized Markov Distance

Fix (ki1, ko, k3) € Zio and o € &3. We place marked points in R? as follows:
(1) every lattice point (a,b) € Z?;
(2) if k(1) # 0, every point of the form (a/2,b) with (a,b) € 72;
(3) if ky(2) # 0, every point of the form (a/2,b/2) with (a,b) € Z?;
(4) if ky(3) # 0, every point of the form (a,b/2) with (a,b) € Z*.
We also draw all lines of slopes 0, —1, and oo through lattice points. These lines triangulate the

plane. The resulting marked triangulated plane will be denoted by R2. An edge of R2 means a
segment of one of these triangulating lines between two consecutive marked points. Such an edge
need not be a full side of one of the smallest triangles, because a midpoint may split it into two
edges. .
A curve segment in R2 is a curve whose endpoints are marked points and that satisfies the

following conditions:

e its interior does not pass through a marked point;

e whenever it meets an edge of R2, the intersection consists of one point and the curve

crosses the edge transversely;
e it has only finitely many self-intersections.

In this section we mainly consider curve segments whose two endpoints are lattice points.

DEFINITION 6.3.1. A curve segment 7 in R2 is called a generalized arc if its two endpoints
are lattice points and if no two consecutive edge crossings of v occur on the same edge of R2.

We now associate a finite sign sequence with an oriented generalized arc. The signs are
assigned to the triangles and edges crossed by the arc.

DEFINITION 6.3.2. Let ~ be an oriented generalized arc in R2.
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(1) Suppose that an endpoint of 7 is a lattice point. Consider a triangle having that
endpoint as one of its vertices and crossed by v through the side opposite that vertex.
To such a triangle we assign one sign, either — or +; see Figure 1. If v crosses a side
that is not opposite to the endpoint, then no sign is assigned to that triangle. We call

ENSIN SNSRI

FIGURE 1. — or + signs assigned at an endpoint triangle

this rule the endpoint rule for . For each such endpoint triangle, the assigned sign may
be chosen to be either — or +. This arbitrariness does not affect the later theory, as
noted in Remark 6.3.5.
(2) For each triangle of R? crossed by 7, assign a sign from {+, —} according to the following
rules.
(i) If cutting the triangle along v makes the region on the left-hand side of 7 into a
quadrilateral, assign the sign — to that triangle; see Figure 2.

A RN

FIGURE 2. Right triangles to which the sign — is assigned

(ii) Assign the sign + to every other such triangle; see Figure 3.

PN ENNN

Ficure 3. Right triangles to which the sign + is assigned

We call this rule the triangle-crossing rule for .
(3) For each edge contained in a triangle whose interior meets -+, assign signs by the following
rules.
(i) For each horizontal edge, diagonal edge, or vertical edge, if its midpoint lies on the
left side of v, then assign respectively k,(1), ko (2), OF k5 (3) copies of the sign —; see
Figure 4.

e

FIGURE 4. Edges to which the sign — is assigned

(ii) For each horizontal edge, diagonal edge, or vertical edge, if its midpoint lies on the
right side of v, then assign respectively k1), ky(2), or ky(3) copies of the sign +;
see Figure 5.

(iii) Suppose that, after crossing one edge, the arc immediately crosses an adjacent edge
without crossing the interior of a triangle; see Figures 6 and 7. In this exceptional
case, first determine the sign type + or — for the two edges by rules (i) and (ii);
the two edges receive the same sign type. If the two edges are horizontal, diagonal,
or vertical, then assign respectively k,(1) — 1, ky(2) — 1, or kg (3) — 1 copies of that
sign to each of the two edges, and additionally assign one sign of the opposite type
to the marked point shared by the two edges. If k,(;) = 0, then the midpoint of

the corresponding edge is not a point of R2, so this situation cannot occur by the
definition of a generalized arc.
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T

FIGURE 5. Edges to which the sign + is assigned

v s 4 b

FIGURE 6. Exceptional treatment of the — 4+ — type

RN =

FIGURE 7. Exceptional treatment of the + — + type

We call this rule the edge-crossing rule for ~.

Fix (ki, k2, ks) and o, and let v be a generalized arc. We define a finite sequence s(7y) as
follows.

(1) List, in the order in which « passes them, all signs assigned by the endpoint, triangle-
crossing, and edge-crossing rules. In the exceptional edge case, the sign assigned to the
common marked point is placed between the two edge contributions.

(2) Compress this sign string into the sequence of run lengths of consecutive equal signs.
The resulting sequence of positive integers is denoted by

s(v) = (agy ..., an)
and is called the sign sequence associated with ~y.

If s(v) = (ao, - .., an), define a fence poset P, as follows. Its underlying set is

n
{1.2,....)) Jai —1}.
=0

Reading the signs from the initial endpoint of v, impose
i<<i+ 1 if the (i + 1)-st sign is +,
and
i>i+1 if the (i + 1)-st sign is —,
for 1 <7 <37 ga; — 2. The first and last signs do not affect the cover relations of P, .
The number of order ideals of P, is called the (k1, k2, k3, 0)-generalized Markov length, or

simply the GM length, of ~. It is denoted by |y|. Although the notation does not show it, both
s(y) and |y| depend on (ki, k2, k3) and o.

PROPOSITION 6.3.3. If s(7) = (ao,a1,...,an), then Py is isomorphic either to P . 4,) OT
to its dual P(*;O )’ In particular,

7| = N(ao, ..., an).

PRrROOF. The sequence s(y) = (ao, - . ., a,) records the lengths of the maximal blocks of equal
signs. The poset P, changes the direction of its cover relations precisely when the sign changes.
Thus the successive blocks of cover relations in P, have lengths

apg — 1, ai, a4g,y..., Ap—-1, Ap — 1,

which are exactly the block lengths in the definition of P, . 4,). If the first relevant sign gives
the same orientation as in the definition of P, . 4,), then Py = P, ,.y; otherwise all cover
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relations are reversed, and Py = Pg . The formula for |7| follows from Theorem 6.1.6 and

Theorem 6.1.7. ]
EXAMPLE 6.3.4. For (k1, ks, ks,0) = (1,2,0,id), one generalized arc has sign sequence
s(y)=1(3,7,1,6,2,1,3,1,2,2,6,5).

Therefore Theorem 6.1.6 gives
vl = N(3,7,1,6,2,1,3,1,2,2,6,5) = 551409.

~_
N ++_>§\, B

(NN
T

> ++
N +/- -
Co

FIGURE 8. A generalized arc v and the assigned signs

REMARK 6.3.5. By Proposition 6.1.9 (1), the value |y| is unchanged if the orientation of -y
is reversed. By Proposition 6.1.9 (2), it is also unchanged by the arbitrary choices of endpoint
signs in the endpoint rule.

We now define the distance obtained by minimizing GM length.

DEFINITION 6.3.6. For lattice points A, B in H@, put
I'(A, B) := {7 | 7 is a generalized arc joining A and B}.

Define
min , A+# B,
JA.B) = | +ettin) v, A#
0, A=B.

We call d(A, B) the (ki, ko, ks, o)-generalized Markov distance, or simply the GM distance,
between A and B. Despite the terminology, this is not a metric in general, since it need not
satisfy the triangle inequality.

The next theorem identifies the arcs that realize this minimum. Let 'ny be a generalized arc
obtained by slightly perturbing the straight segment from A to B to the right, and let ’yﬁ p be the
analogous left perturbation. The perturbation is chosen so that it crosses the same triangles and

edges that the straight segment crosses, but avoids the marked points of R2. Figure 9 illustrates
these two perturbations.

THEOREM 6.3.7. For two lattice points A, B € @2,
d(A, B) = ”YEB’ = ”foB’-
We first record several lemmas.
LEMMA 6.3.8. For any two lattice points A and B, one has
"YEB‘ = \”YﬁB‘-

PRroOF. The two arcs have sign sequences that are reverse to each other, up to the harmless
endpoint modifications described in Remark 6.3.5. The assertion follows from Proposition 6.1.9.
O
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B

L
JAB

R
TAB

FIGURE 9. va and VﬁB

LEMMA 6.3.9. Let A, B be lattice points and let v € Z2. Then d(A +v, B +v) = d(A, B).

PRrooOF. Translation by v preserves the triangulation, the marked points, the signs assigned
by the rules above, and hence GM length. Taking minima gives the claim. O

LEMMA 6.3.10. Let vy be a generalized arc with endpoints A and B. If v has a non-contractible

self-intersection, then
17| > d(A, B).

PROOF. The assertion is clear when A = B, so assume that A and B are distinct. Let C be
a self-intersection point of . Since v passes through C' twice, we can decompose  into three
curve pieces

Y= 717273,
where 7, is the part up to the first passage through C, s is the part between the two passages
through C', and ~3 is the part after the second passage through C'. With the orientations induced
from -, the curve 7, starts at A, and 3 ends at B.

Let +' be the generalized arc obtained by concatenating ~; and 3 and then repeatedly
applying the cutting-and-gluing operation of Figure 10 whenever the resulting curve passes
through the same edge twice in succession. In this construction, we keep the positions of the
intersections of v and ~3 with the edges of R2 unchanged. Among the intersection points of ~/
with edges of R2, let p; be the one contained in v, and farthest from A along ; the curve, and let
ps3 be the one contained in 73 and farthest from B. Let A be the triangle of R2 containing both
p1 and ps.

_>
A //7

| /

FI1GURE 10. Cutting and gluing when the midpoint of the central diagonal is not

a marked point of R2

We first consider the case where A is not a triangle containing an endpoint of . Figure 11
gives an example of the local configuration of v and +/; the curve 7/ need not cross the right-angled
part exactly as in the picture, but the same argument applies in all cases.

Put h = |P,|. By the construction of 4/, there are integers u < v such that P,/ is obtained
from the induced subposet on

P,[1,u] U Py[v, h]
by adding one edge between P, (u) and P, (v). In what follows we use the same integer labels for
the corresponding elements of P,.
We prove |y| > |7/|. It suffices to give an injective but non-surjective map

T (By) — T (Py).
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D

C
D3

/
A

b1
/

£
|

FI1GURE 11. An example of a local configuration

For an order ideal I’ € J(P,), define an order ideal I € J(Py) as follows. For z € [1,u — 1] U
[v+ 1, h], impose
Py(z)el < Py (z)el

At the two gluing endpoints we impose

Py(u) ¢ I' = Py(u) ¢ 1, Py(u) € I' = (Py(u)) C I,

Py(v) ¢ I' = Py(v) ¢ I, Py(v) e I' = (Py(v)) C I.
For all remaining = € [u+ 1,v — 1], put Py(z) ¢ I. This gives an injective map

o J(Py) — J(Py).
We show that ® is not surjective. Suppose first that v ¢ (Py(v)) or v ¢ (Py(u)). Then the
interval P,[u + 1,v — 1] contains either a minimal element or a maximal element of P,. Let this
element be P,(w). Then (P,(w)) is an order ideal of P, but it is not in the image of ®.
It remains to consider the case u € (Py(v)) and v € (Py(u)). In this case, the order ideal

(Py(u+ 1)) is not in the image of ®; equivalently, one may use (Py(v —1)). Hence ® is never
surjective.

The cases where A is the first or the last triangle are treated by the same construction of ®,
with the evident endpoint modification, and the same failure of surjectivity. Therefore

Iyl > [¥'| > d(A, B),
which proves the desired inequality. [l

We now use the idea of skein resolution. This is the standard operation of replacing a crossing
of curves by two pairs of locally smoothed curve pieces. Locally the operation is represented as

follows.

I/ \\ I/ \\ 1/\/\\

a P RN

\ / \ / \ /
In the present text we apply this operation to intersections of two distinct generalized arcs,
not to self-intersections. Resolving one crossing produces four generalized arcs in total, two
from one smoothing and two from the other. If a smoothed curve is not itself a generalized arc

because it passes through the same edge of R2 twice in succession, we replace it by the homotopic
generalized arc obtained by the cutting-and-gluing operation of Figure 10.

THEOREM 6.3.11. Let 71 and 2 be generalized arcs in R? that intersect in minimal position.
Fiz one intersection point C, and let v3,v4, 75, V6 be the four generalized arcs obtained by skein
resolving this crossing. Here 3 starts at the initial point of v1 and ends at the terminal point of
Yo, V4 starts at the initial point of vo and ends at the terminal point of v1, 5 starts at the initial
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point of v1 and ends at the initial point of 2, and g starts at the terminal point of v1 and ends
at the terminal point of va. Then, for every (ki, ko, ks) € Z?’ZO and every o € Gs,

71l [v2] = 3| [val + |5l el

PRrROOF. Consider the triangle or edge of R? containing the chosen crossing C'. There are two
possibilities. The crossing may be movable, in the sense that by a homotopy one can move it
between adjacent triangles and edges, or it may be non-movable. In the latter case the crossing
necessarily lies in the interior of a triangle; see Figure 12.

C C
/
7 N

FIGURE 12. A movable crossing point (left) and a non-movable crossing point (right)

First assume that the crossing is movable. Then the two arcs contain a common parallel-
running interval, made of triangles and edges through which the two arcs pass in the same way,
and containing the crossing C. Orient v; and 2 so that they run through this common interval
in the same direction, and consider the associated fence posets P,, and P,,. Let P, [c,d] and
P.,[¢,d'] be the subposets determined by the signs in the whole parallel-running interval. Then

Y2
Pyle.d) = P[d d).

Moreover the inequality immediately before the interval in P, is reversed relative to the
corresponding inequality in P,,, and the same is true at the end of the interval. Otherwise the
parallel interval could be extended. The left-right relation of v; and 2 must also be reversed
between the entrance and exit of the interval; otherwise the two arcs would not cross in that
interval. Hence P,, and P,, have a crossing overlap along these subposets.

Label the curve for which the overlapping subposet is upward closed by 1, and the other
one by 2. Applying the type 0 skein relation (6.2.1) to P = P, and P, = P,, gives the desired
identity. Indeed, the two arcs obtained by reconnecting along the orientations correspond to
the posets P3 and Pj in (6.2.1); these are precisely P,, and P,,. The other smoothing pair
corresponds to Ps and Fg, namely P, and P,,. Proposition 6.3.3 identifies N(P,,) with |v;], so
the asserted formula follows.

It remains to treat the case where C' is non-movable and lies in a triangle. There are three
cases:

(1) C lies in the first or last triangle of 71, and in an interior triangle of ~o;
(2) C lies in the first or last triangle of both v; and vs;
(3) neither of the preceding cases occurs.

If C lies in the first or last triangle of 72 and in an interior triangle of -1, then interchanging the
roles of 1 and 72 reduces this to case (1).

In case (1), orient 2 so that the sign assigned by the sign rule to the triangle containing C' is
—. Let 7,741 be the two adjacent vertices of P,, whose order relation is determined by this sign.
Applying the type 1 resolution to P,, and P,, at this ¢, Theorem 6.2.8 gives the desired identity.

In case (2), orient both arcs so that the endpoint contained in the triangle of C' is the initial
point. Applying the type 2 resolution, Theorem 6.2.11 gives the desired identity.

Finally, consider case (3). Among the three sides of the triangle containing C, there is a
side crossed by both 71 and ~2. Let this side be . Its midpoint is necessarily a marked point
of R?; write the two edges of R? obtained by splitting ¢ at this midpoint as ¢; and f5. The
arcs 1 and 2 meet different ones of these two edges. We may assume that v; meets ¢; and ¥,
meets f5. Orient the arcs so that they pass through ¢; or ¢ before passing through C'. Then the
element of P,, whose order relations are determined by the sign of £; and the sign of the triangle
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containing C, and the corresponding element of P,, determined by /2 and the same triangle,
form a crossing overlap. Applying the type 0 skein relation (6.2.1) proves the formula in this last
case as well. |

EXAMPLE 6.3.12. Let (k1, k2, k3) = (1,1,1). Since this is the symmetric case, the choice of &
is irrelevant. Consider the two arcs ;1 and v shown below.

AN
+3S
N N
+
+ __
| L
" N
V2
Then
Resolving their crossing gives the four arcs ~s,v4, 75, 76 below.
_\l_
N\ Dy F —
| - ) +
R NG
+ N3 N o
u T
N
Y3 Y6

For these arcs one has
lv3] = N(1,4,1,1) = 11, |y4| = N(4,1) = 5,|v5| = N(1,2,1,1) =7, || = N(1,1,2,1) = 7.
Here the sign sequence of 75 includes the exceptional edge treatment. Thus
[mllyel =13 -8 =104, [vsllval + 1sllvel = 11-5+ 77 =104,
and hence
llval = bsllval + syl

For later use we also introduce the mixed perturbations. Let M be the midpoint of A and B.

The arc v§% follows %5 from A until just after passing M, and then follows %5 to B. Similarly,

7EE follows vk 5 first and v55 after the midpoint.

RL
YAB

LR
AB

FIGURE 13. %L and ~4%
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LEMMA 6.3.13. Let A and B be distinct lattice points, and let M be their midpoint. If M is
not a lattice point, then

I L
VABl = IvABl-
ProOOF. If the open segment AB contains no marked point of H’%\é, then the four arcs
RL LR R L
YAB» YAB> 7YAB> VAB
are mutually homotopic as generalized arcs. Hence their GM lengths are all equal. If the open

segment AB contains exactly one marked point, then v§% is homotopic to v¥5, and v4E is
homotopic to 'yfl - Therefore the assertion follows from Lemma 6.3.8. In the rest of the proof

we assume that the interior of AB contains at least two marked points of R2.
Let A’ be the first lattice point on the segment AB after A. We first consider the case where
the second sign attached to 'yf 4 is —. Write

s(vha) = (ag,-..an).

By choosing the endpoint signs in the triangle containing A and the triangle containing B to
be — and +, respectively, we may assume that ag,a, > 1. Then, for some m € Z>g, the sign
sequences of the two arcs are

s(YRE) = (a0, - an — 1,1,2 + k1 + ko + k3)™, ao, .. ., an,
(2+k1+k2+k3,1,an—1,...,a0)m)

and
s(VER) = ((L,an — 1,...,a0,2 + k1 + ko + k3)™, 1,ap, — 1,...,a0 — 1,1,

(2+k1+k2+k‘3,a0,...,an—1,1)m).

Here (*)™ means that the block inside the parentheses is repeated m times. To compute |’y§§
and |v%E|, we consider the corresponding continued-fraction matrix products

Sl,m = (Fao T Fan—1Fan—1F1F2+k1+k2+k3)mFao e Fan (F2+k1+k2+k3F1Fan—lFan—1 e Fao)m’
SQ,m = (FlFan—lFan_l e FaoF2+k1—|—k2+k3)mFlFan—lFan_1 e FalFao—lFl
: (F2+k1+k2+k3Fao T Fan—l an—lpl)mv

where F; = [ }]. By Corollary 6.1.8 and Proposition 6.3.3, the (1, 1) entries of these two matrices
give |[vEE| and |y4E|, respectively. Thus it is enough to prove (S1,m)11 = (S2.m)11 for every
m > 0.

Put

p g
P = [r 8} = Fy Foy-Fy, .

Since each F; is symmetric, taking transposes gives

pT = Z Z] =F, Fy ,-Fy.
Define
X 1= FyyPFa, 1 FiFo iy ikt kss C := F,,PF,,,
V = Foy gyt kg kg Fao PFa,—1F1, D:=F\F,  1PTF,, |F.

Then the above products can be rewritten as
(6.3.1) Sim=X"C(XT)y™, Sy = (VE)mDV™.
Moreover, X = F2_+1k1 A kytks V otk +ko+ks- Hence X and V' have the same trace and determinant.

We write
T =tr(X) = tr(V), 0 =det(X) = det(V).

By the Cayley—Hamilton theorem, or Corollary A.2.2, we have
X2 =7X — 0F», V2 =71V —§E,.
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Repeatedly applying these identities, we see that for every m > 2 there exist integers a,,, and
By such that
X" = amX + BmEs, V™ = ap, V + B Fo.

The same coefficients occur for X™ and V™ because the two matrices have the same trace and
determinant. Taking transposes gives

(XT)" = ap XT + BnEs,  (VI)™ = VT + B Bs.
Substituting these expressions into (6.3.1), we obtain
Stm = (@mX + B B2)C(amX T + B Es)
=2 XCXT + 0B XC + amfnCXT + B2.C,
and similarly
So.m = (VT + B E2)D(anV + B Es)
= a2 VIDV + amfBumVID + apmf DV + B2,D.
Therefore there are constants u, v, w,u’,v’,w’ such that
(6.3.2) (S1.m)11 = e, + vam Bm + wh2, (Som)11 = a2, + v B + W' B,
Next we derive the recurrence satisfied by «,, and 3,,. From
XM = pxmtt _gx™
and
X" =omX + fmba, X" =omia X + BBy, X" = aminX + BB,

we obtain

(am+2 — TQm+1 + 5am)X + (6m+2 — TBmt1 + 5Bm)E2 =0.
Since X is a continued-fraction matrix, its (2, 1) entry is nonzero. Hence X and Es are linearly
independent over @, and so

(6.3.3) Ot — TQmt1 + 0, =0, Bm+2 — TBm+1 + 08m = 0.
The characteristic equation of this recurrence is
t2— 71t +5=0.

Here 6 € {£1}, and since X is a continued-fraction matrix, the exceptional case 6 = 1 and 7 = 2
does not occur. Thus the characteristic equation has two distinct real roots. Let them be A\ and
A2. By Theorem A.3.1, there exist real constants a,b,a’,b’ such that

Qo = a\]' + DAY, Bm = a' \T* + b2\
Substituting these formulas into (6.3.2), we find constants h, i, j, h’, i, j' such that
(Stm)11 = hAF™ 4 iNTAD + GA3™, (Som)11 = WAT™ 4+ i/ NPT 4 jIA3™.
Therefore both sequences (S1,,)11 and (S2,,,)11 satisfy the same linear recurrence whose charac-
teristic polynomial is
(t = AD)(E = Mdg)(t = A3).
Expanding this polynomial gives
13— (A 4+ AMda + A2+ A oA+ Mo + A3t — AN
Since A1 + Ao = 7 and A1 Ao = 4, this common recurrence is
Trgs = (12 = ) Tinyo — (72 — 8) Tyt + 63T,

Thus, to prove (S1m)11 = (S2.m)11 for all m, it suffices to check the equality for m = 0,1, 2.
These three initial equalities are verified by direct multiplication of the displayed matrices. Hence

WEE = VAR

when the second sign attached to ’yf 4 18 —.
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Finally, suppose that the second sign attached to ’yf 4 1s +. In this case the two descriptions
of s(v§5) and s(74E) above are interchanged. Accordingly, the roles of the products Si ,, and
S2,m are interchanged, while the conjugacy relation, the common recurrence, and the verification
for m = 0,1, 2 are unchanged. The same argument therefore proves the desired equality in this
case as well. (Il

LEMMA 6.3.14. Let A and B be lattice points, and let M be their midpoint. If M is a lattice
point, then
RL LR
IvaBl = V4Bl
PRrOOF. For the same reason as in Lemma 6.3.13, we may assume that the open segment
AB contains at least two lattice points. Write
s(vhia) = (a1, an),

where the sign on the endpoint triangle supplied by the endpoint rule is chosen to agree with the
adjacent sign.
First suppose that the second sign attached to VEM is —. Then

s(’yfé) = (ay,a9,...,apn—1,a, — 1,1,2+ k1 + ko + k3, ap, an—1,...,a1),
s(vﬁg) = (an,ap-1,-..,a1,2+ k1 + ko + k3, 1,a1 — 1,a9,as,...,a,).
Thus the relevant continued-fraction matrix products are

S1:=Fy Fay-Fo Fu, 1F1F> ity 4kyrhsFu, Fa
52 = FanFa

I Fal’
o 'Fa1F2+k1+k2+k’3F1Fa1—1Fa2Fas - Fa,.

n—1

By Corollary 6.1.8 and Proposition 6.3.3, their (1,1) entries give [y%5| and |y4E|, respectively.
Put

P q
[r S} ‘= FuyFoy - Fop .

Taking transposes gives

q s
Therefore the two products can be rewritten as

{P T} —F, |Fy - Fa.

,
S1 = Fy, []7? g] Fo,1F1Foq k) 4 kotks P, [p

q S:| Falv

T
So = Iy, [I; S} Foi Fotky kot F1F0, 1 []; z] F,,.

A direct multiplication gives the same (1, 1) entry for both matrices, namely
2
(B+ k1 + ko + k3)(ai(anp + q) + (anr +8))~.

Hence |y§5| = |v4%| in this case.

If the second sign attached to fyARM is +, the two displayed sign sequences are reversed.
Repeating the computation above with the roles of S; and Sy interchanged gives the same
common (1, 1) entry, and the equality follows. O

LEMMA 6.3.15. For lattice points A and B,
RL LR L R
IvaBl = V4Bl = [visl = V4Bl

PrROOF. The equalities [yE5| = |v4E| and |y 5| = |7%g| follow from Lemmas 6.3.8, 6.3.13,

and 6.3.14. It remains to show
LR L
1viBl = IviBl-

If the open segment AB contains no marked point or exactly one marked point, then the same

homotopy argument as in Lemma 6.3.13 gives equality. Hence assume that the open segment
AB contains at least two marked points.
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Apply Theorem 6.3.11 to the crossing of
= VIA%» Y2 = Vﬁg-
Let the four resolved arcs be 73, v4,75,76- Then v3 = v§5 and 44 = 7%, and therefore

VKB IVAE| = WEsl IViB! + 1] el

See Figure 14. Using the equalities already proved, this becomes

\L Y2 = ’Yfig J
| ~X
A = 15k B

N N N |
RN N AN
|{ Y4 = VAB J ‘ J
A ~ R "\ A gt { e |
3= B A ° B
N /ll I AB\ 1 N \ N

FIGURE 14. Skein resolution of &5 and v4&

WABI® = IvABI* + s [l
The product |ys||y6| can vanish only if one of the resolved curves is a contractible loop based at
a common endpoint. Since |y5| # 0, this would force v to be such a contractible loop. But then
the open segment AB would contain no marked point other than the midpoint, contradicting the
assumption that it contains at least two marked points. Hence in the present case the inequality
is in fact strict. The asserted weak inequality follows. O

PROOF OF THEOREM 6.3.7. Let v be a generalized arc from A to B realizing the GM
distance. By Lemma 6.3.10, we may assume that v has no non-contractible self-intersection. We

now tighten v within its homotopy class in the complement of the marked points of I@, so that
it almost touches the marked points; see Figure 15. After this tightening, the path of v consists

N\ \

Q1

N

Qs

Ficure 15. Tightening a curve

of r > 1 straight segments connecting marked points of R2. Write the marked points through
which it passes as
A=QyQ1,...,Q, = B.
Between the r line segments there are » — 1 turning angles, which we denote by 61,...,0,_1.
Each 6; lies in
[—27, —7| U [, 27],
for otherwise v could be tightened further.

If » = 1, then the tightened arc is a single straight segment from A to B. Hence the original
generalized arc is homotopic to one of the two perturbations 745 or 755, and the conclusion
follows. Hence assume r > 2. Observe that v is homotopic to ’fo g or ’yf}B if and only if all
turning angles are —, or all turning angles are 7. Interchanging A and B if necessary, we choose
the convention so that all turning angles of ’yﬁ g are —m.
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First suppose that 6; > 0. Assume inductively that
01:...:91;:7]'.

We show that 6,11 must also be . There are three alternatives to exclude:

(1) it € [-2m, —7];

(2) 0it1 € (m,2m);

(3) 91'+1 = 2m.
In each case we construct another arc § crossing ~y, apply the skein relation, and obtain an arc +/
from A to B with |y/| < |7y|. This contradicts the choice of 7 as a distance-realizing arc.

We begin with case (1). Let AQ be the line segment for which A is one endpoint and Q4 is
the midpoint; then the other endpoint @ is again a lattice point. Consider the arc ’yﬁQ. The arcs

~ and ’yﬁQ necessarily cross near ;+1, as in Figure 16. Resolve this crossing skein-theoretically.
Applying Theorem 6.3.11 with v; = v and 9 = ’yﬁQ at the crossing near ;41 gives 3 = fyg‘fl.

7 AN N
\ =9

X
f I

S S
N C? 0i+1 \72 : ’VﬁQ A

: |
NONNg# N N NNN NN

AU DN e DA el T N ™

FIGURE 16. Skein resolution in case (1)

s

Write 4 = /. Then ' is a generalized arc with endpoints A and B, and
L RL
N vaql = gal V[ + sl -
By Lemma 6.3.15, |fyﬁQ] < ”Ygfx . Hence

Ml = hslhel _ il
"Y ‘ = RL = RL
|’7QA |’VQA

<l

contradicting the minimality of ~.
Next consider case (2). Again use the arc ’yﬁQ. The arcs v and *yng necessarily cross near
Qi+1, as in Figure 17. Resolving this crossing gives v3 = 71{4% and an arc 4 = 7/ from A to B.

The skein relation gives
\J. Oivr ™y,

N

\l s = 5 i \ \[ ’
AN ; = AN ?\ Jﬂﬁ\ N

FIGURE 17. Skein resolution in case (2)

I OV
/

L RL
IV gl = Ivagl IV + sl el

Since |7ﬁQ| < |71}4%| by Lemma 6.3.15, the same estimate as above yields |y/| < |y|, again a
contradiction.

It remains to exclude case (3). If ;490 = 0,43 = --- = 0; = 7, then the curve starting at
A turns back at ;11 and passes near the endpoint A. In that situation, connecting directly
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from the endpoint A to the returning part of v gives a generalized arc v whose fence poset is a
proper subposet of P, and hence |y'| < |7y|. Thus we may assume that there exists 2 < j <1

with 97;+j7é77.
\J 67.'-9-1\711:7 \ h
N — R !
NN =k \ A
AR ~ .
s N ERN
T — NS - T \
N /ll N Q\ AN \ 4\

FIGURE 18. Skein resolution in case (3)

/
—- QO

Move 'yﬁQ by homotopy into minimal intersection position with + so that the two arcs

intersect near the point Q;—; = Q;+;. Applying Theorem 6.3.11 with v; = v and v = vf‘Q gives
v5 = 'yi%. If v = 7/, then the same skein estimate gives

v 7ol

| < %= < I,
V55

contradicting minimality. Thus case (3) cannot occur.

We have shown that if 8; > 0, then every subsequent angle must be 7, and consequently
v = 'ny. If 8; < 0, the same argument applies after replacing = by —7 and interchanging L and
R. Therefore every distance-realizing arc is homotopic to either fny or ’yf{ - Lemma 6.3.8 gives

d(A, B) = Wil = [Wisl,
as required. O

REMARK 6.3.16. All skein relations used in the proof of Theorem 6.3.7 come from type 0
resolutions.

In fact, when @Q;41 is a lattice point, one can also obtain a shorter arc 7/ by resolving against
a different auxiliary arc: in cases (1) and (3), take 6 = %{TQHN while in case (2), take § = vk z,
where FE is the lattice point adjacent to Q;41 on the extension of the segment AQ;+1. In that
alternative argument, cases (1) and (3) use skein relations coming from type 1 resolutions, and
case (2) uses one coming from a type 0 resolution. In any case, no type 2 resolution is needed for
the proof within the scope of this text.

We have defined GM length and GM distance purely in terms of curves. The following
theorem explains how this construction recovers generalized Markov numbers. Its proof will be
given later, after the generalized Cohn matrices have been introduced.

THEOREM 6.3.17. Fiz (ky1,ke, k3) € Z3, and o € &3. Let p and q be coprime nonnegative

integers, and put A = (0,0) and B = (q,p). Then

h’gB’ = |7£1B| = Myp/q-

In particular, d(A, B) = my -



CHAPTER 7

Generalized Cohn Matrices

In Chapter 6 we described generalized Markov numbers in terms of combinatorial and
geometric objects such as fence posets, skein relations, GM lengths, and GM distances of curves.
In this chapter we translate this information into the language of 2 x 2 matrices and reinterpret
the theory of generalized Markov numbers from a matrix-theoretic viewpoint. The central objects
are generalized Cohn matrices. They generalize the Cohn matrices that play an important role
in the classical theory, and they collect the numerical and curve-theoretic information introduced
in the preceding chapters within a single framework.

We first define the generalized Cohn tree and construct, in a systematic way, the generalized
Cohn matrix attached to each reduced fraction. We then show that its entries are described
explicitly by generalized Markov numbers and characteristic numbers. This makes clear that
the GC matrix encodes the arithmetic data introduced above. We also prove a relation among
characteristic numbers, and finally introduce generalized strongly admissible sequences in order
to express GC matrices as products of elementary continued-fraction matrices. In this way the
arithmetic information prepared in Chapter 5 and the combinatorial and geometric information
obtained in Chapter 6 are unified through matrix representations.

The important point is that the relations among generalized Markov numbers, characteristic
numbers, curves, and continued-fraction data are reflected simultaneously in a single object,
the GC matrix. For this reason, GC matrices are useful tools for analyzing these relations. In
fact, two important results postponed in Chapters 5 and 6 will be proved by computations with
GC matrices. The matrix representation obtained here also provides the basis for defining the
generalized discrete Markov spectrum and for realizing its values explicitly in the next chapter.

The material in this chapter is based on [GM23b, GMS24, Gyo25]|. The definition of
generalized Cohn matrices in [GM23b, GMS24]| is slightly different from the continued-fraction
matrix notation used in this text. We therefore adjust the definition so that it is compatible with
the notation used below. This is only a notational adjustment, not a change in the substance of
the earlier work.

1. Definitions and Examples

Fix ki, ko, k3 € Z>0 and o0 € G3. Define C%,C%,C% by

34k + ko + ks —(3+ k1 + ko + K3,y — 1
CQ - )
T 1 —ko(1)
o (34 K1 + ko + k3) (ko) +2) — ko) — 1 2+ ki + ko + k3
1 ko(2) +2 1 ’
__2+k31+k32+k‘3—k‘0(3) L4 k1+ ko + ks — kg3
Cr = 1 1 '

For every (r,t,s) € FT, define recursively
Crgt = CrCy — D,  Cigs := CiCs — D,
where

D. — k’iT k‘u(3+k‘1+k‘2+k‘3)]

0 ki,

97
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The matrix Cy is called the (ki, ko, k3, 0)-generalized Cohn matriz, or simply the GC matriz. We
also define the (k1, k2, k3, 0)-generalized Cohn tree, or GC tree, by

COT(kl, kg, k3, O') =FT

(r,t,8)—(Cr,Ct,Cs)"
Each vertex of this tree is called a (k1, ko, k3, 0)-generalized Cohn triple, or simply a GC triple.
ExAMPLE 7.1.1. The first few vertices of CoT(1,2,0,id) are as follows:

<{241 ?}’[12019 fg]ﬁ ﬂ)j(in 163?:9[412118228}71%9 13?))
6 —7] [21 5 5/4 ([4 1}’[457 348}’{21 16D
B TED R

¢ S G BT EED

1 17|17 4[4 1 \(E :H’[38617 ?ﬂﬁi 243D

2. Description of the Entries in Terms of Generalized Markov Numbers and
Characteristic Numbers

In what follows we abbreviate k;, to k;. The goal of this section is to prove the following
explicit description of the entries of a GC matrix.

THEOREM 7.2.1. For every reduced fraction t € [0, o0],

Ct: (3+k1+k2+k3)mt—kt—ut

my

(3 + ]{71 + k’Q + kg)mtut - k:tut — U% -1
myg Ut

For notational brevity, put K := 3 4 k1 + k2 + k3. We begin with the trace and determinant.

PROPOSITION 7.2.2. For every t € [0, 00|, the following hold.
(1) tr(Ct) = K(Ct)zl — ks,
(2) Cy € SL(2,Z).

We first record two lemmas for the proof of Proposition 7.2.2.

LEMMA 7.2.3. Let A,B € SL(2,Z). Then

(1) tr(A) =tr(A™1)

(2) tr(AB) = tr(A)tr(B) — tr(AB™1)

(3) A% =tr(A)A — Es, where By is the 2 x 2 identity matriz. This is the special form of

the Cayley—Hamilton theorem for matrices in SL(2,7).
PRrOOF. All three identities follow by a direct entry-wise computation. O
LEMMA 7.2.4. Let M = [;pit mi2] € SL(2,7) satisfy tr(M) = Kmoy — ki. Then
0 K 0 K

0 0 0 0]’
0 K
0 0

PRrROOF. We prove the first identity. Since

b o] =[o =

M{ ]M:(tr(M)+kt)M+[

M1 [ ] M= —(tr(M™Y) + k)M~ + [0 K} .

0 0
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we have

0 K o 1 _mar _ mi1mer  M11M22
M |:O 0:| M=M {0] [0 K] M = {m21:| [KTan ngg] = K|: mgl m21m22] .
On the other hand,

(tr(M) + ke) M + {0 K 0 K} =K {mllmm miama + 1} '

0 0 0 0 2

mayy ma1m22
These two matrices are equal because mi1mogs — miama; = 1.
For the second identity, write M~ = { ma22 T2 } Then

} :Km21M+[

—m21 Mmi1
e {0 K} Ml { mag ] [Kmy Kmy] = K {—mmmm m11Mma2 }
0 0 —ma1 m3, —mi1ma1 |
Using tr(M 1) = tr(M) = Kmgj — ki, the right-hand side of the desired identity is
_ _1 _1 0 K| _ 1 0 K| —Mmg1Mmoy Miomaoy + 1
(te(M™Y) + k) M + [o 0} — _Kma M+ [o 0] ~K [ ez iz §
Again this agrees with the preceding matrix because mii1mos — mioms; = 1. This proves the
lemma. O

PROOF OF PROPOSITION 7.2.2. We first prove (1). For Co,C1,C1 the assertion follows by
1 1 0

direct computation. The remaining cases are proved by induction on the distance from the initial
vertex of the GC tree. Assume that a GC triple (C,, Cy, Cs) satisfies (1). It suffices to prove

tr(creat) = K(CTEBt)ﬂ - krEBta tr(ct®s) = K(Ct®s)21 - kt@s-

Notice that k,.q; = ks and kigs = k.. We prove only the first identity; the other is analogous.
Since Cy = C.Cs — Dy,

tr(Crayt) = tr(CrCy — Dy)
= tr(C(C,.Cs — Dy)) — 2k,
= tr(C2C,) — tr(C,Dy) — 2k,
Lemma 7.2.3 (2)

tr(C)tr(C.Cy) — tr(C,C;1CY) — tr(CDy) — 2k
= tr(Cy)tr(Cr.Cs) — tr(Cs) — tr(CrDy) — 2ks.

We now rewrite the right-hand side of this expression. Put C, = [} 722]. Then
_ rogks — ro1 Kk *
tr(D,C:; 1) _ tr({ 22Kt . 2148 Ry TllKkt]) = kitr(Cy) — Kkyroy = —kyky

where we used the induction hypothesis for C,.. Hence

= tr(Cy)tr(C,.Cs — Dy) — tr(Cs) — kpky — 2k
= tr(Cy)tr(Cy) — tr(Cy) — kpky — 2ks

(om0 el
(o 0[] -1)-ua -

-0 K6l gac|]-rp Mac|]

tr(Cy)tr(CrCy) — tr(CrDy) — tr(Cy) — 2k,
= tr(Cy)tr(CrCs) — tr(CrDy) — tr(Cs) — 2k + krky — kyky
= tr(C,)tr(C,Cy) — tr(CrDy) — tr(C7 Dy) — tr(Cy) — kyky — 2k
= tr(C,)tr(C,Cy) — tr((Cp + C7Y)Dy) — tr(Cy) — kpky — 2k,
= tr(Cp)tr(CrCy) — tr(Cr)tr(Dy) — tr(Cs) — kpky — 2ks

(Cr)tr( )

(Cr)tr(
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1
0

1

k0 K|C, .

— [0 K] Cy || — ks

Lemma 724 1 g ((trCT F k)G + {8 ]O{D C, H k[0 K]CC, H

_momam—mmqm_@

Lemma 7.2.3 (3) 1

0 K]c2c, M k[0 K]C, H ks

— [0 K](C2C, — C,D, — Dy) H —k

= [0 K} (C’/‘Ct - Ds) |:(1):| - ks = K(CT®t)21 - ks~

This proves the required trace identity. We next prove (2). It suffices to show det(Crg) =
det(Cigs) = 1, and again we prove only the first equality. Write C,Cy = [71} 722]. Then

To1 T2
det(Crgr) = det(C.Cy — Dy)
= (w11 — ks) (w22 — ks) — w21(712 — Kks)
= det(C,Cy) — kstr(C,Cy) + k2 + Kksop = det(C,.Cy) = 1.
This completes the proof. O
We now use this to prove the following proposition.

PROPOSITION 7.2.5. For every t € [0,00], one has (C¢)a1 = my.

Proor. For t = %, %, % this is immediate by direct computation. We prove the remaining

cases by induction on the distance from the initial vertex of the GC tree. Assume that the
assertion holds for a GC triple (Cy, Cy, Cs). We show that it holds for the left child; the proof
for the right child is analogous.

By the induction hypothesis and Proposition 7.2.2 (1), we may write

c — |[Eme =k — (Cr)az % ] Ch— {Kmt — ki —(Cr)z2 =+
r my (Cr)aa]’ ! my (Ct)a2]

Since Cyg¢ = C-Cy — Dg, comparison of the (2, 1) entries gives
(Crat)21 = mp (Kmy — ke — (Cy)22) + (Cr)22my
= Kmymy — myky — my (kr + (Cr)22) + mi(Cr )2z — my(Cp)22
(7.2.1) = Kmymy — myke — miky — (my(Ct)az — me(ky + (Cr)22)).

The relation Cy = C, }(C; + Dy), together with the same matrix forms, shows that mg =
my(Cy)ae — my(ky + (Cr)22). Substituting this into (7.2.1), we obtain (Crat)o1 = Kmymy —
myki — mik, — mg. Because (m,, my, my) satisfies the GM equation
mz + 'th + mf + krmimg + kemsmy + ksmpemy = Kmpemymg,
2 2

we may rewrite the last expression as (Crgt)21 = %ﬁnﬁmf = myg¢. This completes the
induction step. O

It remains to identify the (2,2) entry of C;.

PROPOSITION 7.2.6. For every t € [0,00], one has (C¢)az = uy.

We introduce the following index.

DEFINITION 7.2.7. For ¢ € [0,00] N Q, define I; := % This number is called the indez of
C,.

PROPOSITION 7.2.8. The index is strictly increasing: if s < t, then I; < I;. Here % is regarded
as larger than every rational number.

—~
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PRrOOF. It suffices to prove I, < I; < I, for each Farey triple (r,t,s) € FT. Write the entries
of Cy, Cy, Cs as 15,145, 85, respectively. We first prove I; < I,. Since C; = C,.Cs — Dy, we have
Cr = (Cy + D;)C;t. Comparing the (2,1) entries gives

ro1 = Soator — (oo + ki)s21 < Soatar — to2s21.

Therefore

T S t
0< 2L <22 22 _ 1 .

to1801 — S21  l21
Thus I; < I,. We next prove I, < I;. From C; = C,Cs — D; we obtain Cs = C-1(Cy + Dy).
Comparing the (2,1) entries gives

so1 = riitor — ra1(tin + k)
= (Ko — ky — 122)t21 — 121 (K21 — t22)
= —kyto1 + taarar — to17ra2 < toarar — ta1722.

Therefore

S t r
I N L S

ror1tor — to1  T21
Thus I, < I;. O

0<

LEMMA 7.2.9. For every reduced fraction t € (0,00], one has (Ct)22 > 0.

PRrROOF. By the monotonicity of the index, Proposition 7.2.8, it suffices to consider ¢t = ﬁ'
The (2,2) entry of C1 is 1, and that of C1 is k1 + 2, hence is larger. Assume that the (2,2)
entry of C' 1 is posmve and that the (2,2) entry of C 4 is larger than that of C'1. We show that

the (2,2) entry of C'_1 is larger than that of C' 1 |, and in particular is positive. Write
2 +1

!/ / " /!
C1:[a b]7 c :[a b]’ o :[aﬁ b}'

: c d 1 d d ) " d’
Then

1
i+

l —
1

- _;;11 e [’“ Ko
|-

Kb— Kkod d— Kk
b—kod /~c

Therefore b’ = Kb — K k:od d—K k L and d =b— k:od k_1 . By the induction hypothesis,
b—kod l-c L >d>0. Moreover smce Ci =CoC_1 —D1 we have

- i+2 1 G+l

—(k:%Jrl)d’—k;_
-1 b+(k%+(1—K)k%—1)d+(k%+1— Kk — ki
(

d'—d =

(ko + )d+k:_11)+(k%+(1—K)k%—1)d (ko +1—K)k 1 —k:
o 1 i— 7
:K—2—k(1)d ki>k1 +1>0
7 i+
This proves the claim. O

PROOF OF PROPOSITION 7.2.6. Let (r,t,s) be a Farey triple. From Cs = C,1(C; + Dy),
and from Propositions 7.2.2 (1) and 7.2.5, we may write
Km, — k. — (CT’)22 * :|
my (C’I’)22 ’

)
Comparing the (2, 1) entries gives ms = m,(Cy)22 —my (ky +(Cr)22), and therefore m, (Cy)aa = my
(mod my). Moreover, Proposition 7.2.8 and Lemma 7.2.9 imply 0 < I; < I

C, =

Ct _ {Kmt — kt — (Ct)gg *

myg (Ct 22

1
0
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(Ct)a1 = my, this gives 0 < (Cy)22 < my. The defining congruence and uniqueness of the
characteristic number u; now imply u; = (Cy)a2. O

We are now ready to prove Theorem 7.2.1.

PROOF OF THEOREM 7.2.1. This is exactly the combination of the three preceding proposi-
tions. O

3. A Relation among Characteristic Numbers

In this section we use GC matrices to prove the proposition postponed in Section 4.

Proposition 5.4.4 (recalled).
, For a reduced fraction ¢t € [0,1] N Q, let u; be the characteristic number with fraction label ¢ in
MT(k1, k2, k3,0) and put ks := k;,. Let u] It be the characteristic number with fraction label 1/t

in M’]T(k'l, /@‘2, kg,a'*). Then uj =m¢ — Ut — k‘t.
t

LEMMA 7.3.1. Let my be a (k1, ke, k3)-GM number in MT(k1, ko, ks, o) whose fraction label
ist € (0,1 N Q. Then the following hold.

(1) If iy = o(1), then my > ms.
(2) If iy = 0(2), then my > m%
(3) Ifir = 0(3), then my > mi.

Moreover, these bounds are sharp.

PrOOF. By Remark 5.1.8 and Proposition 5.2.6, whenever one passes from a vertex of the
GM tree to a child vertex, the newly created GM number is larger than each GM number already
appearing in the parent vertex. This immediately gives (2) and (3), and the bounds are attained
at the labels 1/1 and 1/2, respectively.

It remains to prove (1). By the same monotonicity, it is enough to compare the numbers

My (2i+1) for i > 1. The Farey triple whose second component is 2/(2i + 1) is (w%lv %4—1’ %), and
its parent is (%, H%’ %) Hence the mutation formula gives
m2_1 +kg(1)m%m; +mi
m 2 = i+1 i+ 7 A mi + ko—(l)miml +m2l
2+l m =T oL i

=lo

For every ¢ > 1, the monotonicity just recalled gives my,; < my41). Since the polynomial
2+ ke(1)ry + y? is strictly increasing in both positive variables, we obtain

m 2 <m_2 (’LZl)

2141 243

Thus the minimum in the case iy = o(1) is attained at i = 1, namely at mq /3- This also shows
that the bound in (1) is sharp. O

PROOF OF PROPOSITION 5.4.4. The cases t = % and t = % are checked directly from the
initial vertices. Hence assume t € (0,1) N Q, and let (r,t,s) be the Farey triple whose second
component is t. Then (1/s,1/t,1/r) is also a Farey triple.

By the definition of the characteristic number for the dual tree, uj Jt is the unique integer
satisfying
(mod m1), 0<ul <mi.

r t t t

By Corollary 5.3.7, mi = m,, m my, and m’ = ms. It is therefore enough to prove that

T = my — U — k¢ satisfies MeT = ntzr (mod my) and 0 < z < my. For the Cohn triple (Cy, Cy, Cs)
we have C, = (Cy + D;)C;!. Comparing the (2,1) entries gives

my = mys + mg(—ug — k) = ms(—up — ki) = mg(my — ug — k) (mod my),

so the required congruence holds.
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It remains to prove the inequalities. The upper bound x < m; is immediate from u; + k¢ > 0.
For the lower bound, use Proposition 7.2.8: since ¢t < 1, we have :Ttt =L <11 = m If
1 o

it = 0(2), then Lemma 7.3.1 gives my > m1 = ks (2) + 2, and hence
1

1
mt—Ut—kt>(ko—(2)+2) <1_ka,(2)—|—2>_kg(2)_1>0

If iy = 0(3), then

my > mi = KkU(Q) + 2K — ka(l)ka(Q) - Qka(l) — ka(2) — 1.

1
2

Therefore

1
oy — K 2K — Uiy — by — 1) (1= ———— | — ke
my — up — ki > (Kkg(2) + ko(yko(2) = 2ko1) — ko) — 1) ( Foo) 2) ko (3)

> S(Kko) + 2K — kyyko@) — 2ko) — ko2) — 1) — ko3)

— DN =

(k?f(Q) + ko3)ko(2) T 4ko(2) + 5) > 0.

T2
If iy = (1), then
my > m%
= (Kkq2) + 2K — koyko2) = 2ks1) = Ko@) — 1) (K (ko2) +2) — ko2) — 1)
+ (K = ko) — koz) — 1) (ko) +2).
Substituting K = 3 + k1 + k2 + k3 gives
my > ka(l)ka(3)k<27(2) +dko)ko(3)ko(2) + 4ko(1)ko(3)
+ k‘a(l)kg@) + 6]{0(1)/{3(2) + 13]60(1)]?0(2) + 10k’0(1)
2 2 2 2
+ ko’(g)kg(2) + 4]{30(3)/{'0—(2) + 4k0(3)
+ 2]{'0(3)]{73(2) + 12/60(3)]63(2) + 26]{0(3)1430(2) + 20]{30(3)
+ ko) + 8k () + 2Tk} ) + 44k(2) + 29.

Using the same estimate for u;/m; as above, we obtain

my — up — ky > %(ko(l)kg@)ki@) + 4ko (1) ko (3) ko 2) + ko) ko(3)
+ koK (2) + 6ko)k2 (9) + 13ka(1)ke(2) + 10kq()
K2 ) K2 0y AKD 3y Ko (2) + 4KD 3y + 2ko(3)k0 (2)

+ 12kg(3)k7 (9 + 26k (3)ko(2) + 20k, (3)

+ ko) + 8k () + 2TkD 9 + 44k (2) +29) — ko(u)
5
+ koK (2) + 6ko) K22y + 13ko(1)ka(2) + 8ko)
+ k23 ko) + 4K 3y Ko@) + 4K 3y + 2ko(s)ki g
+ 12k (3 k2 (2) + 26k (3)ko(2) + 20ko(3)

+ ki) + 8K () + 2Tk} 9) + 44k s(2) +29) > 0.

ko(1)ko(3) k(zf(z) + 4ky(1)ko(3)ko(2) + 4ho(1)ko(3)

This proves 0 < = < my, and therefore the proposition follows. O
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4. Description of Generalized Cohn Matrices by Generalized Strongly Admissible
Sequences

In this section we prove that a GC matrix can in fact be decomposed as a product of
elementary matrices.

Let t = % be a positive reduced fraction. In R2 take the two points A = (0,0) and B = (¢, p),

and consider the curve segment 'yj p joining them. In this section we denote this curve by L;
in order to emphasize its dependence on the fraction ¢. Let L; be the curve segment obtained
by shifting the two endpoints slightly to the left from A and B, respectively; see Figure 1. The
left endpoint is regarded as passing through the lower-left edge, whereas the right endpoint is
regarded as staying in the interior of the upper-right edge. This subtle difference between the
two endpoints matters when applying the sign rules.

/

/LV

A

FIGURE 1. The segment L; corresponding to t = %

REMARK 7.4.1. Equivalently, one may obtain L; using the once-punctured torus. Project L;

in R2 to the triangulated once-punctured torus, push the portion of the arc near the puncture,
together with a small neighborhood, slightly upward to obtain a loop, and then lift this loop

back to R2. Figure 2 illustrates the case t = %

FIGURE 2. Interpretation of L; as a loop on the torus for t = %

Now fix (ki, ko, k3) € Z%O and o0 € G3. We define the (ki, ko, k3, 0)-generalized strongly
admissible sequence s(t)." For the endpoints, set

s(9) = A+ ko) + ko), 1), 5(5) = (L+ ko) + ko), 1)-
For a reduced fraction ¢t € (0,00), define s(t) as follows.

(1) Orient L; from the lower left to the upper right. List, in the order in which L; crosses
them, the signs assigned by the triangle-crossing rule and the edge-crossing rule.

(2) Form the integer sequence s(t) = (ay, ..., ar) from the lengths of the maximal consecutive
blocks of equal signs appearing in (1).

EXAMPLE 7.4.2. Let (k1, ko, k3,0) = (1,2,0,id) and t = % Figure 3 shows the signs along
Ly, and we obtain s(2) = (5,1,3,3,1,5,4,1,3,4).

The right endpoint of L; lies in the interior of the upper-rightmost edge of R2, ‘and hence no
sign is assigned to this edge. Notice also that the only horizontal edge crossed by L; appears to

1 [Aig13], the term “strongly admissible sequence” is used for the bi-infinite sequence *s(£)> in the sense
of that paper. Here we use the same terminology for the single block s(t).
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— +
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_ e +

— +

FIGURE 3. The segment L; corresponding to t = % and its signs

be crossed at its midpoint; in fact, however, L; is defined by shifting the line slightly to the left
(more precisely, this shift has already been made at the stage of the line L; before constructing
L;). Thus the intersection point lies slightly to the left of the midpoint. Consequently the
corresponding sign is (+).

REMARK 7.4.3. (0) n is odd.

) ap =2+ ki + ko + ks.

) Ift—% then S():(2—|—k‘1—|—]€2—|—]€3,2+]{20(2)).

) Ift € (0,1), then a; =1 and a, # 1. If t € (1, oo) then a1 # 1 and a,, = 1.

) Ift = 1 thenn—Sandag—ag—i-l—i—kt Ift =2 1, then n =3 and a1 = az + 1 + k¢.

5) Ifte( ) (1,1), then as +1 = ay, andagﬂ—an_i forizl,Q,...,”Tf‘r’;whenn:E)
there is no such relation. Moreover a nt3 = Anil + (—1)nTHkt.

(6) If t € (1, %) U (%, o0), then as = ap—1 + 1 and a4 = ap—j—q fori=1,2,..., "775; when

n—1
n = 5 there is no such relation. Moreover an+1 = an-1 + (—1)"2 k.
2 2

(7) For t € (0,00), let s ( ) denote the (ki, ks, ks, o*)-generalized strongly admissible

sequence attached to ;. Then it is given by (ag, @y, a@n—1,...,a1). This follows by

reflecting L; across the line of slope 1 through the origin and applying the symmetries

in (3)-(6). Clearly °°(s*(1))>° is the reverse of *s(¢)°. The same statement also holds

2

(1
(
(3
(4
(

fort:%andt:%.
The main theorem of this section is the following.
THEOREM 7.4.4. For every reduced fraction t € (0,00], Cy = Fyy).

Before proving this theorem, we observe that Theorem 6.3.17, postponed at the end of
Section 3, follows immediately from it.
Theorem 6.3.17 (recalled). Fix (ki, ko, k3) € Z‘;O and 0 € Gz, and let p and ¢ be coprime
nonnegative integers. If A = (0,0) and B = (¢,p), then |v§5| = |7vkz| = me. In particular,
q
d(A,B) =mze.

q

PROOF. Let s(t) = (ao, ..., a,). Combining Corollary 6.1.8, which gives the entries of Fj,
with Theorems 7.2.1 and 7.4.4, we obtain

Kmtutktutu?1]

_ [N(ao,...,an) N(ao,...,an-1)

Kmt—kt—ut _|:
N(ai,...,an) N(ai,...,an—1)|"

me

my Ut
Comparing the (2, 1) entries gives m; = N(ay,...,a,). By the construction of L;, the latter
number is the GM length of L;(= 7% ). The equality for v¥5 follows from the same argument, or
equivalently from the symmetry between the two perturbations. Hence the assertion follows. [

To prove the theorem, we first work in the range t € (0,1). For s(t) = (ag,...,ay), set
s (t) = (a2 + 1,as3,...,a,).

PROPOSITION 7.4.5. Let (r,t,s) be a Farey triple with t € (0,1). Then the following three
assertions hold.



4. GC MATRICES AND STRONGLY ADMISSIBLE SEQUENCES 106

(1) Ifr=9,s# 1, and s"_(s) = (b1,...,bn), then
" () = (b b1, ., b1 — 1, 1,2 + k() + ko(3))-
(2) Ifr#9, s=1, and s'_(r) = (a1,...,as), then
s (t) = (2+ ko), 24 k1 + ko + k3, aq,. .., a1).
@) Ifr#% s#21, 5 (r)=(a1,...,a), and s"_(s) = (by,...,bn), then
s ()= (byy... b1 — 11,2+ ky + ko + ks, ap,...,a1).
PROOF. Let PG(t) denote the union of all triangles in R2 crossed by L.

We first prove (1). Under the assumption r = % and s # %, there exists p € Z~1 such

that s = %, and it is enough to prove the assertion in the case t = m Since p > 2, the last

2+ kg(2) + ko3 signs in PG (#) are all +, and the sign immediately preceding them is —; see
Figure 4.

T+

FIGURE 4. The graph PQ( ;) fork=1landp=7

We compare the sign sequence obtained from PG (ﬁ) after removing the final square
consisting of the last two right triangles with the sign sequence of PG (1); compare the white

part of Figure 4 with Figure 5. We denote the former graph by SPG(; Jrl)

+

+

FIGURE 5. The graph Pg(%) fork=1landp=17

We show that SPG (]ﬁ) and PG( %) differ only in the signs corresponding to the central edge
and the last triangle. It is clear that these two signs are different. Thus it remains to prove that
all other signs agree. First, the signs assigned to the right triangles clearly agree. Next consider
the signs assigned to vertical edges. The height of the intersection of the a-th vertical edge from
the left in PG (%) with the segment L 1 is 2. The height of the intersection of the a-th vertical

edge from the left in SPG (L) with the segment L 1 is Since £ > S47, it is immediate
P+l

+1 p+1’
that if J < %, then 547 < 3. Hence every (—) sign in Pg(;) is preserved in SPg(pH) It is
therefore enough to prove preservation of (+) signs, namely that if % > 5, then F > 1. From
the assumption, 2a > p 4+ 1, and hence

1 a p—2a+1

2 p+1 2p+1)
This gives the desired inequality. The signs assigned to diagonal edges are treated in the same
way. Therefore SPG(; +1) and PG (%) differ only in the signs corresponding to the central edge
and the last triangle. At this point, by the symmetries described in Remark 7.4.3 (4), (5),
changing the central sign of PG( 1) reverses the sequence itself. Thus the sequence constructed

from the sign sequence of SPg(pH) is (b, by—1,-..,b1 — 1,1). Combining this with the value

obtained from the final tile of PG (ﬁ), namely the block of 2 + k,(9) + k,(3) signs, proves the
assertion.
We next prove (2). Under the assumption r # % and s = %, there exists p € Z~1 such that

t = EX1 Since p > 2, the first

r = —£-_and it is enough to prove the assertion in the case t = 2

p+1°
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4+ kg(1y + 2k (2) + ko(3) signs in Pg(%) consist of 2 + ky (o) signs — and 2 + kq + k2 + k3 signs
+; see Figure 6.

—/

pd

FIGURE 6. The graph PG(EL;) for k =1 and p = 3

We compare the sign sequence obtained from PG (gi—;
the sign sequence of PG( 1%); compare Figure 6 with Figure 7. We denote the former graph by

SPG(E55).

) after removing the first two tiles with

FIGURE 7. The graph PG(-£;) for k=1 and p=3
P

We show that SPG (%) and PG(;7) differ only in the sign corresponding to the central
edge. It is clear that the sign at this position is different. Thus it remains to prove that all
other signs agree. First, the signs assigned to the right triangles clearly agree. The height of the

intersection of the (a4 1)-st vertical edge from the left in PG(;27) with the segment L% is >,
P
whereas the height of the intersection of the (a + 1)-st vertical edge from the left in SPG (%)
with the segment L1 is % — 1 (where the origin is taken to be the lower-left point of
P2
SPG (%)) Therefore it is enough to prove the implication
ap 1 (a+1)(p+1) 1
—(a-1)>- = —FF—F-1—-(a—-1)2>_.
pr1 @ D>5 p+2 (a=1) 23
Indeed, from 2a < p, we obtain
1 (a+1)(p+1) 2a —p
—————+1+(a—1)= —= <0,
2 p+2 ( ) 2(p+2) —
and the desired inequality follows. The signs assigned to diagonal and horizontal edges are
treated in the same way. The rest of the argument is the same as in case (1). |

For the proof of the remaining case, we recall the upper Christoffel word. Let a/b be a
reduced fraction with b > 0. For 1 <i <b+ 1, let y; be the height of the intersection of L,
with the i-th vertical line, counted from the left, in PG(a/b). Define

uch, , :=wy---wp € {X, Y}
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_ )X i Ty = wil =1,
w; = .
Y if [yi+1—| — (yl_l = 0.
EXAMPLE 7.4.6. For example, the upper Christoffel word uchy 5 is XY XYY’; see also Figure 8.

/

/

X Y X Y Y

FIGURE 8. The upper Christoffel word uchy s

THEOREM 7.4.7. Let (r,t,s) € FT, and assume that t # %. Then
uch; = uchg - uch,
holds. Here - denotes concatenation of words.

PROOF. Write r = ¢ and s = § in lowest terms. Since (r,t,s) € FT, we have r <t < s and

bc —ad = 1. Hence t = gT“';. By the definition of the upper Christoffel word, if we put
Ai(u) = [iu] = [(i = Du],
then the i-th letter of uch,, is determined by A;(u).
We first prove that A;(t) = A;(s) for 1 <i < d. Since
¢ a+c bc—ad 1
s—t=— =

d b+d db+d db+d)’

we have, for 1 <7 <d—1,
1
On the other hand, since ged(c, d) = 1, the number is is not an integer, and its fractional part is
at least 1/d. Therefore
[it] = [is] (1<i<d-1).

Moreover, since

we have [dt] = ¢ = [ds]|. Hence
A;i(t) = Ai(s) (1<i<ad)

follows.
Next we prove that Agy;(t) = Aj(r) for 1 < j <b. We have
: (d+j)(a+c) b
d t—c=—""—~——"—c= .
(d+j)t—c b+d T+ )

Thus, for 1 < j <b—1,
0<jr—((d+)t—c) < 5.
Since ged(a,b) = 1, the number jr is not an integer, and its fractional part is at least 1/b. Hence
[+t —e=[jr]  (1<j<b-1).
The case j = b is obtained by direct computation in the same way. Therefore

Aarj(t) = [(d+5)t] = [(d+j—1t] = [ir] = [(G = Dr] = Aj(r)
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follows. Taking into account that the word uch; has length b + d, we obtain
uch; = (the part of length d coming from uchy) - (the part of length b coming from uch,.).
Thus uch; = uchg - uch,. O

The preceding theorem gives the following decomposition of PG(t) in the case needed below.

COROLLARY 7.4.8. Let (r,t,s) € FT with t € (0,1). Then PG(t) decomposes, from the
lower-left side to the upper-right side, into PG(s), one intermediate tile, and PG(r).

PROOF OF PROPOSITION 7.4.5 (3). By Corollary 7.4.8, the graph PG(t) decomposes into
PG(s), one intermediate tile, and PG(r); notice that the order of the r- and s-parts is reversed,
as in Figure 9. We denote by SPG(s) the part of PG(t) corresponding to PG(s), and by SPG(r)
the part corresponding to PG(r). In this decomposition, every sign attached to the intermediate
tile is +.

N |U|.|u

FIGURE 9. Decomposition of PG(t) for r = %, t= %, and s = %

Write 7 = a/b and s = ¢/d in lowest terms. The distance from the upper-rightmost point of
SPG(s) to the intersection of L; with the vertical edge having this point as an endpoint is bJ%d.
Similarly, the distance from the lower-leftmost point of SPG(r) to the intersection of L; with
the horizontal edge having this point as an endpoint is a%rc When the sign sequence of SPG(s)
is compared with that of PG(s), the midpoint comparisons used in the proof of (1) show that all
signs agree except possibly the sign of the last triangle and the sign of the central edge. The
displacement at the end of the s-part is exactly the amount 1/(b+ d) displayed above, so these
two exceptional positions are precisely the ones that produce the terminal change from b; to
b1 — 1 and then the additional block of length 1.

Next compare the sign sequence of SPG(r) with that of PG(r). The midpoint comparisons
used in the proof of (2), now with the horizontal displacement 1/(a + ¢) at the beginning of the
r-part, show that all signs agree except at the central edge. Thus the r-part contributes the
block (ag,...,a;) unchanged. The intermediate tile contributes the block of + signs of length
2 4+ k1 + ko + k3. Combining the s-part, the intermediate tile, and the r-part gives

Si(t) = (bm,...,bl —1,1,2+1€1—l—]ﬁg—f—kg,az,...,aﬂ,
which is the desired formula. O

We now rephrase the statement above in the form that will be used in the induction below.
If ue (0,1) and s(u) = (K —1,¢1,...,¢q), then we write s_(u) := (c1,...,¢q). Thus s_(u) is
obtained from s(u) by deleting its first entry.

COROLLARY 7.4.9. Let (r,t,s) be a Farey triple with t € (0,1).
(1) Ifr=29 s#1, and s_(s) = (b1,...,bn), then

8_(t) = (1,bm —1L,bm—1,...,b1,2+ ]{]0(2) + ka(S))'
(2) Ifr#9% s=1, and s_(r) = (a1,...,a), then
s—(t)=(1,1+ kU(Q),2+k1 + ko + ks, ag,...,a3,a2 + 1).
(3) If?" 7é %; S 7é %7 S_(T) = (al,...,a[), and S—(S) = (617-"7bm); then
8_(75):(l,bm—1,bm_1,...,b1,2—|—k1+k2+k:3,ag,...,a3,a2—l—l).
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We record relations for the numbers of order ideals that will be needed in the proof. For any

finite integer sequence S = (z1,...,Zy,), define
i €T; 1
rs =11 1o M=

To use the recursion at the endpoints, we set N(()) = 1 and agree that terms corresponding to
sequences of length —1 are 0.

LEMMA 7.4.10. Leta,b,k,ay,...,ay € Z, and let p be an integer sequence. Then the following
identities hold; in (2) assume n > 2.

(1) N(a,1,b, 1) = (a+ DN+ 1, 1) — N().
(2) N(ag,...,an+k,apn,...,a1) =N(a1,...,an+k,ap,...,az) + (—=1)"k.

PROOF. For a finite integer sequence S = (z1,...,%y), put F, := [ 1], Fg:=F,, --- F,,,
and N(S) = (Fs)11. We first record two elementary identities that will be used in the proof.
Claim 1. For any finite integer sequence (x1, ..., Z;, ), under the convention on the empty sequence
and sequences of length —1, we have

(7.4.1) N(zi,...,zm) =21 N (22, ..., &m) + N(23,...,Zm).
Claim 2. For any integer ¢ and integer sequence v, we have
(7.4.2) N(c+1,v) = N(c,v) + N(v).

Indeed, applying (7.4.1) with 1 = ¢+ 1 gives N(c+ 1,v) = (¢ + 1)N(v) + N(V'), where v/
denotes the sequence obtained from v by deleting its first term. Similarly, N(c,v) = ¢N(v)+N (/).
Subtracting these two equalities gives (7.4.2). We now prove (1) and (2).

We first prove (1). Using (7.4.1) and Proposition 6.1.9, we have N(a,1,b,u) = aN(b+1,pu)+
N(b,pn) and N(b,u) = N(b+ 1,) — N(u). Therefore

N(a,1,b,1) =aN(b+1,p1)+ N(b,u)
:aN(b+1’M)+(N(blevM)*N(:u))
— (@t DN+ 1 1) — N(u).

Thus (1) has been proved.
We next prove (2). Put P := Fy, - F,,_, = [§s], and write A;j := F,,. Since each F is
symmetric, PT = F, | - F,,. Put By := [30]. Then F,, 1 = Ay + kE11.

A(k):= N(ag,...,an + k,ap,...,a1) — N(a1,...,an + k,an,...,a2)
= (P(An + kE11)AnPT A1) || — (A1P(Ap + kE1) A PT) .
Expanding by distributivity, we obtain
A(k) = (PAALPT AY) | — (A1PA,A,PT), )
+k((PE1ALPT A, — (APERAPT) ).
The two sequences
(ag,...,an,an,...;a1) and  (ai,...,an,an,...,a02)

are reverses of one another. Hence Proposition 6.1.9 (1) gives A(0) = 0. Therefore
(7.4.3) A(k) = k((PEnAPTAY) | — (A1 PERALPT), ).

We now compute the expression in parentheses. First,

pea= [l o =17 o]
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Therefore

_|p O] lan 1] |pan p
PE”A"_[Q 0} [1 0}_{% Q]'

Moreover, P = [P 4]. Hence

PE; A, PT = {p“n p] {P q} _ {p(anpﬂ') p(anq+s)]

qa, q||r s qlanp+1) qlang+s)]”
Thus
(PEWAPT A, = [planp 1) plana +5)) 4] = plonp +1) + plang +5),
Moreover
T _ p(anp + T) _
(AL PELALPT), = [ay 1] [q(anp Mﬂ — arplanp + 1) + glanp + 7).
Therefore

(PE1ALPT AY) || — (ALPELALPT)
= (a1p(anp + 1) + p(ang + s)) — (ar1p(anp + 1) + qlanp + 1))
= p(ang +s) — q(anp + 1)

= Panq + ps — qanp — qr
= ps — qr = det P.

Here P = Fy, --- F,, , is a product of n — 2 matrices, each of determinant —1. Hence det P =
(—1)"=2 = (=1)". Substituting this into (7.4.3) gives A(k) = (—1)"k. By the definition of A(k),
this is precisely

N(ag,...,an + k,apn,...,a1) = N(ai,...,an +k,an,...,a2) + (—1)"k.

LEMMA 7.4.11. Let ) denote the empty sequence, and set
N(©0) =1, N(@,\) = N(\).
We use this convention throughout. Then
N(v,a,1,b,u) = N(v,a+ 1)N(b+ 1, u) — N(v)N(u).
PROOF. We prove this by induction on the length of v. If v = (), the assertion becomes
N(a,1,b, 1) = (a+ 1N (b +1, 1) — N(p),

which is Lemma 7.4.10 (1).
For the induction step, write v = (¢, ). Let v/ be the sequence obtained from v/ by deleting
its first term; if |v| = 1, then v/ =" = ().

N(v,a,1,b,u) =c N/ ,a,1,b,u) + N a,1,b, ).

By the induction hypothesis,

N(v,a,1,b, 1)

= ¢(NW,a+ )N(b+1,1) = N&)N()) + (N a+ )N (b +1,p) = N )N(p))

= (eN(W,a+ 1)+ N a+ 1))Nb+1,p) = (e N@') + N@"))N(p).
Using the recurrence for N again,

cN(,a+1)+N@@" a+1)=N(v,a+1), c¢N@)+N@")=N®).

Hence

N(v,a,1,b,p) = N(v,a+1)N(b+ 1, p) = N(v)N(p).
This completes the induction. O
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LEMMA 7.4.12. Let a = (ay,...,a,;) and = (by,...,bs) be nonempty finite sequences of
positive integers. Write (o, B) for concatenation. Let o~ denote the sequence obtained by deleting
the last term of a, let ~« denote the sequence obtained by deleting the first term, and let “a~
denote the sequence obtained by deleting both the first and last terms; define the analogous
notation for B. We set N()) =1 and agree that a term corresponding to a sequence of length —1
is 0. Then

N(a, 8) = N(a)N(B) + N(a")N("p).
Proor. By Corollary 6.1.8,
_[N(a)  N(a7) _[NB) N
N R R N I

By the multiplicativity of the matrices, I, g = F,,Fj3. Hence

_ [ N(@)  N(a7) ][N

Fos = [n() NCa) VR N

The (1,1) entry of the right-hand side is N(a)N(5) + N(« ) ( £). On the other hand, by
Corollary 6.1.8, the (1, 1) entry of Fy, 3 is N(a, 3). Comparing the (1, 1) entries gives

N(a, f) = N(a)N(B) + N(a")N("f).

([

We now prove Theorem 7.4.4. For t € (0, 1] we use induction; the remaining cases are reduced
to this range.

PROOF OF THEOREM 7.4.4. First assume ¢ € (0,1] and prove the assertion in this range.

The cases t = % and t = % are checked by direct computation.

We first assume that the theorem holds for ¢ = 1% and t = %, where p > 2, and prove it for

t=5 +1 By Corollary 7.4.9, we may write
8(5) = (2—|—k1 + ko —i—k‘g,bl,bg,...,bm),

and hence

8(#) =24k +ka+ks,1,bp—1,bp1,...,01,2+ kg(g) + kg(g)).
Therefore,
F N(K— 1,1,b, — 1,bm_1,...,b1,2—|—k0(2) +k0(3)) N(K— 1,1,b,, — 1,bm_1,...,b1)
S(P%) N N(labm_17bm717"'7b172+k0(2)+k0'(3)) N(labm_meflw"?bl)

On the other hand, since C 1= C(l)CI D Ao we compare the entries of F( 1 with those
Pt Pt

of C L after applying the induction hypothes&s to Cl Since det(C 1 +1) det(F, (7)) =1 by

P P

p+1
Lemma 2.2.5, Remark 7.4.3 (0), and Theorem 7.2.1, it is enough to compare the (1,1), (2,1),
and (1,2) entries. Thus it remains to prove the followmg three identities:

(7.4.4) N(K = 1,1,bp = 1,1, b1, 2 4 kia) + ko(3)

= KN(K =11, bn) = Kko()N (b1, b)) = N(br, o b) =k 1,
(7.4.5) N by = 1,0ty b1, 2 4 kig2) + Eios)

= N(K —1,1,b0 — 1,...,b) — koyN (b1, .- -, bn),
(7.4.6) N(1, by — 1,bp1,...,b1)

= N(K = 1,1,b2 — 1, b)) — by N(b1, oo ) — k1

p—1

We prove (7.4.4). Applying Lemma 7.4.10 (1) to the left-hand side gives
N(K - 17 17 bm - 17 bm—17 ceey b17 2 + ko’(?) + ko’(.?)))
= KN(bm, ce, b1, 24 ko(2) + kU(B)) - N(bm_l, .,b1,2+4 ko(2) + ka(S))-
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Since b; = 1, we reverse the sequence by Proposition 6.1.9 (1) and then apply Lemma 7.4.10 (1).
This gives
KN(bm7 sy b1, 24 ko‘(Q) + ko‘(?))) - N(bm—la sy b1, 24 ko‘(2) + k0(3))
= (K - ko‘(l))KN(bQ +1,... 7bm) - KN(b3a .. 7bm) - (K - ko‘(l))N(bQ +1,... 7bm—1)
+ N(b3, e bm—l)-

On the other hand, applying Lemma 7.4.10 (1) to the first term on the right-hand side of (7.4.4),
we obtain
KN(K —1,b1,...,bpm) — KkyyN (b1, ..., bm) — N (b1, .., bi) —k%

= K2N(by+1,....bp) — KN (b, ... ,by) — KkyyN (b1, ..., bm) = N(by, ... .bm) —k_1_.

p—1
Since Corollary 7.4.9 applied tor = 7, ¢t = 5, and s = il gives by,—1 = L and by, = 2+kq(2) ko (3)s
applying Lemma 7.4.10 (1) to the fourth term in the preceding expression yields

K2N(b2—|—1,...,bm)—KN(bg,...,bm)—Kka(l)N(bl,...,bm)—N(bl,...,bm>—k#

p—1
=K?’N(ba+1,...,by) — KN(bs,...,bw) — KkyyN(b1,. .., bp)
- (K - ka(l))N(bla s >bmf2 + 1) + N(bl) v 7bm73) - kp%
Using N(b1,...,bpm—2+1) = N(b1,...,bn—1) and comparing the expression obtained from the

left-hand side with the expression obtained from the right-hand side, it remains to show that the
difference is zero. This difference is

E‘:]\T(bg,...,bm,Q—|—1)—]\I(bg—|—1,...,bm,3)—|—k‘i1
=

Taking the symmetry in Remark 7.4.3 (5) into account, Lemma 7.4.10 (2) gives £ = 0. Hence
(7.4.4) follows. The identities (7.4.5) and (7.4.6) are proved by the same transformations.

We next assume that the theorem holds for ¢ = % and t = 1%, and prove it for ¢t = pié

By Corollary 7.4.9, we may write
S(I%) = (2 + k1 + ko + k3, a1,as, ... ,ag),
and hence
8(%) = (2—|- k1 + ko + k3,1,1 —i—k’a(g),Q—i—k‘l + ko —|—/~63,ag,...,a3,a2 + 1).
Therefore,
F - N(K— 1,1,1—|—]€0(2),K— l,ag,...,CLQ—i-l) N(K— 1,1,1—|—]€U(2),K— 1,ag,...,a3)
s(E5) — N(1,1+ky@), K —1,a,...,a2+1) N(1,1+ ky(9), K — 1,ay,...,a3)
On the other hand, since C' el = =C_p_ . C.—-D p=1 we compare the entries of F' s(EtLy with those
P 1 2

of Cp+1 after applying the mductlon hypothesis. For the same reason as in the prlécedlng case, it

p+2
is enough to compare the (1,1), (2,1), and (1,2) entries. Thus it remains to prove the following

three identities:
(7.4.7) N(K - 1,1,1+ ks, K = 1,a4,...,a2 + 1)
= (K(ks2) +2) — ko2) — 1)N(K — 1,a1,...,ar)
+ (ko2) +2)N(K — 1 a1,...,a¢-1) — k%,

(7.4.8) N1+ by K = 1yag, ... a5 + 1)
= (K(kg(2) +2) — ko2) — 1)N(a1, ..., ap)
+ (ko(2) +2)N(a1, ..., ae-1),
(7.4.9) N(1,1 4 ko), K = 1,ay, .., az)
= (K —1)N(a1,...,a¢) + N(a1,...,ap—1) — kp=1.

P
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First note that a; = 1 by Remark 7.4.3 (3). Therefore Proposition 6.1.9 gives
N(ag,...,as,aa+1) = N(ag2 + 1,as,...,a7) = N(1,aq9,...,a0) = N(aq,...,a),
N(ag-1,...,a3,a2+1) = N(az + 1,as3,...,ap—1) = N(1,a9,...,ap—1) = N(ai,...,ap_1).
We will use this identification below. We first prove (7.4.7). By Lemma 7.4.10 (1), the left-hand
side is
N(K = 1,1,1+ ky(9), K — 1,a4,...,a3,a2 + 1)
= KN(kgy2)+2,K —1,a4,...,a3,a2 + 1) = N(K — 1,ay,...,a3,a2 + 1).
Applying (7.4.1) to the first and second terms in this expression gives
KN(ky)+2,K —1,ay,...,a3,a2 + 1)
= K(kg2) +2)N(K — 1,a4,...,a3,a2 + 1) + KN(ay, ..., a3,a2 + 1),
N(K —1,ay4,...,a3,a2+1) = (K —1)N(ay,...,as,a2 + 1) + N(as_1,...,a3,a2 + 1).
Applying (7.4.1) once more to the first term of the first of these identities gives
K(ky2) +2)N(K — 1,ay,...,a3,a2 + 1)
= K(K — 1)(kg(2) +2)N(ag, . . .,a3,a2 + 1) + K(ky2) + 2)N(ag_1,...,a3,a2 + 1).

Substituting this last identity back into the first of the two identities above, and then substituting
the resulting expressions into the first displayed formula for the left-hand side of (7.4.7), the
left-hand side becomes

(7.4.10) (K(K = 1)(ko@) +2) +1)N(as, ..., a3,a5 + 1)

T (K(kg(z) +2)— 1)N(ag,1, ... a3 az +1).
Next apply Lemma 7.4.10 (1) to the first and second terms on the right-hand side of (7.4.7).
This gives
(K(kge2) +2) = ko2) — N(K — 1,a1,. .., ap)
= K(K(ko(2) +2) = ko2) — )N(az +1,...,ar)
— (K(kg(g) +2) — ko(2) — 1)N(as,...,ap),
(ko) +2)N(K —1,a1,...,a0-1)
= K(kgy2) +2)N(az +1,...,a0-1) — (ky2) + 2)N(as, ..., ar1).
Substituting these two identities into the right-hand side of (7.4.7) gives
(74.11) K (((K = ) (ko) +2) + )N(az + 1, a0) + (ki) + 2)N(az + 1, ar 1) )
~ (((K = 1)(kog2) + 2) + )N (az, ..., ar) + (ko) + 2)N(as, .- ar1)) = Fos.
It is enough to prove that the difference between (7.4.10) and (7.4.11) is zero. Let this difference
be E. Then
(7.4.12) E= (K —1)N(ag+1,...,a0) + N(az + 1,...,ar1)
— (K = 1)(ky(2) +2) + 1)N(as, ..., ar) — (kg2) + 2)N(az, ..., ar-1) — k%

Applying Corollary 7.4.9 to t = ijl gives ag + 1 = 2 + ky(2). Therefore applying (7.4.1) to the

first and second terms above gives
(K—=1)N(az +1,...,a0) = (K = 1)(2+ ky(2))N(as,...,ar) + (K — 1)N(ay,...,ar),
N(ag+1,...,a0-1) = (2+ ky(2))N(a3,...,ap-1) + N(ay,...,ar1).
Substituting these identities into (7.4.12) gives
(7.4.13) E = (K —-1)N(a4,...,a7) + N(a4,...,ap—1) — N(ag,...,ar) — kp-1.

P
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Since a3 = K — 1, applying (7.4.1) to the third term gives
N(as,...,a5) = (K —1)N(ay,...,as) + N(as,...,ap).
Substituting this into (7.4.13), we obtain
E = N(ayq,...,ap—1) — N(as,...,a7) —kp-1.

P

Taking the symmetry in Remark 7.4.3 (5) into account, Lemma 7.4.10 (2) gives £ = 0. Hence
(7.4.7) follows. The identities (7.4.8) and (7.4.9) are proved by the same transformations.

Finally, consider the remaining cases t € (0,1). If s(r) = (K — 1,a1,...,ar) and s(s) =
(K —1,b1,...,by), then Corollary 7.4.9 gives

S(t) = (K— 1,1, — 1,b,—1,...,b1, K — 1,ag,...,a3,a2+1).
Put
= (bym — L,bp—1,...,b1, K — 1,ay,...,a3).

Then
N(K_ 1alau7a2+ 1) N(K_ 1717/-1“)

N(17M>a2+1) N(la,u)
On the other hand, since C; = C,.Cs — Dy, we compare the entries of Fy;) with those of C; after
applying the induction hypothesis to C, and C,. For the same reason as above, it is enough
to compare the (1,1), (2,1), and (1,2) entries. Thus it remains to prove the following three
identities:
(7.4.14) N(K — 1,1, p,a0 + 1)

= N(K — L,a1,...,a0)N(K — 1,by,....bp)
+N(K— 1,a1,...,ag_l)N(bl,...,bm) — ky,
(7.4.15) N(1,p,a2+1) = N(ay,...,ap)N(K —1,b1,...,by) + N(a1,...,ap—1)N(b1,...,bn),
(7416) N(l,,u) = N(al, R ,ag)N(bl, - ,bm) + N(al, - ,ag_l)N(bl, ceey bm_1> — k.
We prove (7.4.14). Since b; = 1, applying Lemma 7.4.11 to the left-hand side gives
(7.417) N(K —1,1,p,a2 +1) = N(K — 1,1, by, — 1,bm_1,...,bs + YN(K, ag, ..., as + 1)
—N(K— 1,1,b — 1,bm_1,...,bg)N(ag,...,ag—i— 1).

Foiy =

Applying (7.4.1) to the terms containing K and Lemma 7.4.11 to the terms containing K — 1,
we rewrite (7.4.17) as

(7.4.18) K2?N(az+1,...,a0)N(by+1,...,by) +KN(ag+1,...,ap_1)N(ba +1,...,by)
— KN(ag+1,...,a0)N(ba+1,...,bpp—1) — N(ag + 1,...,ap—1)N(ba + 1,...,byp—1)
—KN(ag+1,...,a7)N(b3,...,b;) + N(az+1,...,a¢)N(b3,...,bp—1).
On the other hand, applying Lemma 7.4.11 to the right-hand side of (7.4.14) gives
(7.4.19)  K2N(ag+1,...,a0)N(b2+1,...,by) — KN(ag+1,...,a7)N(bs,...,bn)
— KN(as,...,ag)N(ba+1,...,bp) + N(as,...,ap)N(b3,...,bn)
+ KN(ag+1,...,ap-1)N(b1,...,by) — N(as,...,ap—1)N(b2a+ 1,...,by) — k.

It is enough to prove that the difference between (7.4.18) and (7.4.19) is zero. Let this difference
be E. Then

(7.4.20)
E = —KN(@—}—1,...,ag)N(b2+1,...,bm,1)—N(a2+1,...,ag_1)N(b2—|—1,...,bm,1)

+ N(ag+1,...,a¢)N(b3,...,byn—1) + KN(as,...,ap)N(ba +1,...,bp)
— N(as,...,ag)N(bs,...,by) + N(as,...,ap—1)N(b2a+1,...,bp) + k¢.
Here Lemma 7.4.10 (1) gives
N(K —1,b1,...,b;) = KN(ba+1,...,b;) — N(bs,...,b;).



4. GC MATRICES AND STRONGLY ADMISSIBLE SEQUENCES 116

Applying this for j = m — 1 and j = m, we can rewrite (7.4.20) as

(7.4.21)
E = *N(CLQﬁL1,...,QZ)N(K*1,b1,...,bm,1) *N(CLQ+].,...,ag_l)N(bl,...,bmfl)

+ N(as,...,ag)N(K —1,b1,...,by) + N(ag,...,ap—1)N(b1,...,bm) + k¢.
Thus (7.4.20) has been rewritten in the form (7.4.21). Furthermore, Lemma 7.4.12 gives
N(as,...,ar)N(K —1,by,...,by) + N(as,...,ap—1)N(b1,...,bp)
= N(ag,...,a5, K —1,b1,...,bp),
N(ag+1,...;ap))N(K — 1,b1,...,bypp—1) + N(az + 1,...,ap—1)N(b1,...,bpm—1)
=N(ag+1,...,a0, K —1,b1,...,bpm—1).
Therefore
(7.4.22) E=N(ag,...,ap, K —1,b1,....by) — N(as +1,....a5, K —1,b1, .., bm_1) + ks.
Reversing the sequences in (7.4.22) and using Proposition 6.1.9 (1), we can rewrite E as
(7.4.23) E= N(bp,...,b1,K —1,a4,...,a3) — N(bp—1,...,b1, K —1,a4,...,a3,a2 + 1) + k.
Finally, Lemma 7.4.10 (2) gives
N(bmy...,b1, K —1,ap,...,a3) = N(bm-1,-..,01, K — 1, ay,...,a3,a2 + 1) — ky.

Hence E =0, and (7.4.14) follows. The identities (7.4.15) and (7.4.16) are proved by the same
transformations.
We next prove the case t € (1,00]. The case C1 is checked by direct computation. Hence
0

assume ¢t € (1,00). By Corollary 5.3.7 and Proposition 5.4.4, we have m} = m; and u} =
t t

my — us — k;. Combining this with Theorem 7.2.1, we obtain

[(K—l)m“} + u* % ]
Ct: *? ‘
mi mh —ul — k

T

e ¥
e ¥

(the (1,2) entry is determined by det C; = 1). Since % € (0,1), write s*(3) = (bo, ..., bm). The
result already proved for the interval (0, 1) gives

C, — (K—1)N(b1,...,bm)—I-N(bl,...,bm_l) *
t N(b1,...,bm) N(bi,...,bm) = N(b1,...,bmo1) — k|
On the other hand, by Remark 7.4.3 (7), we may write s(¢) = (bo, by, - .., b1), and hence
N(bo,bm,...,bl) *
Fow) =

N(bp,...,b1)  N(bpm,...,b2)]"
If C7 denotes the (ki, k2, k3, 0™)-GC matrix attached to %, then
t
tr(Ct) = tI‘(CI) == Kmt - k‘t.
t
Also, using bp = K — 1 and b = 1, Lemma 7.4.10 (1), and (7.4.1), we obtain
tI'(FS*(%))
:N(bo,bl,...,bm)—i—N(bl,...,bm_l)
:KN<b2—|-1,...,bm>—N(bg,...,bm)—|—N(b1,...,bm_1)
=(K—1)N(ba+1,....bp) + N(b2a+1,...,bp) — N(bs,...,bp) + N(b1,...,bpm—1)

:N(bO;bma-- b1)+N(b2+1 bm>_N(b3a-~-7bm)
:N(bo,bm, b1)+N(1 bg,..., ) N(b3,,bm>
= N(bo,bm,...,b1) + N(b,..
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Together with the first part, which gives tr(FS*(;)) = tr(C7), this also gives tr(Fy)) = tr(Cy).
¢ %

Therefore, to prove Cy = Fyy), it remains to check the equality of the (1,1) and (2,1) entries.

The equality of the (2, 1) entries follows from Proposition 6.1.9 (1). The equality of the (1,1)

entries follows by applying Proposition 6.1.9 (1) after reversing the sequence in the expression

for Cy, and then using (7.4.1). This proves the claim. O

REMARK 7.4.13. The matrices Co and Fs(g) do not coincide. Indeed, Co has a negative
1 1 1
entry.



CHAPTER 8

Generalized Discrete Markov Spectra

By Chapter 7 we have prepared several tools: generalized Markov numbers, characteristic
numbers, GM distances, generalized Cohn matrices, and generalized strongly admissible sequences.
In this chapter these tools are related to the Lagrange and Markov spectra. More precisely,
we define a discrete family of values naturally obtained from generalized Markov numbers and
show that these values are realized as both Lagrange constants and Markov constants. Thus
the arithmetic, combinatorial, geometric, and matrix-theoretic data constructed in Part II are
brought together in the language of spectra.

We first define the generalized discrete Markov spectrum as a set of values determined by
generalized Markov numbers and then state the main result discussed in this chapter. We then
show that each element of this spectrum is realized both as the Lagrange constant of a quadratic
irrational and as the Markov constant of a binary quadratic form with rational coefficients. This
gives explicit values inside the Lagrange and Markov spectra. We also specialize the general
theory to the case (k1, ke, k3) = (0,0,0) and recover the classical Markov theorem. After that,
we pass from rational slopes to irrational slopes and prove that the bi-infinite sequences obtained
from irrational-slope lines give the boundary value 3+ k1 + ks + k3. Finally, we discuss the relation
between the (0,0, 0)-type and the (2,2,2)-type, and then consider a natural generalization of
Frobenius’s uniqueness conjecture.

The material in this chapter is based primarily on [Gyo25]. The proof of Markov’s theorem
follows the basic strategy of the traditional accounts [Bom07, Aigl3, Reul9], but we present it
in terms of right and left mechanical words in order to make the relation with strongly admissible
sequences explicit.

1. Definitions and Main Theorems

For (k1, ko, k3) € Z%O and o € G3, define

M V(B H Rtk k)mi —k)?—4 | te[0,00NQ,
k1k2,ks,0 = my my is a (k1, ke, k3, 0)-GM number [’
M ey = | My ko ks,
ceBG3

Here m; is understood together with its component position %, and k; means k;,. We call
M, ko ks the (K1, ko, k3)-generalized discrete Markov spectrum. The central result of this section
is the following.

THEOREM 8.1.1. Fiz (ki, ke, ks) € Z3, and o € &3. We use the conventions 1/0 = oo
and 1/oc = 0. For each reduced fraction t € [0,00] N Q, let (my,4;) denote the corresponding
(K1, ko, k3, 0)-GM number together with its component position, put k; := k;,, and let s(t) be
the corresponding generalized strongly admissible sequence. For a finite sequence S of positive
integers, write ag = [S]. Then

\/((3 + k1 + ko + kg)mt — kt)2 —4
my '

£(Oés(zt)) = E(as*(%)) =
In particular, My, g, 1, C L.

The next theorem is an immediate consequence of Theorem 4.4.2.

118
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THEOREM 8.1.2. With the notation of Theorem 8.1.1, for a finite sequence S of positive
integers put Qs = (x — agy)(x — o/sy), where oy is the quadratic conjugate of ag. Then, for
every reduced fraction t € [0,00] N Q,

\/((3 + k’l + k‘z + k‘3)mt — k’t)2 —4
my '

M(Qs) = M(Qye (1)) =

Theorem 8.1.1 follows from the material developed so far as follows.

PROOF OF THEOREM 8.1.1. It suffices to show that the periodic parts of s(t) and s*(1/t)
agree up to reversal and cyclic shift. Indeed, by Theorem 3.3.3 and the invariance of & under
reversal, this implies L(ag)) = L(ag+(1/1)). The required agreement follows immediately from
Remark 7.4.3 (7). We next prove the formula for £(c)). When t = 0, the assertion follows by
directly computing s(0), Fy(0), and mg from the definitions. Hence we assume ¢ € (0,00]. By

V(be(Fs))2 = (—1)m+ -4

Theorem 3.3.5,
0<1<n
(Fis,)21 - }

where s(t) = (ao, . ..,a,) and S; = (a;,...,an,ao,...,a;—1). By Remark 7.4.3 (0), n is odd, and
hence (—1)"*! = 1. For i = 0 we have Fg, = F(), which equals C; by Theorem 7.4.4. Moreover,
Theorem 7.2.1 gives tr(Ct) = (3 + k1 + ka2 + k3)my — kt and (Fg,)21 = (Ct)21 = my. Thus it
remains to prove that min{(Fs,)21 | 0 <i < n} = (Fg,)21. This is the only remaining point to
check. Since (Fyg,)21 = N(ai,...,ay), it suffices to show that this number is the minimum of

Ny = {N(w) | there exists 0 < k < n such that w = (ax+1, @k+2,- -, Aktn)}-

L(ag4)) = max {

Project R? to the triangulation of the once-punctured torus. Then L; corresponds to a loop on the
torus; see also Remark 7.4.1. When L; is regarded as such a loop and w = (agy1, ..., 0kin), We
denote by L;(w) the part of L; whose sign sequence is w, as determined by the triangle-crossing
and edge-crossing rules.

If the endpoints of L;(w) are modified as shown in Table 1, the triangle-crossing, edge-crossing,

and endpoint rules give an arc L;(w) whose sign sequence is w.

1 — —f< =% ; — ——k
S . =L o %
_l + _\ +

FIGURE 1. Example of the modification from L;(w) to Ly(w)

The endpoint modification connects the two endpoints of L;(w) without introducing any
unnecessary detour within the homotopy class on the once-punctured torus; see Figure 1. This
can be checked by considering all endpoint-modification patterns.

Therefore, if t = p/q, then L;(w) can be represented as a curve segment from (0,0) to (¢, p).

The resulting curves L;(w) are generalized arcs. In particular, L(ay, ..., ay) is the segment L;
with endpoints A = (0,0) and B = (g, p), hence corresponds to v%5. By Theorem 6.3.7, this
implies that N(aq,...,ay,) is the minimum of N;, and the proof is complete. O

The key point of the proof is the following. After reducing the possible values of the Lagrange

constant to \/
(tr(Fs,))? — (=1)"*1 -4
= < ] <
L) max{ oo 0<i<n

one has to determine which cyclic shift S; gives the smallest value of (FJ,)21, and what that
value is. In [BomO07], this step is handled by ad hoc inequalities. In this text we instead use the
minimality of the GM distance and the fact that the minimal GM distance is a GM number.
The former method is tailored to the case of ordinary Markov numbers, whereas the present
method treats general GM numbers uniformly.
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ExaMPLE 8.1.3. Let (ki1,ko,k3,0) = (1,2,0,id) and ¢t = 2. Since ig/5 = 1, we have
s(%) =(5,1,3,3,1,5,4,1,3,4). Therefore the sequences w giving the elements N (w) € Ny/5 are
(1,3,3,1,5,4,1,3,4), (3,3,1,5,4,1,3,4,5), (3,1,5,4,1,3,4,5,1), (1,5,4,1,3,4,5,1,3),
(5,4,1,3,4,5,1,3,3), (4,1,3,4,5,1,3,3,1), (1,3,4,5,1,3,3,1,5), (3,4,5,1,3,3,1,5,4),

(4,5,1,3,3,1,5,4,1), (5,1,3,3,1,5,4,1,3)
respectively. The corresponding values of N(w) are
8227, 32957, 12039, 12041, 32937, 8261, 9997, 31881, 12199, 11127,

and the minimum of Ny 5 is 8227. The corresponding arcs Ly (w) and Ly(w) are listed in Table 2,
which is collected at the end of this section.

b _[N(5,1,3,3,1,5,4,1,3,4) N(5,1,3,3,1,5,4,1,3)
s = | N(1,3,3,1,5,4,1,3,4)  N(1,3,3,1,5,4,1,3)
Thus o/ = (V2436508317 + 45501) /16454 and
45501 11127
_ 2 _ 2
Quz) =%~ Zoo7 ™ ~ goar ¥

47431 11127
8227 1930

For these values we have

(V2336508317 + 45501 _ < , 45501 11127 2) /2436508317
16454 =T T oY T gaar Y 8227

EXAMPLE 8.1.4. We now list several quadratic irrationals o and the corresponding values £(«)
obtained from Theorem 8.1.1. Table 3 gives the case (ki, k2, k3) = (0,0,0); when ky = ko = ks,
the value is independent of o € &3. Tables 4, 5, and 6 give the case (0,0,1). Tables 7, 8, and 9
give the case (0,1,1). Table 10 gives the case (1,1,1), Table 11 gives the case (2,2,2), and
Table 12 gives the case (k1, ko2, k3,0) = (1,2,0,id). In each list, the entries are ordered by the
corresponding GM number m;.
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modification to Et(w) endpoints of Lt (w)

121

modification to I:vt(w)

Al

il

N

(1=lvls

W@ BA

A7 AV B4
27| A AB [

SN
<
A

TABLE 1. Endpoint modification



. DEFINITIONS AND MAIN THEOREMS

w Li(w) N (w)
(1,3,3,1,5,4,1,3,4) = S T e 8227
(3,3,1,5,4,1,3,4,5) BN RE N 32957

l\f: it S A
(3,1,5,4,1,3,4,5,1) RN AR KR 12039
(1,5,4,1,3,4,5,1,3) AR AR 12041
(5,4,1,3,4,5,1,3,3) N A N 32937
LA L
(4,1,3,4,5,1,3,3,1) l\ S N 8261
(1,3,4,5,1,3,3,1,5) NS EN BN AN 9997
T }>+ e +++
N ] -
(3,4,5,1,3,3,1,5,4) RIS e AN S AN 31881
I\"7 ++++ TS +++}
(4,5,1,3,3,1,5,4,1) N S A EEN AP 12199
+ ++
K2 AS
(5,1,3,3,1,5,4,1,3) ENESENEN BN ESEN 11127

TABLE 2. L;(w) and Ly(w)
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¢ s(t) o = [s(t)] my £(q)

0 (1,1) V5 +1 1 NG

1 2

1 (2,2) V241 2 22

1

1 (2,1,1,2) V221 + 11 5 V221

2 10 5

! (2.1,1,1,1,2) V517 +29 13 1517

3 26 13

2 (2.1,1,2,2,2) V7565 + 63 29 V7565

3 58 29

! (2.1,1,1,1,1,1,2) 5v/26 +19 34 10v/26

4 17 17

! (2,1,1,1,1,1,1,1,1,2) V71285 + 199 89 V71285

5 178 89

3 (2,1,1,2,2,2,2,2) V257045 + 367 169 V257045

4 338 169
TABLE 3. (ki, ko, k3) = (0,0,0)

t s(t) a = [s(t)] my L()

% (2,1) V3+1 1 2/3

! (3,2) VI5+3 2 V15

1 2

! (3,1,1,3) 529 + 23 7 5v/29

2 14 7

! (3.1,2,1,1,3) V51 +43 2 14v/51

3 25 25

2 (3.1,1,3,3,2) V11235 + 83 53 2v/11235

3 53 53

E (3.1,2,1,1,2,1,3) V15293 + 107 93 V15203

4 62 31

! (3.1,2,1,2,1,1,2,1,3) 353207 + 599 346 3v/53207

5 346 173

3 (3,1,1,3,2,3,3,2) VB0STG5 +435 | 417 | 2308765

4 278 278

TABLE 4.

(k].7 k27 kB’U) - (0, 0, 1, ld)
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¢ s(t) a = [s(1)] my £(q)

% (2,1) V3+1 1 2/3

! (3,3) Vi3 +3 3 Vi3

1 2

. (3,1,2,3) V3R +17 10 V309

2 10 5

! (3.1,2,2,1,3) V21605 + 127 37 V21605

3 74 37

2 (3.1,2.3,3.3) VAT523 + 185 109 2v/A7523

3 109 109

E (3.1,2,1,2,2,1,3) 5/3003 + 237 137 10v/3003

4 137 137

Le121221,213) AT 41760 | 5p | VAITISAS

by 1022 511

3 (3,1,2,3,3,3,3,3) 5654883 + 2018 | 1189 |  2v/50654883

4 1189 1189
TABLE 5. (k‘l,kig,k‘g,O') = (0,0,1,(1 2 3))

t s(t) a = [s(t)] my L(c)

0 (1,1) V5 +1 1 NG

1 2

! (3,2) Vi5+3 2 V15

1 2

. (3.1,1.2) 8VIL 18 5 6T

2 5 5

! (3,1,1,1,1,2) 15v3 421 13 30v/3

3 13 13

E (3.1,1,1,1,1,1,2) V4623 + 55 34 V4623

4 34 17

2 (3,1,1,3,2,2) V2669 + 41 39 /2669

3 26 13

1 (3,1,1,1,1,1,1,1,1,2) V31683 + 144 89 21/31683

5 89 89

! (3,1,1,1,1,1,1,1,1,1,1,2) V217155 + 377 233 2v217155

6 233 233

TABLE 6.

(k17k27k370) - (0707 17 (1 3 2))
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t s(1) o = 50 m, £(a)

0 (3,1) V21+3 1 Va1

1 2

! (4.3) 43+ 6 3 3v/3

1 3 3

! (4,1,2,4) V1023 +29 13 2v/1023

2 13 13

s (4,1,3,2,1, BT +13) | g1 62567

3 61 61

: (4.1,2,4.4.3) VADS0G+105 | 73 | 2/40506

3 89 89

! (4,1,3,1,2,3,1,4) 44+/273 + 666 21 88273

4 291 291

E (4,1,3,1,3,2,1,3,1,4) 531VA3+3191 | 1303 10621/43

5 1393 1393

3 (4,1,2,4,3,4,4,3) 21/9600702 + 5431 92479 41/9600702

4 2479 2479
TABLE 7. (k1,ke,k3,0)=(0,1,1,id)

t s(t) a = [s(t)] my L(a)

% (2,1) V341 1 2V3

1 (4,3) 4V/3 46 3 8v/3

1 3 3

1 (4,1,2,3) 2v/39 + 11 10 4v/39

2 5 5

! (4.1,2,2,1,3) V3463 + 82 37 2v/8163

3 37 37

E (4,1,2,1,2,2,1,3) V469221 + 611 137 169221

4 274 137

2 (4,1,2,4,3,3) 2y/30102 + 305 139 4v/30102

3 139 139

! (4,1,2,1,2,2,1,2,1,3) 6/45298 + 1140 511 12/45298

5 511 511

2 (4,1,2,2,1,4,3,1,2,3) 22+/43662 + 4050 1839 44/43662

5 1839 1839

TABLE 8.

(k17k27k370) - (07 17 17 (1 2 3))
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¢ s(t) o = [s(t)] my £(a)

% (2,1) V3+1 1 2/3

% (4,2) VB+2 2 26

1 (4,1,1,3) 12v2 415 7 242

2 7 7

! (4,1,2,1,1,3) V15621 + 111 2 V15621

3 50 25

2 (4,1,1,4,3,2) 4v1743 4 138 67 81743

3 67 67

! (4,1,2,1,1,2,1,3) V53823 + 207 03 2//53823

4 93 93

E (4,1,2,1,2,1,1,2,1,3) 12/1299 + 386 346 24/1299

5 173 173

3 (4,1,1,4,2,3,4,2) 2729103 + 1356 661 21/2729103

4 661 661
TABLE 9. (k‘l,kg,k‘g,g) = (0,1,1,(1 3 2))

t s(t) a = [s(t)] my L()

2 (3.1) V2L +3 | Non

1 2

1 (5.3) V385 4 15 3 VS

1 6 3

! (5,1,2,4) 5V237 + 71 13 5v/237

2 26 13

! (5.1,3,2,1,4) 11VIT01 + 339 61 11y/1101

3 122 61

2 (5,1,2,5,4,3) 1692597 + 1167 917 V1692597

3 434 217

1 (5,1,3,1,2,3,1,4) 3045021 + 1623 991 /3045021

4 582 291

! (5,1,3,1,3,2,1,3,1,4) 69839445 + 7775 | 1393 | V69839445

5 2786 1393

3 (5,1,2,5,3,4,5,3) 485629365 + 19735 | 3673 485629365

4 7346 3673

TABLE 10.

(klv ko, k3) = (17 1, 1)
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t s(t) o = [s(t)] my L(q)

0 (5,1) 3v6+5 1 3v5

1 2

: (8,4) V2 44 4 62

! (8,1,3.6) 3v221 + 43 25 3y/201

2 10 5

! (8.1,5,3,1,6) 3VI517 + 113 169 3v/1517

3 26 13

2 (8,1,3,8,6,4) 3V/T565 + 247 841 3V/7565

3 58 29

1 (8,1,5,1,3,5,1,6) 15v26 + 74 1156 3026

4 17 17

Ll 3151,531,51,6) BVTIZE +775 | 7921 | 3v/7IZ85

5 178 89

3 (8,1,3,8,4,6,8,4) 3v257045 + 1439 | 98561 31/257045

4 338 169
TABLE 11. (kjl,kg,k‘g) = (2,2,2)

t s(t) o = [s(t) m £(w)

0 (3,1) V2143 1 V21

1 2

E (5,4) V30+5 4 V30

1 2

. (5.1,3,4) 10v/26+ 47 7 20V%6

2 17 17

E (5.1,3,3,1,4) V723 + 25 81 2v/723

3 9 9

2 (5,1,3,5,4,4) 5004165 + 2061 373 /5004165

3 746 373

1 (5,1,3,1,3,3,1,4) 1340963 + 1077 386 /1340963

4 386 193

L 61,313,313, VIBES5 120 | qggg | 2v16635

5 43 43

3 (5,1,3,5,4,4,5,4) 2150737006 + 22602 | g1g5 | 4v/150737006

4 8185 8185

TABLE 12.

(kla k27 k37 U) = (17 27 07 ld)
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2. Mechanical Words

In this section we introduce the mechanical words needed for the proof of Markov’s theorem
in the next section. Since our goal is to relate them to strongly admissible sequences, we define
them using slopes at least 1, rather than the more usual convention in which the slope is at most
1.

DEFINITION 8.2.1. Let ¢ € [1,00] and 0 € R. First suppose that 1 <t < oo. Orient the line
lip:y = tx+ 0 in the direction in which both coordinates increase, that is, from lower left to
upper right. For each n € Z, let P,, = ((n — 0)/t,n) be the intersection of ¢; 9 with the horizontal

line y = n. Let
_[n—0
o= [5]
be the z-coordinate of the nearest lattice point on or to the right of P,, and let

- VLZQJ

be the z-coordinate of the nearest lattice point on or to the left of P,. If P, itself is a lattice
point, that lattice point is regarded as belonging to both the right and the left side. Put

R L
8 =Tn+1 — Tn, €n = ln+1 — ln

Since t > 1, we have ¥, L € {0,1}.
The bi- mﬁmte word bft = (b),,cz defined by

I if el =1,
" Y ifeff=0

is called the right mechanical word of slope t and intercept #. Similarly, the bi-infinite word
b’ = (b%),cz defined by
by =

n

X ifek=1,
Y ifel=0
is called the left mechanical word of slope t and intercept 8. Right and left mechanical words are

collectively called mechanical words.
Finally, for ¢ = co, we define ---YYY --- to be the mechanical word of slope co.

ExXAMPLE 8.2.2. For the line 65 1iy= Qx + 4, the right mechanical word is the bi-infinite

purely periodic word with period X Y XYY. The left mechanical word is the same word; see
the left panel of Figure 2. In this example the left and right mechanical words coincide, but
the situation changes when the line passes through a lattice point. For ¢ 500y = %x, the right
mechanical word again has period XY XYY, while the left mechanical word has period YY XY X;
see the middle panel of Figure 2. These two words agree after a shift, but the example shows
where the distinction between the two conventions comes from. If the slope is irrational and the
line passes through a lattice point, then the left and right mechanical words differ only around
the unique lattice point through which the line passes; see the right panel of Figure 2.

We record several elementary properties of mechanical words.

LEMMA 8.2.3. Lett = % € [1,00) be a reduced fraction. Then every mechanical word of slope
t has period p, and one period contains exactly q occurrences of X. Thus, if w is one period, then

w
Jwl _p_
lwix ¢
PROOF. It is enough to prove the assertion for right mechanical words; the proof for left
mechanical words is identical. We have

][5
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Y / Y Y /Y Y X

X X X X X Y
Y / Y Y / Y Y / Y
X X Y X X X

FIGURE 2. Pieces of mechanical words, read from bottom to top

Since t = g,

q(n+p—9)l _ {q(n—é’)

T+ :’V
e p p

Therefore
R
Entp = Tn+p+l = Tndp = Tn+l — Tn = &y,
so p is a period. Moreover, the number of X’s in one period is

p—1

R
Zan =7y, —T0=4g.
n=0

Hence |w|/|w|x = p/q = t. The same argument, with the floor function in place of the ceiling
function, proves the assertion for left mechanical words. O

Next we relate shifts of mechanical words to changes of intercept.
LEMMA 8.2.4. Let k € Z, and define the shift of a word by
(T*b),, = by
Then, for every t € [1,00] and every intercept 6,
TFbE(t,0) = bf(t,0 — k),  T'bE(t,0) = bL(t,0 — k).
In particular, a shift of a mechanical word is again a mechanical word of the same slope.

PROOF. The case t = oo is clear because the word is ---YYY --.. Assume 1 <t < 0o. For
right mechanical words, put

Then . b
n— (0 — n+kKk—
(0 — k) = {(t)w = [tl = Tn4k(0).
Therefore
Tnt1(0 — k) = (0 — k) = rnapi1(0) — mns(6),
and hence T*b%(t,0) = b (t,6 — k). The proof for left mechanical words is identical, using
In(0) = [(n—0)/t]. O

The converse is not true in general: mechanical words with different intercepts need not
be related by a shift, because the proof above accounts only for integer shifts of the intercept.
For rational slopes, however, the converse holds. We first show that, for rational slopes, left
mechanical words may be rewritten as right mechanical words.

LEMMA 8.2.5. Assume that t € [1,00] is rational. Then every mechanical word of slope t can
be written as a right mechanical word of the same slope t.
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PRroOOF. There is nothing to prove if the word is already a right mechanical word. Let
b = b’ (t,6) be a left mechanical word of slope ¢. If t = co, then b= ---YYY .- which is also
a right mechanical word. Assume 1 <t < oo, and write t = p/q in lowest terms, with p,q € Zg
and p > q. The left mechanical word is determined by the differences of

o277 52

Put z,, = (n — 0)/t. Since t = p/q, we have x,,4, = x,, + q. Hence the fractional parts {z,} are
periodic in n with period p, and the set

{{zn} [n € Z}

is finite. Choose § > 0 sufficiently small so that
{zn}+0<1

for all n with {z,} # 0. Such a ¢ exists because the set of fractional parts is finite; for example
one may take
0<d<min{l—{z,}|n=0,....p—1, {,} #0},

with arbitrary 0 < § < 1 if the set on the right is empty. Then, for all n € Z,
[y + 0] = |zn] + 1.

Indeed, this is immediate if x,, is an integer, and otherwise follows from {z,} +J < 1. Put
¢’ =0 — t6. Then
n—0 n—0

P + 0 =x, +9.

B
= |——
t

defining the right mechanical word b®(t,6’), we have r,, = I, + 1 for every n. Taking differences
gives 711 — n = lns1 — lp. Thus b¥(¢,0) and b¥(t,0') give the same letter at every position,
i.e. bl(t,0) = bf(t,0"). O

For the sequence

LEMMA 8.2.6. Let t € [1,00] be rational. Then the mechanical word of slope t is uniquely
determined up to shift.

PROOF. For t = oo the only word is --- YYY -+ - so the assertion is clear. Write ¢t = p/q in
lowest terms, with p,q € Z~¢ and p > q. By Lemma 8.2.5, it suffices to consider right mechanical
words. The right mechanical word b’ (¢, ) is determined by the differences of

Tn = )
t
Put o = q/p and 8 = —¢f/p. Then r, = [na + (], and

bp =X << [(n+1)a+p] - [na+p] =1

The right-hand side is unchanged when § is increased by 1, so we regard [ as a point of R/Z.
Put

us(n) = [(n+ D+ B] — [na + 41.
Then
ugtra(n) = [(n+2)a+f] = [(n+1)a+ ] =ug(n+1).
Thus increasing 8 by « corresponds to shifting the word by one position.
Since a = q/p and ged(p, q) = 1, the points
0,0,2ct,...,(p— 1)«

in R/Z are just a permutation of
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A right mechanical word is constant on each half-open interval determined by these points, and
the map 8 +— B + « cyclically permutes these half-open intervals. Therefore all words obtained
by changing the intercept agree up to shift. (Il

PROPOSITION 8.2.7. Let t,t' € [1,00] N Q with t #t'. Let b be a mechanical word of slope t,
and let b be a mechanical word of slope t'. Then b and b’ are not shift-equivalent, and they are
not reversals of each other up to shift.

PROOF. For a periodic word c, let Dx(c) denote the proportion of X’s in one period. This
is independent of the choice of period, and is unchanged by shifts and reversal.

The mechanical word of slope t = oo is ---YYY ... so Dx(b) = 0 in this case. If
t =p/q € [1,00)NQ is written in lowest terms, Lemma 8.2.3 gives Dx(b) = ¢/p = 1/t. Thus, in
general, Dx(b) = 1/t, with the convention 1/00 = 0.

If b and b’ were shift-equivalent, then Dx(b) = Dx(b’), and hence 1/t = 1/t/, so t = ¢/,
contradicting the assumption. Thus they are not shift-equivalent.

Similarly, if b and b’ were reversals of each other up to shift, that is, if b = T%((b’)*) for
some k € Z, then reversal and shift would again preserve Dx. Hence Dx(b) = Dx(b’), forcing
t = t/, again a contradiction. O

Finally, in this section, we relate rational-slope mechanical words to strongly admissible
sequences in the case (k1, k2, k3) = (0,0,0). This relation is the key point in the proof of Markov’s
theorem.

PROPOSITION 8.2.8. Let w be a mechanical word of rational slope t, allowing t = 1/0.
Replace X by 2,2 and Y by 1,1, and denote the resulting sequence by w. Then, in the case
(k1, ko, k3) = (0,0,0), one has

%= (..., s(t),s(t),s(t),...),

where s(t) is the corresponding generalized strongly admissible sequence.

PROOF. The case t = 1/0 follows by direct inspection. Assume 1 <t < oco. By Lemma 8.2.5,
any rational-slope mechanical word may be written as a right mechanical word of the same slope,
so we may assume that w is right mechanical. Since w has rational slope t, we may take as its
defining line the line obtained by extending L; infinitely upward and downward. Applying the
rule for right mechanical words to L;, we > see that on an interval contributing the letter X, the
line L; passes through four triangles of R? in the z-direction. The sign rule assigns the signs
—, —,+, + to these triangles. On an interval contributing the letter Y, the line passes through
two triangles in the y-direction, and the sign rule assigns the signs —, +; see Figure 3. Therefore,
along the period of w corresponding to L;, assigning 2,2 to X and 1,1 to Y gives precisely the
sign sequence determined by the triangle sign rule. By the definition of s(t¢), this proves the
claim. O

S x %Y

F1GURE 3. The relation between the sign rule and right mechanical words

3. Markov’s Theorem

In this section we consider the case (ki, k2, k3) = (0,0,0). In this case the (1,1)-, (1,2)-, and
(1,3)-entries at each vertex of MT(0,0,0,0) do not depend on o € &3, so the fraction labeling of
GM numbers is the same for every choice of . We therefore omit . Applying Theorem 8.1.1 in
this case gives Mo 00 C £LN(0,3) C M N(0,3). The reverse inclusion is the classical theorem
known as Markov’s theorem, which we now prove.

THEOREM 8.3.1 (Markov’s Theorem). Mg = LN (0,3) = MnN(0,3).
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It suffices to prove Mggo O M N (0,3). By Corollary 4.3.4, an element of M N (0,3) is
represented by a bi-infinite sequence b of positive integers with S(b) € (0, 3). Thus we have to
identify the possible forms of such sequences. Since S(b) > 0 for every such sequence, we study
the condition S(b) < 3. From the definition

S(b) :=sup £, (b) = sup([bn; bnt1,-- -]+ [0;0p—1,bp—2,...]).
heZ heZ
the following observation is immediate.

PROPOSITION 8.3.2. If S(b) < 3, then b; =1 or b; =2 for every i € Z.

In the remainder of the proof, we work under the assumption that each b; is either 1 or 2.
We introduce the notation

€. bh—2,bn-1 | bpybry1, ) == [bns bngrs -]+ [03bp—1,bp—2, ... ].
This lets us write computations of ¢5(b) without specifying the index h explicitly.

LEMMA 8.3.3. For one-sided infinite sequences u,v and ¢ € Z>1, L(u* | ¢,v) = L(v* | c,u).
Here u* denotes the reversal of w. In particular, S(b) < 3 if and only if S(b*) < 3.

PRroo¥F. This follows immediately from the computation

o )= ol = e ) = (o0

1 *
[u] [v] > + m = [¢;u] + [0;0] = £(v" | c,u).

O

We also have the following characterization.

PROPOSITION 8.3.4. The condition S(b) < 3 is equivalent to the following two conditions on
b.

(i) The sequence b contains neither the subsequence (1,2,1) nor the subsequence (2,1,2).
(ii) If b or b* can be written as (u*,1,1,2,2,v) using one-sided infinite sequences u,v, then
[v] < [u].

PRrROOF. We first show that S(b) < 3 implies (i) and (ii). Computing ¢(u*,1 | 2,1,v) and
using u,v > 1, we obtain
5 1

Lu*,1]2,1,0v)=[2;1,v] +[0;1,u] > [2;1,1] +[0;1,1] = §+§ = 3.

Thus (1,2,1) cannot occur in b. The displayed inequality follows from (2.2.5); although w and v
need not be integers, the same inequality remains valid when the final component is a positive
real number. If b contains (2,1, 2), the preceding result lets us extend it to (2,2,1,2). Then

8 1
((u*,212,1,2,v) = [2;1,2,0] + [0;2,u] > [2;1,2] +[0;2,1] = 373 =3.

This proves (i). If [v] > [u], then
5wl+2  [v]+1

[\
1

so (ii) also holds.
Conversely, assume (i) and (ii). We distinguish the three possible cuts: (1) ¢(u* | 1,v), (2)
f(u*,1]2,v), and (3) £(u*,2]2,v). In case (1), condition (ii) gives
l(u* | 1,0) = [1;0] + [0;u] < [1;1] 4+ [0;1] = 3.
Hence the required inequality holds.
In case (2), since neither (1,2,1) nor (2,1,2) occurs, we may write u = (1,u’) and v = (2,v").
Hence

O(u™, 1] 2,0) =£((«)",1,1]2,2,0") = [2,2,0] + [0, 1, 1,4] <[22,/ + [0;1,1,u] = 3.
Thus the inequality holds.
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In case (3), we further divide into (3-1) v = (1,v’) and (3-2) v = (2,v’). In case (3-1), the
absence of (2, 1,2) implies v' = (1,v”). By Lemma 8.3.3,

O(u*,21]2,1,0") =0(u*,21]2,1,1,0") = £((v")*,1,1]2,2,u) < 3.

where the final inequality is obtained by applying the same argument as in case (2) to b*. In
case (3-2),

0(u*,2]2,2,0") < [2;2,0] +[0;2,u] < [2;2] +[0;2] = 3.
and the proof is complete. [l

REMARK 8.3.5. Condition (ii) will be used below in the following form. If x,y € {1,2} and
b=(..,z,w*1,1,2,2,w,y,...), then

r=1y=2=|w|isodd, x=2,y=1= |w|iseven
This is just a reformulation of condition (ii).

When we write 1™ or 2 as part of a sequence, it means that 1 appears n times consecutively
or that 2 appears m times consecutively.

THEOREM 8.3.6. If S(b) < 3, then b is one of the following types.
(1) (1%,2,2,1) or (2°,1,1,2) (degenerate type)
(2) (1%,1) or (2°,2) (constant type)
(3) (..., 1M1 2nim1 T QNd IMikl 2Mit1 Y (regular type)

where m; and n; are even for every j.

PROOF. First we show that whenever a finite block of consecutive 1’s occurs in b, its length
is even. Suppose that b = (...,2,1™ 2" 1,...) and that m is odd. If n = 1, then (1,2,1)
occurs, contradicting Proposition 8.3.4 (i). Assume n > 3, allowing also n = co. If m = 1,
then (2,1,2) occurs, again a contradiction. If m > 3, then (1,1,1,2,2,2) occurs; considering
0(...,1,1,12,2,2,...) contradicts Proposition 8.3.4 (ii). Hence n = 2. In this case

b=(..,21"211,2212% ...)

and Proposition 8.3.4 (ii) implies that p < m — 2 and that p must be odd. Repeating the
preceding argument gives n’ = 2. Iterating this argument would force the lengths of consecutive
blocks of 1’s to decrease strictly as one moves to the right, which is impossible in a bi-infinite
sequence. Hence m is even. By applying the same argument to the reversed sequence and using
Lemma 8.3.3, one sees that every finite block of consecutive 2’s also has even length. This proves
that the numbers m;,n; in the regular type are even.

Now suppose that b has infinitely many 1’s to the left but is not of constant type; thus
b = (1,2,2,v). If v = (1), this is degenerate type, so assume otherwise.

Write b = (17,2,2,17,2,...), allowing p = 0. By Proposition 8.3.4 (ii), p must be odd,
contradicting what was proved above. Therefore the only non-constant sequence with infinitely
many 1’s to the left is the degenerate one. The case of infinitely many 2’s to the left is analogous.

This proves the theorem. O

We next compute the values for the degenerate and constant types.

PROPOSITION 8.3.7. If b is of degenerate type, then S(1%,2,2,1) = S(2°,1,1,2) = 3. Ifb is
of constant type, then S(1°,1) = /5 and S(2",2) = 2V/2.

PrROOF. The values S(T",T) and S(2%,2) are obtained directly from the definition, since
every cut gives the same decomposition.
We show that S(T1%,2,2,1) = 3.
I1+2  [1]+1

» _ _ 5
(11220 =220+ 0L LT = g3 + o7 =3

By this computation and Lemma 8.3.3,
0(1°,1,212,1) =3
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Moreover,

lu, 1] 1,v) =[Lv]4+[0;1,ul <2+1=3
Thus only cuts between 1 and 2 need be considered. The remaining pattern is £(1°,2,2 | 1,T),
which equals £(1T%,1]1,2,2,1) by Lemma 8.3.3 and is less than 3.

Next we prove S(2%,1,1,2) = 3.

5 5 - 512] + 2 2l +1
02°,1,12,2) =[2;2,2] +[0;1,1,2] = QH 1 : + 2[[;]1 - = 3
By this computation and Lemma 8.3.3,
02,212,1,1,2) = 3
Moreover,
(,2]2,2,0) = [22,0] 4 D2,0] < 2+ ¢ =3

Together with the preceding equality, this shows that every cut between two 2’s gives a value at
most 3. The inequality £(2",1 | 1,2) < 3 was proved in the first part. The remaining pattern is
£(2,21,1,2), which equals £(2°,1 | 1,2) by Lemma 8.3.3 and is therefore less than 3. O

By Theorem 8.3.6, if S(b) < 3, then b can be written using the blocks (1, 1) and (2,2). We
replace (2,2) by X and (1,1) by Y. Then the preceding classification becomes
(1) X'YX or Y XY (degenerate type)
(2) X*X or Y'Y (constant type)
(3) --- Xkimrytioi xkiyti xkivrytivn ... (regular type)
Proposition 8.3.4 can now be restated as follows.

PROPOSITION 8.3.8. For a bi-infinite sequence b, the following are equivalent.
(1) S(b) < 3.
(2) The sequence b can be written as a sequence in the letters X, Y, and the following two
conditions hold.
(i) If b has a representation b = w*Y Xv, then either u = v, or there exist words
w, v v in XY such that b = (v/)* Xw*Y XwYv'.
(ii) If b has a representation b = u*XYwv, then either u = v, or there exist words
w, v v in XY such that b = (v/)*Yw* XYwXv'.

PROOF. Assume (1). Then b can be written in the letters X, Y by Theorem 8.3.6. Condition
(i) follows from condition (ii) of Proposition 8.3.4 for b, and condition (ii) follows from the same
condition for b*. Conversely, if (2) holds, then condition (i) of Proposition 8.3.4 is automatic
because b is written in X, Y, and its condition (ii) follows from the two displayed conditions
above. g

The following consequence will be useful.

PROPOSITION 8.3.9. Let b = ... Xkimiytimi Xkiyli Xkiv1ytivi ... be q regqular bi-infinite
sequence with S(b) < 3. Then either k; =1 for every i € Z, or {; = 1 for every i € Z.

PROOF. Suppose that neither alternative holds. Then, for some m,n > 2,
b= ...Ym(Xy)an... or ~--Xm(YX)kY"-~

where k = 0 is allowed. Choose such a part of b with k£ minimal. If k¥ = 0, then b contains
either Y 1Y X X" ! or X™ 1XYY" ! hence contains (1,1,1,2,2,2) or (2,2,2,1,1,1), a
contradiction. Thus k£ > 1. Then

b= Y*XY)F X "(YX)FY™ ... or - XY X)PYH(XY)F X ...
with &’ chosen so that m/ > 2. In the first case,
b= YXY)F XY X)X (Y X)Fy™ ...

Applying Proposition 8.3.8 to the central block X (Y X)X" ! shows first that n = 2; otherwise
the block of consecutive X'’s is too long and violates the required comparison. When n = 2, the
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same proposition applied across the central block implies that the alternating block on the right
must have length k' < k. This contradicts the minimality of k. The second case is identical after
interchanging X and Y. O

In the preceding proposition, we call the first case, where k; = 1 for every 4, the X -type, and
the second case, where ¢; = 1 for every i, the Y -type.

DEFINITION 8.3.10. Let b = ... XFi-1yt1 Xkiyti Xkit1ytis1 ... be a regular bi-infinite
sequence; here we do not impose S(b) < 3. Define
CX(b) :( cey (O)ki_l_l, fl',l, (O)ki_l, fi, (O)ki+1_1, €i+1, e ),
CY(b) :=(..., ki1, (0)5 171 ki (0)57 Y kg, ()51 )

We call these sequences the X -characteristic sequence and the Y -characteristic sequence of b,
respectively.

If b is of X-type, then the X-characteristic sequence has all entries at least 1, whereas the
Y -characteristic sequence consists only of 0’s and 1’s. For Y-type the roles are reversed. In
terms of characteristic sequences, Proposition 8.3.8 can be reformulated as follows; this is a direct
check.

ProPOSITION 8.3.11. For a regular bi-infinite sequence b, the following three conditions are
equivalent.

(1) S(b) < 3.
(2) The X -characteristic sequence CX(b) = (;)icz is defined and, for every i € 7Z,
)
)

(ﬂfi - 1axi+l7xi+27" (xi—lvxi—Qu‘ri—B)"')v

)=
(i — Lzim1, @iz, ...) = (Tig1, Tit2, Tig3d,y---)

hold.
(3) The Y -characteristic sequence CY (b) = (y;)icz is defined and, for every i € Z,
(Yi — Lyt Yit2s---) = (Wim1,Yi-2,Yim35 - -+ ),
(i — Lyt Yi—2s- -+ ) = (Yit1, Vit 2, Yitss - - -)
hold.
Here < denotes lexicographic order.
We now temporarily forget that X and Y stand for (2,2) and (1,1), and consider the free

group on the letters X, Y, denoted §(X,Y). Define automorphisms A, p € Aut F(X,Y) by their
actions on the generators:

) X—X ] X — XY
Nye=sxy > 7 lyesy
Their inverses are
4 [ X=X 4 [ X XxYy!
AT , p
Y XY Y—Y

These automorphisms also extend to bi-infinite sequences in the letters X, Y.

LeMMA 8.3.12. If S(b) < 3, then S(A(b)) < 3 and S(p(b)) < 3. Moreover, if b is of X -type,
then S(p~1(b)) < 3, and if b is of Y -type, then S(\~1(b)) < 3.

PRrOOF. Looking at the characteristic sequences of b, we have
C¥(p(b)) = C*(b) + (T,T), CY(A(b)) = C"(b) + (1", T)
Thus Proposition 8.3.11 gives S(A(b)) < 3 and S(p(b)) < 3. If b is of X-type (respectively,

Y-type), then CX(b) (respectively, C¥ (b)) has all entries at least 1, so CX(p~1(b)) (respectively,
CY (A\"Y(b))) is defined and

C¥ (o' (b)) = C¥(b) - (T, 1), CY(A" (b)) =Y (b) — (T, 1)
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Again by Proposition 8.3.11, we obtain S(p~ (b)) < 3 and S(A~!(b)) < 3, respectively. O

We now use these conditions to describe the inequality S(b) < 3 in terms of mechanical
words.

LEMMA 8.3.13. Let ¢ be a mechanical word of slope t € [1,00]. Then A\(c) and p(c) are also
mechanical words. More precisely, their slopes are respectively

1
L(t)zQ—;, R(t)=t+1,
with the conventions L(co) = 2 and R(o0) = 0.
PROOF. The case t = oo is immediate. Indeed, ¢ =---YYY ---. Under A this becomes the
alternating word --- XY XY XY - which is mechanical of slope 2, while under p it remains

.- YYY ... which is mechanical of slope co.

The case t =1 is also immediate. Then ¢ =--- XXX ---. Under A\ it remains --- XXX -- -,
which is mechanical of slope 1, and under p it becomes the alternating word --- XY XY XY ...
which is mechanical of slope 2.

Assume 1 < t < oo. We first treat the case where c is a right mechanical word. Write

c = bf(t,0) and put
[n — 9}
in t .

cn=X <<= rpy1 —rp=1, chn=Y <<= 1rpy1 —1p =0.

Then

First consider . Let P, be the position at which A(¢;,) begins, normalized by Py = 0. Since
AMX) =X and \(Y) = XY, we have P, = 2n — (r, — 19). For each n, write

n—=0
=

Put ty =2 — 1/t and 0\ = ro + 6/t. We show that A(c) is the right mechanical word of slope ¢y
and intercept 6. Define

+ On, 0<d,<1.

Ry 1= [m_ﬂ .

i
Then
1 0
P,=2n—(r, —19) = <2—t)n—|—r0+t—5n:t>\n—|—9>\—5n.
Thus
Pn - ‘9/\ 6n
— Y =n — —,
(5 X
and since 0 < §,,/t) < 1, we obtain Rp, = n.
If ¢, = X, then rppy — 7, =1, 50 Phy1 = P, + 1. Hence Rp, 11 — Rp, = Rp,,, — Rp, = 1.
This corresponds to A(c,) = X.
If ¢, =Y, then rpy1 — 7, =0, so P41 = P, + 2. Moreover

P,+1—0, n+1—(5n

) ty

and 0 < (1 —6,)/tx <1,s0 Rp,+1 =n+ 1. Since we already know Rp, = k for every k, we also
have Rp, 12 = Rp,,, = n+ 1. Therefore

Rp,+1 — Rp, =1, Rp,+2 — Rp,+1 = 0.

This corresponds to A(c,) = XY.
We have shown that

t
In particular, A\(c) is a mechanical word of slope 2 — 1/¢.

)\(c):bR(Q—l, ro+f>.
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Next consider p. Let @, be the position at which p(c,) begins, normalized by Qo = 0. Since
p(X) = XY and p(Y) =Y, we have Q, =n+ (r, —r9). Putt, =t+1and 0, =6 —r9. We
show that p(c) is the right mechanical word of slope ¢, and intercept 6,. Define

m — 6
Sm 1= £1.
" { b w
As above, write r, = (n — 6)/t + §,,. Then
Qn—9p7n+rn—r0—9+roir o
t, t+1 R

Since 0 < t6,/(t + 1) < 1, we have Sg, = 7p.

Ifc, =Y, then rpp1 — 1, =0, 50 Qi1 = Qn + 1. Hence Sg,+1 — 5q, = SQ.41 — S0, =
Tn+1 — Tn = 0. This corresponds to p(c,) =Y.

If ¢, = X, then rp11 — 7, =1, 50 Qny1 = Qn + 2. The condition 7,41 — 1, = 1 is equivalent
to §, < 1/t. In this case

Qn"‘l_ep =, + l_t(sn7
tp t+1

and 0 < (1 —16,)/(t+1) < 1,80 Sg,+1 = ry + 1. Moreover Sg,4+2 = SQ,;, = a1 = T + L.
Therefore

SQu+1 = 5@, =1, SQ.+2 = 5Q.+1 =0.
This corresponds to p(c,) = XY
Thus

p(c) = b2t +1,0 —rp),
and in particular p(c) is a mechanical word of slope ¢ + 1.
It remains to consider the case where c is a left mechanical word. Write ¢ = b”(¢,6) and put

n—0
="
The beginning positions of \(¢,) and p(¢,) are respectively

Pn:2n—(ln—l0), Qn:n+(ln—lo).

Repeating the same calculation with floor functions gives

Ac) = bt (2—1,zo+f— <1—1)) p(c) =bE(t+1,0 — o — 1),

Thus the assertion also holds for left mechanical words. O

LEMMA 8.3.14. Let b be a regular bi-infinite word satisfying S(b) < 3. Put b(®) = b, and
suppose that for every N > 0 there exist o € {\, p} and a bi-infinite word bW+ such that

b = g (b)),
If none of the words b&") is of constant type, then S(b) = 3.

PROOF. Since b = b(® is regular, it is either of X-type or of Y-type. If it is of X-type, then
p~1(b) exists; if it is of Y-type, then A~!(b) exists. If b were both of X-type and of Y-type,
then necessarily

b=---XYXYXY.--,

and both p~!(b) and A~!(b) would be of constant type. This is excluded by the hypothesis.
Hence b(® has only one of the two possible desubstitutions. Let it be b1, so that b(®) = O'o(b(l)).
By Lemma 8.3.12, S(b(")) < 3, and therefore b(!) is of constant type, degenerate type, or regular
type. By hypothesis it is not of constant type, and it cannot be of degenerate type, because then
neither p~! nor A=! could be continued. Thus b(!) is again regular. Repeating this argument,
every bWY) is a regular word satisfying S (b(N )) < 3 and is of exactly one of the two types X or
Y. In particular it contains both X and Y, and it contains the subword Y X.
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We first record the following fact. If a word contains a subword of the form w*Y Xw, then
applying A produces a word containing

AMw)X)'Y X\ (w)X,
and applying p produces a word containing
(Yp(w))"Y XY p(w).

Indeed, since A(X) = X and A(Y) = XY, the central Y X is sent to A(YX) = XY X, which
again contains Y X. On the right, an additional X appears before A\(w), giving the right half
XA(w)X in the appropriate position. On the left, it is enough to prove by induction on |w| that

AMw)X = (AM(w)X)™.

For |w| = 0 both sides are X. If the assertion holds for words of length n, then
AM(wX) )X = A(Xw)X = XA(w)X = X(AMw)X)" = X(ANwX))* = (MwX)X)*,
AMwY) )X =AY w)X = XY AN(w")X = XY(Aw)X)" = XY XA(w)" = XA(Y)" MNw)*

= XA w)A(Y))" = X(AMwY))* = (AM(wY)X)".

This proves the induction step. The proof for p is similar, using

Yp(w*) = (Yp(w));
one verifies the assertion for Xw and Yw assuming it for w.

Now fix N > 1. Since b®Y) contains the subword Y X, we regard it as 0*Y X0. Applying
ON-1,0N—2,-..,00 successively and using the fact just proved, we find in b = b©® a subword
of the form w} Y Xwy. At each step w is replaced by either A(w)X or Yp(w), so its length
increases by at least 1. Therefore |wy| > N. Thus b contains subwords of the form w*Y Xw with
|w| arbitrarily large. Replacing X by (2,2) and Y by (1, 1), we obtain arbitrarily long subwords
of the form w*,1,1,2,2, w. Hence, for arbitrarily long w, the word b can be cut in the form

b = (a*7w*7]‘7 17 27 27w7/3)
with suitable one-sided infinite sequences o and 8. At this cut,
S(b) > (", w*,1,1|2,2,w,5) = [2;2,w,B] + [0;1, 1, w, a.

As |w| — oo, the common finite part w in the two continued fractions becomes arbitrarily long,
and therefore

2;2,w, 8] +[0;1, 1, w,a] — 3.
Thus S(b) > 3. Since S(b) < 3 by hypothesis, we obtain S(b) = 3. O

PROPOSITION 8.3.15. If S(b) < 3, then b is a mechanical word of rational slope.

PRrROOF. Assume S(b) < 3. By Proposition 8.3.7, a degenerate word has value S(b) = 3, so
b is not degenerate. Since S(b) < 3, we also have S(b) < 3. By Theorem 8.3.6, the word b is
either of constant type or of regular type. If it is of constant type, then it is

o XXX--- or - YYY--o,

which are mechanical words of slopes 1 and oo, respectively.

Assume that b is regular. Then one of p~!(b) and A~!(b) is defined; call the defined word
b, If b(!) is regular, repeat the same operation and define b(?, continuing until a word b(™
is no longer regular. If this process does not reach a constant word in finitely many steps,
then there are two possibilities: either it reaches a degenerate word in finitely many steps, or
it remains regular forever. These are the only possibilities because every word for which the
operation is defined still satisfies S < 3. In the first case, if a finite number of desubstitutions
reaches a degenerate word, then the degenerate word contains symmetric subwords of the form
w*Y Xw with |w| arbitrarily large. The same argument as in the proof of Lemma 8.3.14 then
gives S(b) = 3, contradicting S(b) < 3.

In the second case, Lemma 8.3.14 again gives S(b) = 3, a contradiction. Hence b is obtained
from a constant mechanical word by applying finitely many of A and p. By Lemma 8.3.13, b is a
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mechanical word. Moreover, its slope is obtained from 1 or co by applying finitely many times
the transformations

1
t—2— 7 t—t+4 1.
Therefore the slope is rational. O
We now prove Markov’s theorem.

PROOF OF THEOREM 8.3.1. By Proposition 8.3.15, if S(b) < 3, then there exists ¢ €
[1,00] N Q such that b is a mechanical word of slope t; more precisely, it is obtained after
substituting X — 2,2 and Y + 1,1. Since t is rational, this mechanical word is unique up to
shift. By Proposition 8.2.8, we therefore have

b=(..,s(t),s(t),s(t),...).

Theorem 8.1.2 then gives

24
S() = V=4
my
This proves M N (0,3) C My ,0, and hence Markov’s theorem. O

4. Lagrange and Markov Constants from Lines of Irrational Slope

The argument in this section has three steps. We first associate finite sign blocks to rational-
slope segments and recall that these blocks realize the discrete generalized Markov values. We
then let the rational slopes converge to an irrational slope while keeping track of every finite block
that occurs in the resulting bi-infinite sequence. Finally, we use the bi-infinite continued-fraction
description of the Lagrange and Markov spectra to identify the limiting value. In the preceding
section, in the case (ki, ko, k3) = (0,0,0), we showed that every bi-infinite sequence giving a
Markov constant less than 3 is obtained from a mechanical word of rational slope. In this section
we return to general (ki, ko, k3, o) and consider lines of irrational, rather than rational, slope.
We determine the value obtained from such lines.

Throughout this section, fix (ki, ko, k3) € Zio and o € &3, and put K := 3+ ki + ko + k3.
We consider only positive slopes. This convention agrees with the definition, in Chapter 7, of
the generalized strongly admissible sequence s(t) for ¢ € [0,00] N Q. A line of positive slope will
be oriented in the direction in which the z-coordinate increases. Reversing the orientation only
reverses the resulting sequence, and therefore does not change the value of S.

DEFINITION 8.4.1. Let [ be an oriented line of positive irrational slope, and assume that [

does not pass through any point of R2. Apply the triangle-crossing rule and the edge-crossing
rule to [, and write down the signs in the order in which ! crosses the corresponding triangles and
edges. In the resulting bi-infinite sign sequence, record the lengths of the successive maximal
blocks of equal signs. We denote the resulting bi-infinite sequence of positive integers by

b(l) = (bn)nez-
The origin of the index is chosen arbitrarily; thus b(l) is determined only up to shift.

Since S(b) is invariant under shifts, the arbitrary choice of the index origin in Definition 8.4.1
causes no ambiguity. The goal of this section is to prove the following theorem.

THEOREM 8.4.2. Fix (ki, ko, ks3) € Z%O and o € G3, and put K =3+ ki1 +ko + k3. Letl be
a line of positive irrational slope which does not pass through any point of R2. Then
S(b(l)) = K.

For the proof we prepare four lemmas. The first one says that the quantity ¢,, used in the
definition of S can be approximated, to arbitrary accuracy, from a sufficiently large finite block.
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LEMMA 8.4.3. For every € > 0, there exists N > 1 with the following property. If two

bi-infinite sequences of positive integers a = (an)nez and ¢ = (cy)nez satisfy
a; = C; (—N§Z§N),
then
|lp(a) — lo(c)| < e.

PrOOF. By Lemma 3.1.7, for N > 2 we have

1
N(N —-1)
The same argument, applied to the continued fractions on the left side of the divider, gives

1
N(N —-1)

Hao;al,ag, .. ] — [CQ;Cl,CQ, .. ]| <

HO; a_1,a_9,.. ] — [0; c_1,C_2,.. ” <
Therefore
2
N(N —-1)
Taking N sufficiently large makes the right-hand side smaller than e. O

[fo(a) — £o(c)| <

The next lemma says that every finite block arising from a line of irrational slope can be
approximated by a generalized strongly admissible sequence of rational slope.

LEMMA 8.4.4. Let l be a line of positive irrational slope which does not pass through any
point of R2. Then every finite block appearing in b(l) also appears in the periodic sequence

Cs(t)> =(...,s(t),s(t),s(t),...)

for some reduced fraction t € (0,00) N Q with sufficiently large denominator.

PROOF. Fix a finite block of b(l). This block is determined by a finite segment of I, namely
by the order in which that segment crosses the triangles and edges of R2 and by the signs assigned
to them. Since [ does not pass through any point of R2, this finite segment has positive distance
from the relevant points. Therefore the crossing order and the assigned signs in this finite region
remain unchanged if the slope and intercept of the line are changed sufficiently slightly.

Write the slope and intercept of [ as 7 and 6, respectively. Choose a reduced rational number
t = p/q sufficiently close to 7. If ¢ is sufficiently large, then integer translates of the line L; used
to define s(t) have intercepts which approximate 6 arbitrarily well at mesh size 1/q. Indeed,
translating L; by an integer vector (m,n) changes the intercept by n — tm, and, since t = p/q
with (p,q) = 1, the possible changes run through (1/¢)Z. Hence, for sufficiently large ¢, we may
choose an integer translate of L; whose intercept is sufficiently close to 6.

In the fixed finite region, this translated line gives the same sign sequence as [. On the other
hand, integer translations preserve the sign rules on R2, and therefore the bi-infinite sequence
obtained from this translated line is a shift of ®s(¢)*°. Thus the fixed finite block also appears
in *s(t)>. O

The following lemma states that, for regular lines of the same irrational slope, the set of

finite blocks is independent of the intercept.

LEMMA 8.4.5. Let | and I’ be two lines of the same positive irrational slope, and assume that

neither of them passes through any point of R2. Then the set of finite blocks appearing in b(l)
coincides with the set of finite blocks appearing in b(l).

PROOF. Let the common slope be 7 ¢ Q. Translating [ by an integer vector (m,n) changes
its intercept by n — 7m. Since 7 is irrational, Theorem A.4.1, applied to —7, shows that

{n—mm|m,neZ}
is dense in R/Z.

Fix a finite block appearing in b(l). Since [ does not pass through any point of @2, the finite
segment of [ which gives this block is stable under sufficiently small translations. By the density
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above, some integer translate of [ can be made sufficiently close to I’ in the relevant finite region.
Hence, in that finite region, the two lines give the same sign sequence and therefore the same

integer block. Since integer translations preserve the sign rules on R2, this block also appears in
b(l"). The reverse inclusion is proved in the same way. O

Finally, we recall the values obtained from rational slopes.

LEMMA 8.4.6. For every positive reduced fraction t € (0,00) N Q, one has
S(*s(t)™) < K.

Moreover, if (tj)j>0 is a sequence of pairwise distinct positive reduced fractions converging to an
irrational number T, then
lim S(*s(t;)™) = K.
J]—00
PROOF. By Theorems 8.1.1 and 3.3.3, if (my, ;) denotes the (k1, k2, k3, 0)-GM number and
its position corresponding to ¢, then

\/(Kmt — kt)2 —4
my '

S(*s(t)™) =

The right-hand side is strictly smaller than K.

Now suppose that t; — 7 ¢ Q. If t; = p;/q; is written in lowest terms, then p; + ¢; — oc.
Hence the number of triangles and edges crossed by L;; tends to infinity, and the length of
the corresponding generalized strongly admissible sequence s(¢;) also tends to infinity. By
Theorem 7.4.4, my, is the (2, 1)-entry of Fy,). Since the entries of s(t;) are positive integers
and the lengths of these sequences tend to infinity, we have m;, — co. Since each ki, is one of
the fixed integers ki, ks, k3, the sequence (ktj ); is bounded. Therefore

(Kmy, — k)2 — 4 Eo\ 2
\/ t; — Ki; _ (K— tj)_42_>K.

mye j my j mt]_

We now prove the theorem.

PROOF OF THEOREM 8.4.2. First we prove S(b(l)) < K. Fix r € Z. It is enough to show
that £,(b(1)) < K.
Let € > 0. By Lemma 8.4.3, if N is sufficiently large, then the value of ¢, is determined up
to an error smaller than € by the central finite block
br—Nyeosbpy o by N

By Lemma 8.4.4, this finite block also appears in the periodic sequence *°s(¢)> for some rational
slope t. Hence, for some position j, we have

Cr(b(l)) < £;(*s(t)™) + e
By Lemma 8.4.6, it follows that
6(b(1) <S(*s(t)*°)+e < K +e.
Since € > 0 was arbitrary, ¢,(b(l)) < K. Since r was arbitrary, we obtain
S(b(l)) < K.

Next we prove S(b(l)) > K. Let 7 be the slope of I, and choose a sequence of pairwise
distinct reduced fractions t; € (0,00) N Q converging to 7. By Lemma 8.4.6,

S(*s(tj)>) — K.
For each j, choose a position in the periodic sequence *°s(t;)* at which S(*°s(t;)>) is attained,
and shift the sequence so that this position becomes 0. Such a position exists because a periodic

sequence has only finitely many candidates for the value of S. Denote the shifted sequence by
cU). Thus £o(c)) = S(®s(t;)>).



4. LAGRANGE AND MARKOV CONSTANTS FROM LINES OF IRRATIONAL SLOPE 142

First we check that the entries of the sequences ¢\ are uniformly bounded. For every n € Z,
D) < lp(cV) < 8(cV) < K.
Since K = 3 + k1 + ko + k3 is an integer and cg) is a positive integer, we have
D ef1,2,....K -1}

for all j and n. Order the integers as 0,1, —1,2,—2,.... Looking first at the coordinate 0, the

sequence (c(()j )) ; takes values in the finite set {1,..., K — 1}, so some value occurs infinitely often.

Passing to a subsequence, we may assume that c(()j ) is constant. Then, inside this subsequence,
pass to a further subsequence on which cgj ) is constant. Repeating this process along the order

0,1,-1,2,-2,... and finally taking a diagonal subsequence, we may assume that, for each fixed

n € 7, the value cgf ) is eventually constant. Hence

— s J
Cp 1= jlirglo )
exists for every n € Z. In what follows, we rename this diagonal subsequence as ¢ and put
Cc= (Cn)neZ-

We next prove that lim;_,, Ko(c(j)) = {p(c). Let £ > 0. By Lemma 8.4.3, there exists N > 1
such that, whenever two bi-infinite sequences of positive integers agree on the central finite block
[—N, NJ, the corresponding values of ¢y differ by less than €. For each n, we have c%j ) Cn, and
the entries are integer-valued. Therefore, for the finitely many coordinates —N, ..., N, we have,
for all sufficiently large 7,

9 — ¢

) n (=N <n<N)

simultaneously. Hence, for all sufficiently large 7, [£o(ct)) — £o(c)| < e. Thus £o(c?)) — £o(c).
On the other hand, the sequences ¢! were chosen so that Eo(c(j)) — K. Passing to a

subsequence does not change this limit. Hence, by uniqueness of limits, ¢y(c) = K.

We now show that every finite block of ¢ also appears in b(l). Fix a finite block

W = (CoN,C-N+1,---,CN)-

By the construction of the diagonal subsequence, for all sufficiently large j we have
(C(_j])\[7 C(_j])V+17 s 76%)) =W

Therefore W appears, for infinitely many j, in the periodic sequence *s(t;)*>° arising from a
rational line of slope ¢;.

For each such j, let v; be a finite line segment of slope ¢; from which the block W is read.
The triangulation and the sign rules are invariant under integer translations. Hence translating
~; by an integer vector does not change the finite block read from it. We translate each ~y; so
that its midpoint lies in the fundamental square [0, 1]2.

By this uniform boundedness of the midpoints, after passing to a subsequence we may assume
that the midpoints of y; converge to a point P € [0, 1]2. Since W is a fixed finite block and tj — T,
the lengths of the segments «y; are uniformly bounded for all sufficiently large j. Therefore, after
passing to a further subsequence, we may assume that the segments 7, converge to a finite line
segment v of slope 7 passing through P. -

It may happen that v passes through a point of R2. In that case, locally the limiting segment
still contains the same finite block W as the segments «;, but the whole line containing - does
not define a bi-infinite sequence because it hits a singular point. We therefore have to move the
line slightly, by a parallel translation with the same slope 7, so that it avoids the points of R2
while still containing the same finite block W.

Move the intercept continuously and sufficiently slightly, keeping the slope equal to 7, in
such a way that the part of the line which determines the block W does not change. The set of
intercepts obtained in this way contains a nonempty open interval I. For every 6’ € I, the line
lo of slope 7 reads the finite block W. We choose 0’ so that the line lp : y = 72 + 6’ does not

pass through any point of R2. Indeed, the condition that ly pass through a point (a,b) of R? is
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0 = b — Ta. Thus the set of intercepts for which a line of slope T passes through a point of R2 is
the countable set .

E.={b—r7a]| (a,b) is a point of R? }.
Since removing the countable set I N E- from the nonempty open interval I cannot make it
empty, we can choose ' € I\ (INE;). Then lp does not pass through any point of R2. Moreover,
because 6’ € I, the sequence obtained from Iy contains the finite block W.

The originally fixed line [ also has slope 7 and does not pass through any point of R2.
Therefore, by Lemma 8.4.5, the set of finite blocks arising from regular lines of the same irrational
slope is independent of the intercept. Hence W also appears in b(1).

Now let € > 0. By Lemma 8.4.3, if IV is sufficiently large, then the value of £y is determined
up to an error smaller than ¢ by the central block W = (¢_n,...,co,...,cn). This finite block
appears in b(l), so for some position ¢ we have

Ly(b(l)) > lo(c) —e =K —e.
Therefore S(b(l)) > K — e. Since € > 0 was arbitrary, we obtain S(b(l)) > K.
Combining the two inequalities, we obtain
S(b(l)) = K =3+ ki + ko + k3.
O

REMARK 8.4.7. For (ki, ks, k3) = (0,0,0), Theorem 8.4.2 corresponds to the fact that a
bi-infinite sequence obtained from an irrational-slope mechanical word by substituting X +— (2, 2)
and Y — (1,1) gives the boundary value 3. Thus the theorem may be viewed as a sign-rule
formulation of the statement that the accumulation point of the discrete values arising from
rational-slope generalized strongly admissible sequences is 3 + k1 + ko + k3.

We close this section by recording the corresponding Markov and Lagrange-constant realization
of the same value.

COROLLARY 8.4.8. With the notation of Theorem 8.4.2, define
O1:=[bo; b1, b2, ...], = [b-150-2,b_3,.. ],
and put
Quy(z,y) = (z — Oy) <fU + ;ly) :
Then Qp) € R and
M(Qp)) = K.

PROOF. Since all entries b,, are positive integers, we have §; > 1 and 7; > 1. The two roots
of Qp)(w,1) are therefore 6, and —1/n;, where ; > 1 and —1 < —1/n, < 0. Hence Qy) is
canonical reduced, so Qp) € R. By Theorem 4.3.3, the bi-infinite continued-fraction sequence
attached to Q) is exactly b(l). Thus

M(Qpy) = S(b(1)).
Theorem 8.4.2 gives S(b(l)) = K, and hence M(Qp)) = K. O
COROLLARY 8.4.9. With the notation of Theorem 8.4.2, for any r € Z, put
ay :=[0;by,byi1,bry2,.. ).
Then
L(ay) =K.

PrROOF. It is enough to prove the case r = 0, since the other cases are obtained by shifting
the indices. Put
Q= [0, bo, bl, bg, .. ]
By Theorem 3.1.3,

L(a) = limsup ([bp; bpt1,bnt2, -] + [0;bp—1,bp—2,...,bo]) .

n—oo
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On the other hand, for the bi-infinite sequence b(l) we have
L,(b(1)) = [bn; bnt1, buya, -]+ [050p—1,bp—2, .. ]
Compare the two continued fractions
[0;bp—1,bn—2,...,b0] and [0;b,—1,bp—2,...].
They have the same first n partial quotients. Hence Lemma 3.1.7 gives
I[05b—1,bp—2,...,b0] — [0;bp—1,br—2,...]] — 0 (n — o0).

Therefore
L(a) = limsup £, (b(1)).

n—oo

By Theorem 8.4.2, S(b(1)) = K. Hence £, (b(l)) < K for all n € Z, and so
L(a)) = limsup £, (b(l)) < K.

n—oo

We prove the reverse inequality. Let e > 0. Since S(b(l)) = K, there exists 19 € Z such that
ly(b(l) > K —¢.

By Lemma 8.4.3, if N > 1 is sufficiently large, then any bi-infinite sequence of positive integers
whose central block agrees with

W= (bT07N7 b?“()fN+1, ) bTQ+N)

has, at the corresponding central position, an ¢-value which differs from ¢,,(b(l)) by less than e.

We now show that the finite block W appears in the positive direction in b(l) infinitely many
times. Ounly finitely many crossings in a finite part of the line [ are needed to read W. Since [
does not pass through any point of R2, this finite part has positive distance from the relevant
lattice points and the boundaries involved in the sign rules. Thus sufficiently small parallel
translations of [ do not change the crossing order or the signs in this finite part. Equivalently,
the set of positions of lines of slope 7 which read the same finite block W contains a nonempty
open subset U of R?/Z2,

Moving along the line [ in the positive direction corresponds, on R?/Z?  to moving along
the positive orbit of a line of slope 7. Since 7 is irrational, this positive orbit is dense in R?/Z2.
Therefore it enters U infinitely many times. This means that the finite block W occurs in the
positive direction in b(l) infinitely often. Hence we can choose positions

41 <q2<q3<--
at which W occurs as the central block. For every i, the choice of N gives
Ly, (b(l)) > K — 2e.

Consequently,
limsup £,,(b(l)) > K — 2.

n—oo
Since € > 0 was arbitrary,
limsup 4,,(b(l)) > K.

n—o0

Together with the opposite inequality, this proves
L(a) = limsup £, (b(l)) = K.

n—oo
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5. The Relation Between the (0,0,0)-Type and the (2,2,2)-Type

Among GM numbers, there is a special relation between the (0, 0, 0)-type, namely the ordinary
Markov numbers, and the (2,2, 2)-type. We now describe it. Consider the case k; = ko = k3 = 2,
that is, the equation

(8.5.1) 22 oy + 2% 4 2yz 4 220 + 20y = Y2y2
We have the following theorem.

THEOREM 8.5.1. Let (a,b,c) be a positive integer solution of the Markov equation. Then
(a?,b%,¢?) is a solution of the (2,2,2)-GM equation. Conversely, if a positive integer triple
(A,B,C) is a solution of the (2,2,2)-GM equation, then (vA,v/B,\/C) is a solution of the

Markov equation.
PRrROOF. We prove the first assertion. The case (a,b,¢) = (1,1,1) is clear. Assume that

(a,b,c) is an integer solution of the Markov equation. It suffices to show that the Vieta jumps of
(a%,b%,¢%) in (8.5.1) are

2, 2\2 2, 2\?2 2, 12\ 2
((b —i—c) ,b2,02>, (a2’<a —i—c) ,02), (GQ’bQ’ <a +b ) )
a b c

We prove only the first Vieta jump.
The first Vieta jump of (a?,b?,¢?) in (8.5.1) is

<(b2)2+2b202+ ()? p2 CQ) _ (<b2+c2>2 2 Ca)
a2 ) Y - a ) Y

which has the desired form.

We next prove the converse. By the first assertion and Theorem 5.1.3, every positive integer
solution of (8.5.1) can be written inductively in the form (a2, b2, ¢?), where (a, b, c) is a solution
of the Markov equation. The assertion follows. O

This relation gives a direct comparison between the discrete Markov spectrum and the
(2,2, 2)-generalized discrete Markov spectrum.

THEOREM 8.5.2. If r € Mo,0,0, then 3r € Mago. Conversely, if R € Moo, then R/3 €
Mo0,0-

PRroor. We first prove the first assertion. If r € Mg g0, then there exists a Markov number m

such that r = 7%2_4. Hence 3r = 3‘/5%2_4 = \/81m:1§36m2 =Y (9m;;2)274. By Theorem 8.5.1,
m? is a (2,2,2)-GM number. Thus 3r € Moo .
The converse follows by reversing the same calculation. O

6. Frobenius’s Uniqueness Conjecture and Its Generalization

In this section we discuss natural generalizations of Frobenius’s uniqueness conjecture. The
original conjecture is the following.

CONJECTURE 8.6.1 ([Frol3]). For every Markov number c, there is a unique Markov triple
(a,b,c) witha < b < c.

In terms of the Markov tree and fraction labels, this can be reformulated as follows.

CONJECTURE 8.6.2. Fiz 0 € &3 and consider MT(0,0,0,0). Let t,s € [1,00] be reduced

fractions, and let my, ms be the Markov numbers whose fraction labels are t and s, respectively.
If my = my, thent = s.

Behind this elementary-looking conjecture lies the following equivalent-looking spectral
formulation.

CONJECTURE 8.6.3. For every L € Mo, if L = L(a) = L(B), then a and  are GL(2,Z)-
equivalent.
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In other words, the irrational numbers that give Lagrange spectrum values less than 3 should
be unique up to GL(2,Z)-equivalence. Using Markov’s theorem, one can show that these two
conjectures are equivalent.

PROPOSITION 8.6.4. Conjecture 8.6.1 (equivalently, Conjecture 8.6.2) and Conjecture 8.6.3
are equivalent.

PROOF. Assume Conjecture 8.6.2. Suppose that there exist «, 8 with L = L(a) = L(f)
but o # B. Since L € My, we have L < 3. Therefore the bi-infinite sequences giving L
correspond, by Proposition 8.3.15, to mechanical words of rational slope. Let b; and by be the
mechanical words corresponding to a and [, respectively, obtained through the construction in
Corollary 3.3.4. By Theorem 2.4.6, the assumption a ¢ § implies that these two sequences do
not agree even up to cyclic shift. Hence t # s. By Conjecture 8.6.2, m; # ms, while

2 _ 4 2 _
(86.1) Loy = S = VL £(g) = s(by) = YT,
my ms
Thus L(«) # L(3), a contradiction. Therefore o ~ 3.

Conversely, assume Conjecture 8.6.3. Let t,s € [1,00] N Q with ¢ # s. Let by and by be
mechanical words of slopes ¢t and s, respectively. By Proposition 8.2.7, b; # by; more precisely, if
t # s, then the corresponding periodic sequences do not agree even up to cyclic shift. Assuming
Conjecture 8.6.3, the quadratic irrationals « and § obtained from b; and b by Corollary 3.3.4
must satisfy L(a) # L(5). Since (8.6.1) again holds, it follows that m; # ms. This proves the
assertion. U

As a generalization of Conjecture 8.6.1, Gyoda and Matsushita [GM23a] proposed the
following problem.

PROBLEM 8.6.5. For every (k1, ke, k3)-GM number ¢, is there a unique (k1, ko, k3)-GM triple
(a,b,c) witha <b < c?

Similarly, as a generalization of Conjecture 8.6.3, one may consider the following problem.

PROBLEM 8.6.6. For every L € My, i, ks, if L = L(a) = L(B), then are o and f GL(2,Z)-

equivalent?

Note that Problems 8.6.5 and 8.6.6 are not equivalent.

Counterexamples to Problem 8.6.5 occur when ki, ko, k3 are pairwise distinct. For instance,
(1,81,17) and (7,81,2) are both positive integer solutions of the (1,2,0)-GM equation.

The uniqueness phenomenon below 3 is special. Hurwitz already observed that beyond the
classical Markov part one can have different quadratic irrationals realizing the same value of
the Markov spectrum [Hur91]; in the notation of this text, this means that Problem 8.6.6 fails
for values outside Mg . We give here concrete examples of this phenomenon. When not all
of k1, ko, k3 are zero, there is an evident source of counterexamples coming from Theorem 8.1.1.
For a generalized strongly admissible sequence s(t), set o = [s(t)] and 8 = [s*(1/t)]. Then
Theorem 8.1.1 gives L(«a) = L(B).

Moreover, by Remark 7.4.3 (7), the periodic parts of s(t) and s*(1/t) do not in general agree
even up to cyclic shift, except in the case ky = ko = k3 = 0. Since, by Theorem 2.4.6, two
irrational numbers are GL(2,Z)-equivalent if and only if their periodic parts agree up to cyclic
shift, the numbers o and (8 are in general not GL(2,Z)-equivalent.

There are also counterexamples of a different nature. They can be constructed from counterex-

amples to Problem 8.6.5. Put L = \/((3+0+1§12)81_2)2_4 = 2*/97%. Then there exist two different
quadratic irrationals «, 8 such that L = £(a) = £(f). One corresponds to the (1,2,0)-GM triple
(1,81,17), and the other corresponds to (7,81,2).

The triple (1,81,17) corresponds to a vertex of MT(1,2,0,id), and the fraction label of 81
is 1/3. The corresponding quadratic irrational is « = [5,1,3,3,1,4] = @. On the other
hand, (7,81,2) corresponds to a vertex of MT(1,2,0,(1 2 3)), and the fraction label is 2/3. The

corresponding quadratic irrational is § = [5,1,1,5,3,2] = 7v7293+23. The two periodic parts are
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not equal, nor are they related by cyclic shift or reversal. Hence this equality is not the trivial
equality coming from the same periodic continued fraction; it comes from GM numbers belonging
to different GM trees that yield the same value.

The triples (1,81,17) and (7,81, 2) arise from different GM trees: the former has o = id, while
the latter has o = (1 2 3). This suggests that, when formulating a generalized Frobenius uniqueness
conjecture, the appropriate object to generalize is the injectivity formulation, Conjecture 8.6.2.

CONJECTURE 8.6.7. Fiz 0 € G3 and consider MT(k1, ke, k3,0). For reduced fractions
t,s € [0,1], let my, mg be the (k1, ko, k3)-GM numbers whose fraction labels are t and s, respectively.
If my = mg, thent = s.

The interval is restricted to [0, 1] because the labels on [1, co] can be treated equivalently by
using the reversal ¢ — 1/t and the replacement of o by o* appearing in Theorem 5.2.10.

When ki = ko = ks, the tree MT(ky, k2, k3, ) is essentially independent of o. In this case the
conjecture is equivalent to giving an affirmative answer to Problem 8.6.5 in the case k1 = ko = k3.
When k1, ko, k3 are pairwise distinct, however, the tree depends on o, and the conjecture is no
longer equivalent to Problem 8.6.5. At present, no counterexample to this conjecture is known.



CHAPTER 9

Further Topics

This chapter collects several directions related to the Lagrange spectrum, the Markov
spectrum, generalized Markov numbers, generalized Cohn matrices, and the generalized discrete
Markov spectrum. These topics may at first appear rather specialized, but they touch many
areas: Diophantine approximation, continued fractions, combinatorics on words, hyperbolic
geometry, cluster algebras from surfaces, arithmetic geometry, and dynamical systems. The list
is not meant to be exhaustive, and it deliberately overlaps with some of the historical discussion
in Chapter 1. Some of the topics lie outside the author’s own area of expertise, and some recent
works cited here are still preprints; the purpose is only to provide entry points for further reading.

(1)

(2)

Hall’s ray, Freiman’s constant, and the transition region

Between the discrete part below 3, which is governed by Markov’s theorem, and the
region where Hall’s ray begins, lies one of the most complicated parts of the spectrum.
Hall proved that [6, 00) is contained in the Lagrange spectrum, and Freiman determined
the initial point cp of the largest half-line contained in it [Hal47, Fre75]. Thus a
natural next problem is to understand the transition region [3,cp). The description
by bi-infinite continued fractions studied in Chapters 3 and 4 remains one of the basic
tools for this purpose. Standard references include the monograph of Cusick—Flahive
and the more recent dynamical and fractal account of Lima-Matheus—Moreira—Romana
[CF89, LMMR20].

Where do £ and M begin to differ?

This text used the inclusion £ C M and the equality below 3. A natural question is
how large M \ £ is and how close to 3 it begins to appear. Moreira proved that, for
every half-line (—oo, t), the intersections of the Lagrange and Markov spectra with this
half-line have the same Hausdorff dimension [Mor18]. On the other hand, Erazo-Lima-
Matheus—Moreira—Vieira proved that inf(M \ £) = 3, showing that the two spectra
already differ immediately above 3 [ELM™24]. Thus they are extremely close from the
point of view of dimension, but separate at once as sets.

Dynamical Lagrange and Markov spectra

Classically, £ and M can be expressed through the limsup and supremum of the
functions ¢,, = fyoo™, where o is the shift on bi-infinite continued-fraction sequences and
{y is the sum of the two continued fractions cut at the origin. Replacing the shift space
by a general set X, the shift by a self-map ¢: X — X, and £y by a function f: X — R
(or C), one obtains dynamical analogues by considering the limsup and supremum
of f(¢"(z)). These are called dynamical Lagrange and Markov spectra. Cerqueira—
Matheus—Moreira studied such spectra for horseshoes of area-preserving surface maps
and proved continuity of Hausdorff dimension and equality of the dimensions of the
Lagrange-type and Markov-type sets [CMM18|. Cerqueira—Moreira-Romana treated
related questions for geodesic flows on negatively curved surfaces [CMR22].
Lagrange spectra of translation surfaces

The classical Lagrange spectrum also has a geometric interpretation in terms of how
deeply a geodesic on the modular surface enters a cusp. Starting from this interpretation,
one can define analogous spectra in Teichmiiller dynamics. Hubert—Marchese—Ulcigrai
introduced Lagrange spectra for closed SL(2,R)-invariant loci in the moduli space
of translation surfaces [HMU15]. Artigiani-Marchese—Ulcigrai then proved that the
Lagrange spectrum of a Veech surface has a Hall ray [AMU16]. Thus there are
meaningful analogues of the Lagrange spectrum beyond the modular surface.

148
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A multiplicative analogue of the Lagrange spectrum

The classical Lagrange spectrum is related to approximation properties of the
arithmetic progression na modulo 1. In contrast, Akiyama—Kaneko introduced a
multiplicative analogue using fractional parts of the geometric progression a5 [AK21].
In particular, when 3 is a Pisot number they prove closedness results for the spectrum;
they also describe differences between the case where 3 is an integer and the case where
5 is a quadratic unit, including the existence of intervals and the structure of the first
accumulation points and isolated points below them [AK21, AK22]. More recent work
of Akiyama—Kamae—Kaneko extends formulas relating this multiplicative spectrum to
symbolic dynamics to broader polynomial and recurrence-theoretic settings [AKK25].
Asymmetric and inhomogeneous approximation spectra

This text focused on the usual Lagrange and Markov constants, but other spectra
arise when one treats left and right approximations asymmetrically or adds inhomoge-
neous terms. Tornheim’s asymmetric approximation is a classical example [Tor55]. For
inhomogeneous minima of binary quadratic forms, the series of papers by Barnes and
Swinnerton-Dyer is a standard classical reference [ BSD52a, BSD52b, BSD54|. The
minimum problems for binary quadratic forms and the continued-fraction descriptions
developed in this text give a useful basis for understanding such variants. It is natural
to ask whether the discrete values arising from generalized Markov numbers also appear
in spectra other than the standard £ and M.
Frobenius’s uniqueness conjecture and partial results

Frobenius’s uniqueness conjecture is one of the best-known open problems about
Markov numbers. Aigner’s book presents the conjecture together with Markov’s theorem,
fraction labels, and perfect matchings as a coherent story [Aigl3]|. The conjecture
remains open, but it is known when the largest component is prime by work of Button,
and for prime powers by results of Schmutz, Lang—Tan, and Zhang [But98, LT07,
Zha06]. For the generalized uniqueness conjecture stated in Conjecture 8.6.7, the
prime-power version in the case k; = ko = k3 has been resolved by Gyoda—Maruyama
[GM23Db].
Order by fraction labels and Aigner-type conjectures

Frobenius’s fraction labels do not merely enumerate Markov numbers; they also
provide coordinates for studying their order. Lee-Li-Rabideau—Schiffler gave precise
inequalities that determine the order of Markov numbers from slopes and lattice data
[LLRS23]. McShane gave a new proof of a related conjecture using convexity of length
functions in hyperbolic geometry [McS21]. For generalized Markov numbers, analogous
and generalized results in the case k = k1 = ko = k3 appear in work of Banaian and
Banaian—-Huang [Ban25, BH26).
Christoffel words and Sturmian words

The correspondence between Markov numbers and reduced fractions is closely
related to Christoffel words, which encode lattice segments, and to their non-periodic
analogues, Sturmian words. Reutenauer made the correspondence between Christoffel
words and Markov triples explicit and developed this subject systematically from a
combinatorial viewpoint [Reu09, Reul9]. Cohn’s matrix construction sends words
to products in SL(2,Z) and thereby links traces, continued fractions, and Markov
numbers [Coh55, Coh71]. The generalized Cohn matrices in this text can be viewed
as a generalization of this classical passage from words to matrices. A careful study of
reversal, cyclic shift, and the classification of primitive words also clarifies the meaning
of the matrix descriptions in Chapter 7.
Simple closed geodesics on the once-punctured torus

Markov numbers are closely related to lengths of simple closed geodesics on the
once-punctured torus. Cohn described Markov forms using geodesics on this torus
[Coh71], and McShane-Rivin studied lengths of simple geodesics as a norm on homology
[IMR95a, MR95b]. In this viewpoint, fraction labels correspond to slopes of primitive
lattice vectors in the universal cover, and Markov numbers record the associated geodesic
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lengths. Recent work of Fisac translates the simple length spectrum into combinatorics
of cyclic shift classes of integer sequences and gives a new formulation of the uniqueness
conjecture [Cam25].
Markoff maps, Bowditch space, and McShane identities

If Markov triples are allowed to take complex values and are regarded as functions
on the trivalent tree, one obtains the theory of Markoff maps. Bowditch related Markoff
triples to quasifuchsian representations of the once-punctured torus group and derived
Bowditch conditions and variants of McShane identities [Bow98]. In this direction,
the Markov equation is not merely an integer equation; it is a trace identity on the
character variety of SL(2,C)-representations of the free group Fh. Although this text
mainly treats integer-valued triples, the same tree structure and mutation operations
also occur on complex character varieties.
Decorated Teichmiiller space and A-lengths

In Penner’s decorated Teichmiiller theory, arcs on a surface are assigned positive
real numbers called A-lengths, and diagonal exchange in a quadrilateral is governed by
the Ptolemy relation [Pen87]. This is one geometric origin of the modern principle that
flips of triangulations correspond to mutations in cluster algebras. In higher Teichmiiller
theory, Fock—Goncharov introduced positive structures and cluster coordinates on moduli
spaces of local systems [FG06, FGO09]. The generalized Markov equations in this text
are therefore connected not only to formal algebraic modifications, but also to positivity,
Ptolemy-type relations, and the geometry of mutation.
Cluster algebras from surfaces and snake graph calculus

Fomin—Shapiro—Thurston constructed the correspondence between tagged triangu-
lations of bordered surfaces and seeds of cluster algebras [FST08]. Fomin—Thurston
related this to the geometry of A-lengths and interpreted cluster variables from sur-
faces as normalized A-lengths [FT18]. Musiker—Schiffler—Williams expressed cluster
variables from surfaces by perfect matchings of snake graphs [MSW11], and Canakci—
Schiffler developed the relation between snake graph calculus and continued fractions
[CS13, CS18|. The fence posets, skein relations, and GM distances in Chapter 6 can
be understood naturally by comparing them with such perfect-matching formulas.
Further structure of generalized Cohn matrices

The generalized Cohn matrices treated in this text realize generalized Markov
numbers as matrix entries, but they also carry richer structure. In work of Gyoda—
Maruyama—Sato, both generalized Cohn matrices and the parallel family called Markov—
monodromy matrices are introduced as families of matrices in SL(2,Z), and they recover
the tree of positive integer solutions of the generalized Markov equation [GMS24]. In
work of Banaian—Gyoda, these matrices are lifted to matrices with Laurent-polynomial
entries, giving cluster structures on generalized Cohn and Markov—monodromy matrices
[BG25]. Thus generalized Cohn matrices naturally connect the theory developed here
with cluster algebras and the combinatorics of surfaces.
The place of the generalized discrete Markov spectrum

The results of Chapter 8 show that the discrete values built from generalized Markov
numbers belong to the Lagrange spectrum. Much remains unclear: how large these
sets are inside £, what their accumulation points are, and how the sets obtained from
different coefficients (k1, k2, k3) intersect. In the case (0,0,0) one recovers the classical
discrete part below 3, but for general coefficients the resulting values may also occur
above 3. Thus the generalized discrete Markov spectrum can be viewed as a concrete
source of values linking the classical discrete part and the transition region.
g-deformations, mirror deformations, and weighted perfect matchings

Polynomial and Laurent-polynomial deformations of Markov numbers have been
studied actively in recent years. Morier-Genoud—Ovsienko introduced g¢-rationals and
g-continued fractions and related them to the Farey tree and triangulations [MGO20].
Kantarci Oguz gave a combinatorial model for g-deformed Markov numbers using directed
posets and rank matrices [Ogu25]. Evans-Jouteur-Morier-Genoud-Ovsienko described
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g-Markov numbers by g-deformed Cohn matrices and weighted perfect matchings of snake
graphs [EJMGO25]. Bittmann—Jouteur—Kantarci Oguz—Molander—Yildirim introduced
mirror Markov numbers and connected deformed Markov equations, mutations, and
orbifold geometry [BJKO™'26]. Generalized Markov numbers may eventually fit into
similar weighted or deformed frameworks.
Frieze patterns and Markov numbers

Conway—Coxeter frieze patterns are closely related to cluster algebras of type A,
triangulations, and Ptolemy relations. Propp explained the combinatorics of frieze
patterns and Markov numbers through a model using perfect matchings, giving an
intuitive explanation of positivity and the Laurent phenomenon [Pro20]. Morier-
Genoud’s survey on frieze patterns is also a useful entry point from classical friezes to
modern cluster algebras [MG15]. Although the generalized Cohn matrices and fence
posets of this text are not frieze patterns themselves, they share the same underlying
features: Ptolemy-type relations and perfect matchings, or equivalently order ideals.
Markov—Hurwitz equations and higher-dimensional analogues

The classical Markov equation has three variables, but higher-dimensional analogues
such as

w%+x%+---+x%:a:rlzvg---xn—l—k

have also been studied. Gamburd-Magee—Ronan obtained asymptotic formulas for
the number of integer points when n > 4 [GMR19]. In higher dimensions the Vieta-
jumping graph is no longer a simple trivalent tree, and questions about orbits of integer
points, growth, and geometry of numbers become central. It is natural to ask whether
generalized Markov equations can also be extended by increasing the number of variables,
and whether any connection with spectra survives.

Markov equations over finite fields

One may also study the Markov equation over finite fields F,. Then the Vieta
involutions generate a graph on a finite set of solutions. Bourgain—-Gamburd—Sarnak
studied the action of Vieta involutions on congruence solutions of the Markov surface
and gave applications to strong approximation and sieve theory [BGS16]. Chen further
proved that, except for finitely many primes p, the Vieta involutions act transitively
on the solution set of the Markov equation over IF,, [Che24]. For generalized Markov
equations it is natural to ask what connected components the congruence-solution graphs
have and how strong approximation depends on (kq, ko, k3); results in this direction
appear in [dCILM25, KN26]|.

Markov-type K3 surfaces and arithmetic dynamics

Markov-type equations also appear in the dynamics of K3 surfaces and character
varieties. Fuchs—Litman—Silverman—Tran studied orbits of automorphism groups on
Markov-type K3 surfaces, including orbit decompositions over finite fields and arithmetic-
dynamical properties [FLST24|. In the classical Markov surface, Vieta involutions
generate integer points; on K3 surfaces analogous involutions produce more complicated
dynamics on higher-dimensional geometric objects. This viewpoint moves Markov-type
equations from trees of integer solutions to actions of automorphism groups on algebraic
varieties, and gives an important reference point for considering the algebro-geometric
meaning of generalized Markov equations.

Symplectic geometry and CP?

Markov triples also occur in exceptional bundles on CP2, weighted projective planes,
and Lagrangian cell complexes. Classically, Rudakov used Markov numbers in the
classification of exceptional bundles on CP? [Rud89]. More recently, Evans-Smith
studied the relation between Markov numbers and Lagrangian cell complexes in CP?,
showing that Markov numbers arise naturally in symplectic geometry [ES18]. In this
direction, the Markov equation appears away from Diophantine approximation, in
contexts closer to surface degenerations, mirror symmetry, and Floer theory. It remains
an open problem to identify what geometric objects are classified by the generalized
Markov equations of this text, or what kind of mirror-side deformation they represent.
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(22) Toric geometry and Hirzebruch—Jung continued fractions
Although this text mainly used regular continued fractions to study the Lagrange
and Markov spectra, continued fractions also arise naturally in toric geometry. In
particular, the Hirzebruch—Jung continued fraction

b1,..., b = by —

describes the minimal resolution of a two-dimensional cyclic quotient singularity %(1, q).
Namely, if % = [b1,...,b,]—, then the exceptional curves form a chain whose self-
intersection numbers are —by,...,—b,. For references, see [Ful93], [CLS11]|, and
[PPO7].

From this viewpoint Markov numbers are related to degenerations of algebraic
surfaces and Wahl singularities. While the preceding item approached the same circle
of ideas from the side of symplectic geometry, this is a birational-geometric viewpoint.

Urzua—Zuniga studied the birational-geometric structure of Markov numbers using
the Hirzebruch—Jung continued fractions of Wahl singularities associated with Markov
triples [UZ23].

Similar correspondences with cyclic quotient singularities also occur for generalized
Markov numbers. For instance, k-Wahl chains are Hirzebruch—Jung continued fractions
obtained inductively from [k + 2] and have been studied as a class including cyclic
quotient singularities arising from k-generalized Markov triples [GIMS24, Sat26].

(23) Growth laws

Counting Markov numbers by size was studied classically by Zagier, who showed
a logarithmic quadratic growth law for the number of Markov numbers below a given
bound [Zag82]. Interpreted as counting simple closed geodesics on the once-punctured
torus, this belongs to the same broad circle of ideas as Mirzakhani’s theorem on the
growth of simple closed geodesics [Mir08]. For generalized Markov numbers, one may
simultaneously count depth in the tree, denominators of fraction labels, values of the
numbers, and the associated spectral values; this may reveal growth laws different from
the classical case. In computational experiments it is important to specify clearly which
parameter is being counted.

(24) Markov-type equations as mutation invariants of cluster algebras

Cluster mutations often preserve polynomial invariants or positive integer solutions of
Diophantine equations. Chen—Li classified sign-equivalence in mutation classes and gave
applications to Markov-type equations [CL25b]. Recent preprints by Chen-Li, Bao—Li,
and Chen-Jia study Markov-type equations from the viewpoints of mutation invariants,
cluster symmetries, and tropicalization [CL25a, BL25, CJ25]. The generalized Markov
equation in this text is another example of a mutation-preserved quantity read as an
equation for positive integer solutions. Classifying which cluster-algebraic invariants give
rise to good Diophantine equations is a natural way to extend the theory of generalized
Markov numbers.

These topics show that the generalized discrete Markov spectrum studied in this text is not
an isolated construction. It is related to several streams running from classical Diophantine
approximation to cluster algebras, hyperbolic geometry, and arithmetic geometry. The purpose
of this chapter is to indicate several paths through which readers can move further in these
directions.



APPENDIX A

Proofs of Standard Facts Used in the Text

1. The Bolzano—Weierstrass Theorem

THEOREM A.1.1. Every bounded real sequence (zy)n>1 has a convergent subsequence.
PROOF. Since (z,) is bounded, there exist real numbers a1, b; such that
a1 <z, < b (n € N)

for all n. Put I1 = [ay, b1].

Next, bisect I at its midpoint. Then at least one of the two half-intervals contains infinitely
many terms of the sequence (). Indeed, if each of the two half-intervals contained only finitely
many terms, then the total number of terms contained in I; would be finite, contradicting the
fact that all terms of (x,) lie in I;.

Choose one of the half-intervals of I; that contains infinitely many terms of (z,,), and denote it
by I5. In the same way, once I = [ag, bg] has been defined, bisect it and define Iy 1 = [agt1, bxt1]
to be one of the two halves that contains infinitely many terms of (z,,). In this way we obtain a
sequence of closed intervals

113123133"'

such that, for each k,
bl — Qi

bk—ak:W

Moreover, each I} contains infinitely many terms of ().

We now choose a subsequence from these intervals. First choose one term x,, belonging
to I;. Since I> contains infinitely many terms, we may choose a term belonging to Is whose
index is larger than ny; call it z,,. Continuing in the same way, since I, contains infinitely many
terms, we may choose a term belonging to I, whose index is larger than nj_; call it x,, . Then
ny < ng < ---, and for each k we have x,, € I;. Thus (z,,) is a subsequence of (xy,).

It remains to show that this subsequence converges. Since the closed intervals are nested,

ap <ag<azg<---, by > by >bg >
The sequence (ag) is bounded above, so by completeness of the real numbers the supremum
x :=sup{ay | k € N}

exists.

For each fixed k, since I; C I}, for all j > k, and also a; < by for j < k by the nesting and
monotonicity above, by is an upper bound of the set {a;}. Hence z < b;. On the other hand, by
definition we have a; < x. Therefore

U [ak,bk] =1 (k S N)
Consequently, for each k, both z,, and z belong to I;. Hence

b1 — a1

|$nk—$‘§bk—akzw

The right-hand side tends to 0 as k — oo, and therefore x,, converges to . Thus (z,) has a
convergent subsequence. O
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2. The Cayley—Hamilton Theorem

THEOREM A.2.1. Let L be a field, and let A € My (L). Consider the characteristic polynomial
of A,
xa(t) = det(tE, — A) = t" + ¢, 1t" "V + - F et + co.
Then
xa(A) = A" + Cn g A"V A+ coE, = 0.

Here E,, denotes the n X n identity matriz.

PRrROOF. Take the adjugate matrix, that is, the transpose of the cofactor matrix, of tE,, — A €
M, (L[t]). Then

adj(tE, — A) (tE, — A) = det(tE, — A) E, = xa(t)Ep.

Each entry of adj(tE, — A) is a polynomial of degree at most n — 1. Hence there exist
matrices By, B1,...,By—1 € M,(L) such that

adj(tE, — A) = Bp_1t"" ' + By_ot""* +--- + Byt + By,.
Substituting this into the identity above and expanding, we obtain
(Bu—1t"' + Bpot™ 2+ .- + Bit + By) (tE, — A)
= By 1t" + (Bp_o — By 1 A)t"  + -+ (By — BiA)t — ByA
= (t"+ cpt" M+ 1t + o) En
Therefore, by comparing coefficients, we obtain
Bn_1 = E,, Bp_1=ByA+cE, (E=1,2,...,n—1), —BoA = ¢ Ey,.
Substituting these relations successively from the first one, we obtain
B, o=B, 1A+c, 1Ep,=A+c, 1FE,,
By_3 = Bp_9A+ cp_9FE, = A’ + ¢4_1A + ¢p_9Eny,

By=A"14 ¢, 1A" 2 4. 4+ A+ 1 E,.
Substituting this into —ByA = ¢gFE,, we obtain
—(A™ + Cn1 AT A% c14) = ¢oEy.
Hence
A" 4 cp 1 A" o A2+ A+ E, = 0.
This is precisely x4(A) = 0. O
COROLLARY A.2.2. Let A= [%Y] € My(K). Then
A? —tr(A)A + det(A)Fy = 0.
In particular,
A? — (a+d)A + (ad — be) By = 0.
PRrOOF. We have

= (t—a)(t —d) —bc=t*— (a+d)t+ (ad — bc).

xa(t) = det(tEy — A) = det {t —a —b }

—c t—d
Therefore, by the theorem,
xA(A) = A% — (a + d)A + (ad — be)Ey = 0.
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3. A Basis for the Space of Sequences Satisfying a Linear Recurrence

THEOREM A.3.1. Let L be a field, and let cg,c1,...,cn_1 € L. Suppose that a sequence
(am)m>0 satisfies the homogeneous linear recurrence

mtn + Cn—10miyn—1 + -+ + C1am41 + Coam = 0 (m 2 O)'

Assume that the characteristic polynomial p(z) := 2™ +cp_12" L +---+c1x +co of this recurrence
has n distinct Toots A1, Ao, ..., A\, over L. Then the L-vector space of all sequences satisfying this
recurrence coincides with the span of (A7")m>0, (A5)m>0, ---, (An)m>0. Consequently, every
solution sequence (am)m>0 15 uniquely expressed as

A, = AT + @Ay + - 4 ap A (m >0).

PROOF. First, foreachi = 1,...,n, the sequence u(¥) = (A7) m>0 satisfies the given recurrence.
Indeed,

AP e AL e NP AT = AP (NP e AT e diFeg) = Ap(Ni) = 0.

Thus 1 is a solution, and therefore any linear combination of these sequences is also a solution.
Hence

span{u(l), u®, .. ,u(”)} cSs,

where S denotes the space of all sequences satisfying this recurrence.
Next we prove the reverse inclusion. Take any a = (am)m>0 € S. We want to determine
coefficients ay, ..., a, € L by imposing

ak:al)\]f—i-ag)\g—i—w-—i—an)\ﬁ (k=0,1,...,n—1).

These coefficients are obtained by solving the linear system

1 1 ... 1
A\ ) VR W a1 ao
ST A
gt ] bl L

The coefficient matrix on the left-hand side is a Vandermonde matrix, and its determinant
is [T1<icj<n(Aj — Ai). Since A1, ..., A, are distinct, this determinant is nonzero. Therefore the
system above has a unique solution

A1y ey Q.
Now put
b, = 1 AT + a2 A5 + - -+ ap A (m >0).

Then b = (by,)m>0 is a solution of the recurrence by what we have already shown. Moreover, it
satisfies ap = by, for k = 0,1,...,n — 1. Since both sequences satisfy the same recurrence, the
first n terms determine all subsequent terms, and hence (@, )m>0 = (bm)m>0. Therefore

S C span{u(l), S ,u(”)}.
Combining the two inclusions gives
S = Spaﬂ{(xln)mzo, ()\En)mzm S (/\Zb)mZO}'

The uniqueness follows immediately from the invertibility of the Vandermonde matrix. O

4. Density of Irrational Rotations
THEOREM A.4.1. Let 7 € R\ Q. Then
{n+mm|m,n €7}
is dense in R/Z.



4. DENSITY OF IRRATIONAL ROTATIONS 156

PROOF. It is enough to prove that the set {m7 mod 1 | m € Z} is dense in R/Z. Let ¢ > 0.
Choose N with 1/N < e. Among the N + 1 fractional parts 0, 7,27,..., N7, there are two whose
distance modulo 1 is less than 1/N. Hence there exists an integer ¢ with 1 < g < N such that
0 < ||¢7|| < e, where ||z|| denotes the distance from z to the nearest integer. The inequality is

strict on the left because 7 is irrational. Put § = ||¢7||. Then the points 0,4, 20, ..., EJ 0 are

e-dense in R/Z. Each of these points is congruent, up to sign, to a multiple of g7, and hence to a
multiple of 7. Therefore {m7 mod 1 | m € Z} is e-dense. Since ¢ > 0 was arbitrary, the desired
density follows. 0
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